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PREFACE. 


Although  in  recent  years  several  most  important  works  on 
Dynamics  have  been  published  in  England,  yet  none  have 
been  issued  which  seem  to  fill  the  role  contemplated  in  this 
book.  In  its  composition  we  have  started  from  the  most  ele- 
mentary conceptions,  so  that  any  Student  who  is  acquainted 
with  the  notation  of  the  Calculus  can  commence  the  treatise 
without  requiring  the  previous  study  of  any  other  work  on 
the  subject.  The  first  half  contains  a  tolerably  full  treat- 
ment of  what  is  usually  styled  the  Dynamics  of  a  Particle. 
The  latter  half  treats  of  the  Kinematics  and  Kinetics  of 
Eigid  Bodies;  and  throughout  we  have  kept  the  practical 
nature  of  the  subject  in  view,  and  have,  in  general,  avoided 
purely  fancy  problems. 

In  an  early  chapter  we  have  introduced  and  elucidated 
the  general  principle  of  Work  or  Energy,  and  have  given 
subsequently  a  more  complete  treatment  of  this  great 
principle,  illustrating  it  by  a  brief  application  to  the 
theory  of  Thermodynamics.     In  the  latter  part  of  the  book 


vi  Preface. 

we  have  borrowed  largely  from  Thomson  and  Tait's  Natural 
Philosophy ;  Routh's  Rigid  Dynamics ;  SohelFs  Theorie  der 
Bewegung  und  der  Krafte  ;  and  Clausius'  Mechanical  Theory  of 
Heat ;  our  aim  having  been  simply  to  enable  the  Student  to 
acquire  as  easily  as  possible  a  knowledge  of  the  subject  of 
which  we  treat. 

To  those  who  desire  to  pursue  the  study  of  Dynamics  to 
its  highest  development,  the  perusal  of  the  great  treatise  of 
Thomson  and  Tait,  as  also  that  of  Routh,  will,  we  hope,  be 
facilitated  by  using  the  present  work  as  an  introduction. 

We  cannot  conclude  without  expressing  our  deep  obliga- 
tions to  Mr.  Cathcart,  for  most  valuable  assistance  during 
the  entire  progress  of  the  book. 

Trinity  College, 
January,  1885. 
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DYNAMICS. 


CHAPTEE  I. 


VELOCITY. 


1.  Matter. — We  give  the  name  of  matter  to  that  which 
we  regard  as  the  permanent  cause  of  any  of  our  sensations. 
Portions  of  matter  which  are  bounded  in  every  direction  are 
called  bodies.  Every  body  has  necessarily  a  determinate 
volimie,  and  an  external  form  or  surface;  and  exists,  or  is 
conceived  to  exist,  in  space. 

A  portion  of  matter  indefinitely  small  in  all  its  dimen- 
sions is  called  a  material  particle.  Every  body  of  finite 
dimensions  may  be  regarded  as  consisting  of  an  indefinitely 
great  number  of  particles.  The  name  oi  force  is  given  to 
any  cause  which  produces,  or  tends  to  produce,  motion  in 
matter.  The  branch  of  Mechanics  which  treats  of  motion 
produced  in  a  body  by  the  action  of  force  is  commonly  called 
Dynamics.  We  commence  with  the  consideration  of  motion 
in  itself,  without  any  regard  to  its  cause. 

2.  Motion,  "Velocity. — When  a  body  continually 
changes  its  position  in  space,  it  is  said  to  be  in  motion ; 
and  the  rate  at  which  any  of  its  points  is  moving  at  any  in- 
stant is  called  the  velocity  of  the  point  at  that  instant. 

The  motion  of  a  point  is  said  to  be  rectilinear  or  curvilinear y 
according  as  its  path  is  a  right  line  or  curved. 

In  the  case  of  curvilinear  motion,  the  direction  of  motion 
of  a  particle  at  any  instant  is  that  of  the  tangent  to  its  path, 
drawn  at  the  point  occupied  by  the  moving  particle  at  the 
instant. 
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2  Velocity. 

3.  Jflotion  of  Translation. — If  all  the  points  of  a  rigid 
body  move,  at  each  instant,  in  parallel  directions,  the  body  is 
said  to  have  a  motion  of  translation  only ;  and  the  motion  of 
the  body  is  completely  determined  when  that  of  any  one  of  its 
j^oints  is  known.  It  is  usual,  in  this  case,  to  take  its  centre 
of  mass  as  the  point  whose  motion  determines  that  of  the 
body. 

In  our  earlier  chapters  whenever  we  speak  of  a  rigid 
body  moving,  we  shall  suppose  it  to  have  a  motion  of  trans- 
lation solely,  and  we  consider  its  path  as  that  of  its  centre  of 
mass. 

4.  Uniform  Motion,  "Velocity. — If  a  point  move  over 
equal  lengths  or  spaces,*  in  equal  intervals  of  time,  however 
short  the  intervals  be  taken,  its  motion  is  said  to  be  uniform ; 
and  its  velocity  is  measured  by  the  space  described  in  the  unit 
of  time  :  this  is  the  same  at  every  instant  so  long  as  the 
motion  continues  uniform. 

A  second  is  usually  adopted  as  the  unit  of  time  ;  and,  in 
this  country,  a  foot  as  the  unit  of  length.  Thus,  the  velocity 
of  a  point  which  moves  over  five  feet  in  each  second  is  said  to 
be  a  velocity  of  5  feet  per  second,  and  is  numerically  denoted 
by  5  ;  and  similarly  in  other  cases.  If  any  other  units  of 
time  and  space  be  adopted,  the  number  which  represents  the 
velocity  of  the  moving  point  will  have  to  be  altered  pro- 
portionally. Thus,  we  speak  of  a  velocity  of  10  miles  an 
hour,  or  100  yards  a  minute,  &c. :  each  of  these  can  be  readily 
expressed  in  feet  per  second,  when  necessary. 

The  space,  or  length  of  the  path  described  during  any 
time,  is  usually  denoted  by  the  letter  s,  the  velocity  by  v,  and 
the  time  estimated  in  seconds  by  ^.f  In  the  case  of  uniform 
motion^  the  relation  connecting  these  quantities  can  be  imme- 
diately obtained.  For,  if  the  space  described  in  one  second 
be  represented  by  v,  that  described  in  two  seconds  is  repre- 
sented by  2v,  that  in  three  seconds  by  3r,  and  that  in  any 
number  \t)  of  seconds  by  vt. 


*  The  word  space  is  employed  in  abbreviation  for  length  of  path  described. 

t  Unless  the  contrary  be  stated,  we  shall  in  all  cases  assume  a  foot  and  a 
second  as  OTir  units  of  space  and  time,  i.e.  we  shall  regard  t  as  representing 
a  number  of  seconds  or  pai-te  of  a  second,  and  «  as  a  number  of  feot. 
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Accordingly  we  have  in  the  case  of  uniform  motion  the 
relation 

s  =  vt.  (1) 

This  formula  evidently  holds  whatever  be  the  units  of 
space  and  time,  and  introduces  the  unit  of  velocity  as  that  of 
a  unit  of  space  described  in  a  unit  of  time.  It  is  true  for 
uniform  curvilinear,  as  well  as  rectilinear  motion ;  and  also 
whether  t  represents  a  number  of  seconds,  or  any  part  of  a 
second,  however  small. 

Again,  if  s  denote  the  space  described  in  the  time  f,  we 
have     s  =  vt\     and  hence 

&•  -  s 

or  the  velocity,  when  uniform,  is  measured  by  the  space  de- 
scribed during  any  interval  of  time  divided  by  the  number  by 
which  that  time  is  represented. . 

This  result  equally  holds  if  we  suppose  the  interval  of 
time,  denoted  by  f  -  t,  to  become  indefinitely  small ;  in  which 

case  the  limiting  value  of  j, — -  or  —  will  still  represent  the 

t  —  t       at 

velocity  v. 

Examples. 

1.  If  a  body,  moving  uniformly,  pass  over  10  miles  in  an  hour,  find  its  ve- 
locity in  feet  per  second.  Ans.  14f . 

2.  If  a  body,  moving  uniformly  with  a  velocity  of  16  feet,  pass  over  100 
miles,  find  the  time  of  its  motion.  Ans.  9  hrs.  10  min. 

3.  Assuming  that  light  travels  from  the  sun  to  the  earth  in  8^  30»,  and  that 
its  velocity  is  180,000  miles,  calculate  the  distance  of  the  sun. 

Ans.  91,800,000  miles. 

4.  If  a  velocity  of  20  miles  an  hour  be  the  xinit  of  velocity,  and  a  mile  the 
unit  of  space,  find  the  number  -which  represents  a  velocity  of  32  feet  per  second. 

Ans.  IJj-. 

5.  Find  in  metjes  the  velocity  of  a  point  on  the  earth's  equator  arising  from 
the  rotation  of  the  earth  on  its  axis.  Ans.  463. 

5.  Variable  Hotion. — If  the  spaces  described  in  equal 
intervals  of  time  be  not  equal,  the  motion  is  said  to  be 
variable,  and  the  velocity  can  no  longer  be  measured  by  the 
space  actually  described  in  one  second.  The  moveable  has, 
however,  at  each  instant  a  certain  definite  velocity  which  is 
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4  Velocity. 

measured  by  the  space  which  it  would  describe  during  a  second, 
if  it  were  conceived  to  move  uniformly  during  that  time  with  the 
velocity  which  it  has  at  the  instant  under  consideration. 

For  example,  when  we  say  that  a  railway  train  is  moving 
at  the  rate  of  40  miles  an  hour,  we  mean  that  it  would  pass 
over  40  miles  in  the  hour  if  it  continued  to  move  during  that 
time  with  the  speed  which  it  has  at  the  instant  referred  to. 

Again,  if  we  suppose  that  there  are  no  sudden  changes  of 
velocity,  the  change  in  the  velocity  of  a  moveable  in  any  in- 
definitely small  portion  of  time  must  be  itself  indefinitely 
small ;  as  otherwise  the  velocity  would  not  vary  continuously. 
Accordingly,  in  such  cases,  we  may  suppose  the  motion  as 
remaining  uniform  during  the  indefinitely  small  time  dt\  and 
we  shall  have  (as  in  the  last  Article)  for  the  velocity  v  at  any 
instant  the  equation 

s  -  s      ds 

'^r^t^df  (^) 

That  is,  in  all  cases  the  velocity  of  a  point  at  any  instant  is 
measur^^d  by  the  limiting  value  of  the  space  described  in  a 
small  interval  of  time,  divided  by  the  number  which  repre- 
sents that  interval  of  time.  This  method  of  expressing  velo- 
city is  sometimes  concisely  represented  in  the  notation  of 
Newton  by  the  symbol  s. 

6.  Mean  Velocity. — If  a  body  describe  the  space  s  in 
the  time  t,  then  its  mean  or  average  velocity  during  that  time 

is  represented  by  --,  being  the  velocity  with  which  a  body, 

moving  uniformly,  would  •  describe  the  same  space  in  the 
time  t.  The  formula  (2)  can  be  immediately  deduced  from 
the  consideration  of  mean  or  average  velocity — for  we  may 
consider  the  velocity  of  a  point  at  any  instant  as  being  its 
mean  velocity  during  an  infinitely  small  interval  of  time ; 

whence  we  get,  as  before,  the  relation  t?  =  — . 

7.  Greonietrical  Representation  of  a  Telocity. — 

Uniform  rectilineal  motion  is  completely  determined  when 
the  direction  and  the  velocity,  or  rate  of  motion,  are  known. 
Hence  the  velocity  of  a  point  can  be  represented  both  in 
magnitude  and  direction  by  a  right  line. 
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Thus,  if  a  point  move  uniformly  in  the  line  OP,  so  as  to 
describe  the  space  OA  in  the  unit 
of  time  (one  second  suppose),  the  ^  ^ 

line  OA  may  be  taken  to  repre- 
sent the  velocity  of  the  point  both  in  magnitude  and  direc- 
tion.    The  arrow  head  denotes  the  direction  in  which  the 
motion  takes  place  namely,  from  0  to  ^. 

This  metliod  of  representation  equally  holds  in  the  case  of 
variable  velocity,  provided  OA  be  the  space  which  the  body 
ivould  describe  in  one  second,  if  its  velocity  remained  unaltered 
in  magnitude  and  direction  (Art.  5). 

In  accordance  with  the  principles  established  in  Geometry, 
if  the  velocity  of  a  particle  moving  from  0  to  P  be  regarded 
as  positive,  velocity  in  the  opposite  direction,  i.  e.  from  P  to  0, 
must  be  regarded  as  negative. 

8.  Kinematics. — As  our  ideas  of  motion  and  velocity 
depend  solely  on  our  elementary  conceptions  of  space  and 
time,  the  whole  subject  of  motion  admits  of  being  treated 
as  a  branch  of  pure  Mathematics ;  and,  as  such,  has  been  dis- 
cussed in  many  important  treatises  during  recent  years. 

This  branch  of  Mathematics  is  called  Kinematics*  (from 
KLvriiia,  motion),  and  in  it  the  motion  of  a  body  is  discussed 
without  any  reference  to  the  force  or  forces  by  which  the 
motion  is  produced.  Questions  of  the  latter  class,  i.  e.  of 
motion  with  reference  to  force,  belong  to  the  science  of  Dy- 
namics, or  what  is  now  frequently  styled  Kinetics. 

The  foregoing  distinction  should  be  observed  by  the 
student,  as  much  indistinctness  of  conception  arises  from  its 
not  being  carefully  kept  in  mind  in  the  study  of  Dynamics. 

In  the  present  treatise  it  is  not  however  proposed  to  divide 
the  treatment  of  the  subject  in  the  manner  indicated,  as  to 
do  so  would  require  a  complete  discussion  of  motion  (in- 
cluding rotation  and  kindred  subjects)  before  entering  on  the 
most  elementary  problems  in  Dynamics.  At  the  same  time 
it  will  aid  the  student  towards  obtaining  clear  mechanical 
conceptions  if  he  will  consider  what  part  of  each  problem 


*  The  name  **  Cinematiqne  "  \ras  first  given  to  this  branch  of  Mathematics 
by  Ampere,  in  his  "  Essai  sur  la  philosophic  des  Sciences,"  1834. 
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discussed  belongs  properly  to  the  science  of  Kinematics,  and 
what  to  that  of  Dynamics  or  Kinetics. 

9.  Rest  and  ]9Iotioii,  Relative. — We  have  defined 
rest  and  motion  with  reference  to  space.  Now  of  space  in 
itself  or  absolute  space  our  senses  take  no  cognizance,  all  that 
we  perceive  being  matter  or  body  as  occupying  or  existing  in 
space ;  but  our  senses  give  us  no  information  as  to  whether 
any  body  occupies  the  same  absolute  position  in  space  during 
successive  intervals  of  time  or  not.  Hence,  of  absolute  rest 
we  can  have  no  perception  or  knowledge ;  and  when  we  say 
that  a  body  is  at  rest  we  mean  that  it  does  not  alter  its  posi- 
tion with  relation  to  other  bodies  which  are  considered  fixed. 
For  instance,  bodies  on  the  earth's  surface  are  said  to  be  at 
rest  when  they  do  not  alter  their  position  relatively  to  the 
earth's  surface,  supposed  fixed ;  we  know  however  that  the 
earth  has  at  least  two  distinct  motions,  one  of  rotation  relative 
to  its  axis ;  the  other  around  the  sun,  regarded  as  fixed.  As 
our  idea  of  rest  is  only  relative,  so  also  must  be  our  idea  of 
motion :  thus,  a  body  is  said  to  be  in  motion  when  it  alters  its 
position  with  respect  to  other  bodies  regarded  as  being  at  rest. 

Hence  all  motions  must  be  considered  as  relative  :  for  in- 
stance, when  we  say  that  a  body  is  moving  at  the  rate  of 
thirty  miles  an  hour,  we  mean  that  such  is  its  velocity  relative 
to  a  place  on  the  earth  :  its  absolute  velocity  is  immensely 
greater,  and  is  obtained  by  combining  this  velocity  with  the 
absolute  velocity  of  the  earth  itself. 

Again,  we  speak  of  the  same  body  as  being  at  rest^  or  as 
being  in  motion,  according  as  we  compare  its  position  with 
that  of  one  object  or  of  another.  For  example,  a  person 
seated  in  a  railway  carriage  is  said  to  Ije  at  rest  relatively  to 
the  carriage,  and  to  be  in  motion  relatively  to  the  earth,  &c. 

That  a  body  may  be  regarded  as  having  at  the  same  in- 
stant two  or  more  velocities  is  a  matter  of  common  experience  : 
lor  instance,  if  a  ball  roll  along  the  deck  of  a  vessel,  which  is 
descending  a  river,  we  conceive  the  ball  as  having  simul- 
taneously one  velocity  along  the  deck ;  another,  that  of  the 
vessel  in  the  stream ;  a  third,  that  of  the  river  relatively  to 
its  banks,  &c.  The  velocity  of  the  ball,  relatively  to  the 
earth,  is  got  by  compounding  these  separate  velocities.  We 
proceed  to  show  in  what  tnanner  this  can  be  done. 
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10.  Composition  of  Velocities. — Suppose  a  point  to 
move  uniformly,  with  a  velocity  v, 
along  the  line  ABy  while  the  line 
moves  uniformly  parallel  to  itself ; 
then  the  point  may  be  regarded  as 
animated  by  the  two  velocities  simul- 
taneously. In  order  to  find  its  position 
at  the  end  of  any  time  t,  we  take  AB 
to  represent  the  space  which  it  would  describe  in  the  time  t, 
along  AB  considered  as  fixed  ;  and  let  CD  be  the  position  of 
the  moving  line  at  the  end  of  the  same  time ;  complete  the 
parallelogram  ABDC  ;  then  D  will  plainly  represent  the 
position  of  the  moving  point  at  the  end  of  the  time  t.  Also, 
if  v'  be  the  uniform  velocity  of  the  point  along  the  line  AC, 
we  shall  have  AC  =  vt,  and  CD  =  vt.     Hence 

AC_v_ 
CD~  v' 

Again,  as  this  is  independent  of  t,  the  ratio  of  ^  C  to  CD 
will  be  constant  during  the  entire  motion  ;  and  consequently 
the  point  will  move  from  A  to  D  along  the  diagonal  AD. 

To  find  the  velocity  of  the  moving  point,  we  make  t  =  1 
(or  the  unit  of  time)  in  the  last ;  then  AB  and  A  C  represent 
in  magnitude  and  direction  the  component  velocities  of  the 
moving  point,  and  AD  represents  the  resultant  velocity  :  in 
other  words,  if  a  body  be  animated  by  two  velocities  repre- 
sented in  magnitude  and  direction  by  the  sides  of  a  parallel- 
ogram, the  resultant  velocity  is  represented  in  magnitude  and 
direction  by  the  diagonal  of  the  parallelogram. 

Conversely,  any  velocity  may  be  regarded  as  equivalent 
to  two  velocities  in  any  two  directions,  and  the  magnitudes  of 
the  component  velocities  can  be  determined  by  the  preceding. 

In  like  manner,  if  a  body  be  animated  simultaneously 
with  three  velocities,  its  resultant  velocity  is  represented  in 
magnitude  and  direction  by  the  diagonal  of  the  parallelepiped 
whose  edges  represent  the  component  velocities.  For  we  can 
compound  two  of  these  velocities  by  the  method  giv^n  above, 
and  then  compound  their  resultant  with  the  third  velocity. 
This  principle  can,  plainly,  be  extended  to  the  case  of  a  point 
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supposed  to  be  animated  by  any  number  of  velocities  simul- 
taneously. 

11.  Polygon  of  Velocities.— It  immediately  follows 
that  if  a  point  be  subjected  to  any  number  of  simultaneous 
velocities  its  resultant  velocity  can  be  obtained  by  the  fol- 
lowing geometrical  construction : — 

From  0,  the  original  position  of  the  point,  draw  OA, 
representing  one  of  the  given  velocities  in  magnitude  and 
direction  ;  from  A  draw  AB,  parallel  and  equal  to  the 
line  which  represents  a  second  velocity ;  and  so  on  for  the 
remaining  velocities ;  then  the  line  which  connects  0  with 
the  extremity  of  the  line  drawn  parallel  and  equal  to  the 
line  representing  the  last  velocity  will  represent  the  resultant 
velocity,  both  in  magnitude  and  direction. 

This  construction  is  called  the  polygon  of  velocity,  and  is 
in  general  a  gauche  polygon. 

The  preceding  result  admits  of  being  stated  otherwise, 
thus  :  If  a  body  be  subjected  to  two  or  more  uniform  veloci- 
ties it  will  arrive  at  the  same  position  at  the  end  of  any  time 
as  it  would  have  arrived  at  if  the  several  motions  had  taken 
place  successively  instead  of  simultaneously.  This  is  adopted 
as  an  axiom  by  some  writers  on  Mechanics,  for  it  appears  to 
be  an  immediate  consequence  of  our  ideas  of  motion.  The 
student  can  easily  see  that  the  whole  theory  of  the  composi- 
tion of  velocities  can  be  deduced  from  this  principle. 

12.  Component  and  Resultant  Velocities. — The 
velocities  represented  by  AB  and  AC,  in  Art.  10,  are  called 
the  components  of  the  velocity  represented  by  AD. 

If  a  point  describe  any  plane  curve,  the  usual  method  of 
representing  its  position  is  with  reference  to  two  fixed  rect- 
angular axes  lying  in  the  plane. 

Then,  if  x,  y  be  the  coordinates  of  the  moving  point  at 
any  instant,  its  component  velocities,  respectively,  parallel  to 
the  coordinate  axes,  are  evidently,  by  Art.  5,  represented  by 
dx       ,  dy 

Also,  if  a  be  the  angle  which  the  direction  of  motion  at 
the  instant  makes  with  the  axis  of  x,  the  component  veloci- 
ties are  represented  by  t^cosa  and  «;sina,  respectively;  i.e. 
the  velocity  with  which  a  point  is  moving  in  any  fixed  direc- 
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tion  is  equal  to  the  component  of  its  velocity  in  that  direc- 
tion. 

-i-r  1  dx         ,  dy  ,_, 

Jlence  we  get    vao^a  =  -rn     f  sma  =  — .  (3) 

di  (to 


If  we  square  and  add,  we  get 


\dt)  \dt)  \ 


ds\'  ds 

It]  '  ''•  ""^dt' 


i.e.  the  velocity  in  a  curvilinear  path  is  represented  in  the 
same  matter  as  in  a  rectilinear  ;  this  result  might  also  have 
been  directly  established  from  other  considerations.  More 
generally,  if  x,  y,  z  be  the  coordinates  of  a  moving  point  at 
any  instant,  with  reference  to  any  system  of  coordinate 
axes,   its   component   velocities   parallel  to   the   coordinate 

axes  are  plainly  represented  by  — -,  —  and  -^,  respectively. 

If  the  axes  be  rectangular,  and  if  a,  /3,  7  be  the  direction 
angles  of  the  line  of  motion  of  the  point,  and  v  its  velocity, 
then  the  component  velocities  parallel  to  the  coordinate 
axes  are  represented  by  i^cosa,  e^cos/S,  ^^cosy,  respectively. 
Hence,  in  this  case,  we  have 

dx  _,      du  dz  ,.. 

i'COSa  =  —,    t?COSp  =  — -,     t?C0S7  =  — .  (4) 

dt  '        dt  dt 

In  Newton's  notation,  as  in  Art.  5,  these  component  velo- 
cities are  represented  by  the  symbols,  i?,  y^  z. 

13.  Relative  Velocity. — If  the  point  A  be  in  motion 
along  AB  with  a  velocity  represented 
by  AB,  and,  at  the  same  time,  A'  be 
in  motion  along  AB'  with  a  velocity  re- 
presented by  AB\  to  find  their  relative 
velocity. 

Draw  AB  parallel  and  equal  to  AB^ , 
and  construct  the  parallelogram  ACBB\ 
then  the  velocity  AB  may  be  regarded 
as  equivalent  to  the  velocities  AB  and 
AC  \  now  the  former  velocity,  being  equal  and  in  the 
same  direction  as  that  of  the  other  point  A\  will  not  alter  the 
relative  position  of  the  points  (Art.  10);  consequently  the  latter 
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component  AC  represents  the  relative  velocity  of  the  moving 
points,  i.  e,  the  velocity  with  which  A  is  moving  relatively  to 
A! ^  regarded  as  at  rest. 

Hence,  to  get  the  velocity  of  one  moving  point  relatively 
to  another,  which  is  also  in  motion,  we  suppose  equal  and 
parallel  motions  given  to  both,  each  equal  and  opposite  to  the 
^notion  of  the  second  point :  by  this  means  that  point  is  brought 
to  rest,  and  the  velocity  of  the  other,  relative  to  it,  is  had  by 
compounding  the  new  velocity  with  its  original  velocity. 

14.  Components  of  Relative  Velocity. — Suppose 
(^,  ?/,  s),  {x\  ?/,  s')  to  be  the  coordinates  of  the  two  moving 
points  {M,  M'),  respectively,  with  reference  to  any  coordi- 
nate system  of  fixed  axes.  Then,  to  get  the  motion  of  M\ 
relatively  to  M,  we  suppose  three  axes  drawn  through  M 
parallel,  respectively,  to  the  coordinate  axes  ;  and  let  ^,  r;,  ti 
denote  the  coordinates  of  M,  relative  to  these  axes,  and  we 
have 

^  =  X  -  X,  n^y  -y,  l,  =  z  -  z-, 
and  hence 

d^      dx       dx      dx]      dy       dy      dZ,      dz       dz         ^. 

Jt^  ~di~  Tt'     Tt^  ~dt~  Tt'     di^dt~Ji}       ^  ^ 

or 

dx'      dx      dy       dy      dz       dz 

Tt'  di'     ~di  '  di'     dt  ~~  dC 

represent  the  components  of  the  relative  velocity  of  the  two 
moving  particles. 
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Examples. 

1.  Two  points  are  moving  in  rectangular  directions,  Avith  velocities  of  30O 
and  400  yards  per  minute ;  find  their  relative  velocity  in  feet  per  second. 

Ans.  25. 

2.  Two  particles  start  simultaneously  from  different  points,  in  given  direc- 
tions, with  uniform  velocities.  Show  how,  hy  a  geometrical  construction,  to  de- 
termine the  relative  distance  at  the  end  of  any  time  ;  and  find  when  this  distance 
is  a  minimum. 

3.  The  tide  is  running  out  of  the  mouth  of  a  harhour  at  the  rate  of  2^  miles 
per  hour  ;  in  what  direction  must  a  man,  who  can  row  in  still  water  at  the  rate 
of  5  miles  per  hour,  point  the  head  of  the  boat  in  order  to  make  for  a  point 
directly  across  the  harbour  ? 

4.  A  boat  starts  with  a  given  velocity  across  a  river  ;  find  the  direction  in 
which  she  shoidd  steer,  in  order,  without  altering  her  course,  to  land  at  a  given 
station  at  the  opposite  side  of  the  river — the  velocity  of  the  stream,  and  also  of 
the  boat,  being  supposed  known, 

5.  Two  trains  are  moving,  one  due  south,  the  other  north-east.  If  their 
velocities  be  25  and  30  miles  an  hour,  respectively,  calculate  their  felative 
velocity. 

6.  A  railway  train  is  moving  at  the  rate  of  30  miles  an  hour,  when  it  is 
struck  by  a  stone  moving  horizontally  and  at  right  angles  to  the  train  with  the 
velocity  of  33  feet  per  second.  Find  the  magnitude  and  direction  of  the  velo- 
city with  which  the  stone  appears  to  meet  the  train. 

Ans.  Resultant  velocity  is  55  feet. 
Indian  Civil  Service  Exam.,  1876. 

7.  Two  particles  start  simultaneously  from  A^  B,  two  of  the  angidar  points 
of  a  square  ABCB,  in  the  directions  AB,  BC,  and  describe  the  periphery  with 
constant  velocities  V,  v,  respectively,  where  V  is  greater  than  v,  until  one  par- 
ticle overtakes  the  other.  Prove  that  the  minimum  distances  between  the  par- 
ticles occxir  at  equal  intervals  of  time,  and  that  ff  F :  v  :  :  m  +  1  :  w,  where 
m  is  an  integer,  the  sum  of  all  these  minimum  distances  is 

f»(m  +  1)  .,      -  , 

rr-  X  a  side  of  the  square. 


2  ^/m^\  {m  +  l)'-i 

Camb.  Math.  Trip.,  1871. 
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CHAPTER    II. 

ACCELERATION. 

15.  Acceleration   and  Retardation  of  IVIotion. — The 

velocity  of  a  moving  body  is  said  to  be  accelerated  or  re- 
tarded according  as  it  increases  or  diminishes  with  the  time. 
This  acceleration,  or  rate  of  change  of  velocity,  may  be  either 
nniform  or  variable.  Retardation  of  motion  is  to  be  regarded 
as  a  negative  acceleration,  i.e.  as  an  acceleration  in  the  opposite 
direction  to  that  of  the  motion. 

16.  Uniform  Acceleration. — The  motion  of  a  body  is 
said  to  be  uniformly  accelerated  when  it  receives  equal  incre- 
ments of  velocity  in  equal  times.  In  this  case  the  acceleration  is 
measured  by  the  additional  velocity  received  in  each  unit  of 
time.  As  a  second  is  usually  taken  as  the  unit  of  time,  we  may 
define  the  acceleration  of  velocity  in  this  case  to  be  measured 
by  the  additional  velocity  received  hy  the  moveable  in  each  second ; 
this  acceleration  is  usually  denoted  by  the  letter/. 

In  the  case  of  uniform  acceleration  in  a  right  line  we 
proceed  to  find  expressions  for  the  velocity  at  the  end  of  any 
given  time,  and  also  for  the  space*  described. 

17.  Velocity  at  any  Instant. — Let  Vq  denote  the  velo- 
city at  the  instant  from  which  the  time  is  reckoned ;  then, 
since  the  body  receives  in  each  second  an  additional  velocity 
/,  its  velocity  at  the  end  of  the  first  second  is  v^+f',  at  the 
end  of  the  next  second,  VQ  +  2f\  at  the  end  of  the  third,  Vq  +  3/*; 
and  at  the  end  of  n  seconds,  Vo  +  nf.  Or,  if  t  denote  the 
number  of  seconds  in  question,  and  v  the  velocity  at  the  end 
of  that  time,  we  have 

V  =  t'o  +ft.  (1) 

If  the  body  be  supposed  to  start  from  rest,  we  have 

v=Jt; 
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that  is,  the  velocity  acquired  at  the  end  of  t  seconds  is  t  times 
that  acquired  at  the  end  of  one  second. 

In  the  case  of  a  uniformly  retarded  motion,  /  denotes  the 
velocity  lost  in  each  second  ;  and,  if  Vq  be  the  initial  velocity, 
we  shall  have,  as  before,  for  the  velocity  at  the  end  of  t 
seconds, 

v^v,  -ft.  (2) 

In  this  case  the  velocity  becomes  zero  at  the  instant  when 
Vq  =ftf  or  at  the  end  of  the  time  -?.  If  the  retardation  con- 
tinued afterwards,  the  velocity  would  become  negative ;  that 
is,  the  body  should  proceed  to  move  back  in  a  direction  oppo- 
site to  that  of  its  former  motion. 

It  will  be  observed  that  the  formulae  (1)  and  (2)  differ 
only  in  the  sign  of/;  they  may  accordingly  be  regarded  as 
comprised  in  the  same  general  formula,  in  which  a  retarda- 
tion, as  stated  before,  is  regarded  as  a  negative  acceleration. 

Examples. 

1.  If  a  body  start  from  rest  -wdtli  a  uniform  acceleration  of  7  feet ;  find  its 
velocity  at  the  end  of  three  minutes. 

Am.  1260  feet. 

2.  In  what  time  would  a  body  acquire  a  velocity  of  100  feet  if  it  start  from 
rest  with  a  uniform  acceleration  of  32  feet  ? 

Ans.  Z\  seconds. 

3.  A  body  starts  from  rest  with  a  velocity  of  1000  feet,  and  its  motion  is 
uniformly  retarded  by  a  velocity  of  16  feet  each  second ;  find  when  it  would  bd 
brought  to  rest. 

Ans.  1  m.  22"  sec. 

4.  A  velocity  of  one  foot  per  second  is  changed  uniformly  in  one  minute  to 
a  velocity  of  one  mile  per  hour.  Express  nxmierically  the  rate  of  change  when 
a  yard  and  a  minute  are  taken  as  the  units  of  space  and  time. 

Ans.  ^. 

18.  Space  described  in  any  Time. — To  find  the 
space  described  in  any  time  in  the  case  of  uniform  accelera- 
tion in  a  straight  line. 

From  equation  (2)  we  get 

hence,  by  integration, 

s  =  Vot  +  iff; 
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no  constant  being  added,  since  the  space  is  measured  from  the 
position  of  the  body  when  ^  =  0. 

If  the  body  start  from  rest,  we  have 

s  =  \fP- 

In  the  case  of  uniformly  retarded  motion  we  have 

S^Vot-  \ft\ 

This  and  the  preceding  formula  are  represented  by  the 
single  expression 

s  =  r„<  +  ye,  (3) 

in  which  the  upper  or  lower  sign  is  given  to  /,  according  as  the 
acceleration  has  place  in  the  positive  or  negative  direction. 

Similarly,  equations  (1)  and  (2)  are  combined  in  the  state- 
ment 

V  =  u  ±ft.  (4) 

The  preceding  result  admits  also  of  being  established  geo- 
metrically, in  the  following  manner,  as  given  by  Newton : — 

Suppose  the  point  to  start  from  rest,  and  on  any  right 
line  ^X  take  portions^!),  AE,  &c., 
proportional  to  the  times  from  the 
commencement  of  the  motion,  and  b,    ' 

erect  perpendiculars  DB,  EC,  &c., 
representing  the  corresponding  ve- 
locities ;  then  since  the  velocity  at 
the  end  of  any  time  (Art.  18)  is  proportional  to  that  time, 
the  ordinates  BD,  CE,  &c.,  will  be  to  one  another  in  the 
same  ratio  as  the  times,  i.  e.  as  AB,  AE,  &c. ;  and  conse- 
quently the  points  A,  B,  C,  &c.,  all  lie  on  a  right  line. 

Again,  let  AB  =  t,  BE  =  At,  BB  =  v ;  then  the  space 
described  in  the  infinitely  small  time  At  will  be  represented 
hj  vAty  i.  e.  hj  the  area  BBEC ;  and  accordingly  the  whole 
space  described  in  the  time  represented  by  AJV  will  be  repre- 
sented by  the  sum  of  the  elementary  areas,  BBEC,  &c.,  or 
by  the  whole  area,  APN,  i.  e.  by  ^AN  x  PN,  or  by  \vt ; 
therefore  s  =  ^ft',  as  before. 

If  the  body  be  supposed  to  start  with  an  initial  velocity 
Vo,  the  student  will  find  no  difficulty  in  supplying  the  corre- 
sponding construction. 
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This  result  can  also  be  deduced  immediately  from  the 
consideration  of  mean  or  average  velociiy.  For,  since  the 
velocity  increases  uniformly  with  the  time,  the  velocity  at 
any  time  before  the  middle  of  the  interval  t  must  be  as  much 
Jess  than  the  velocity  at  the  middle  of  the  interval,  as  the 
velocity  at  the  same  time  after  the  middle  of  the  interval  is 
greater  than  the  velocity  at  the  middle  of  the  interval.  Hence 
the  velocity  at  the  middle  of  the  interval  is  the  average 
velocity  during  that  interval,  and  is  therefore  equal  to  the 
arithmetic  mean  of  the  initial  and  j&nal  velocities.     Thus 

average  velocity     =  \  {vo  +  Vo  +ft)  =  Vo  +  \ft ; 
therefore  -  =  t'o  +  ^ft, 

or  5  =  i'o^  +  ift~, 

19. — Relation    betfveen   Telocity  and   ISpace. — If 

we  eliminate  t  between  equations  (3)  and  (4),  we  get 

V-  =  Vo'  ±  2fs,  (5) 

in  which  the  upper  or  lower  sign  is  taken  according  as  the 
acceleration  is  in  the  direction  of  the  motion  or  in  the  oppo- 
site direction. 

We  shall  resume  the  consideration  of  these  equations 
when  we  come  to  the  investigation  of  the  motion  of  a  body 
under  the  action  of  a  constant  force. 

20.  Algebraic  £xpreission  for  an  Acceleration. — 
In  the  case  of  a  point  moving  with  a  uniform  acceleration, 
let  V  represent  the  velocity  at  the  end  of  the  time  t,  and  v' 
that  at  the  time  f ;  then  by  (1)  we  have 

V  =  ro+Z/,     v'  =  Vo  +ft\ 

and  hence  /  =  —, — -. 

t  —  t 

Moreover,  since  this  result  holds,  however  small  the  in- 
terval of  time  represented  by  f  -  t  may  be,  we  have,  as  in 
Art.  4, 

'  ~  (if 
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21.  Variable  Acceleration. — In  the  case  of  motion  of 
a  point  in  a  right  line,  if  the  acceleration  is  not  uniform,  but 
varies  continuously  according  to  any  law,  we  plainly  (as  in 
Art.  5)  may  suppose  that  the  motion  is  uniformly  accelerated 
during  an  infinitely  small  time  dt ;  or  (which  is  the  same 
thing)  that  the  acceleration  at  any  instant  is  measured  by 
what  the  increase  of  velocity  in  a  unit  of  time  ivould  have  been 
if  its  rate  of  increase  had  been  uniform  during  that  timCy  and  the 
same  as  that  at  the  instant  in  question.  Hence  the  accelera- 
tion at  any  instant  is  defined  as  the  rate  of  change  of  the  velo- 
city at  that  instant,  and  is  measured  in  all  cases  by  the  ratio 
of  the  increment  of  the  velocity  at  the  instant  to  the  incre- 
ment of  the  time. 

Accordingly  we  have,  whether  the  acceleration  be  uniform 
or  variable,  the  relations 

dv     d's 

^=Tt=df^  (^) 

which  are  expressed  in  Newton's  notation  in  the  form 

/=  /'  =  s. 

All  these  results  apply  equally  to  the  case  of  retardation 
of  motion,  which  is  always  to  be  regarded  as  a  negative  acce- 
leration. 

22. — Crcometrical  Representation  of  an  Accele- 
ration.— From  the  preceding  it  appears  that  the  acceleration 
of  the  motion  of  a  point,  whether  it  be  uniform  or  variable, 
is  in  all  cases  measured  by  a  velocity.  Hence  it  can  be  re- 
presented, both  in  ynagnitude  and  direction,  by  a  right  line,  in  the 
same  manner  as  any  other  velocity  (Art.  7). 

Hence,  also,  we  may  regard  a  body  as  receiving  two  or 
more  simultaneous  accelerations  of  motion,  and  can  deter- 
mine the  resultant  acceleration  by  a  geometrical  construction, 
as  in  Arts.  10  and  11. 

Consequently,  accelerations  are  compounded  and  resolved 
according  to  the  same  laws  as  velocities.  This  will  also 
appear  as  a  consequence  of  the  Second  Law  of  Motion,  which 
shall  be  stated  and  explained  in  the  next  Chapter. 

23.  Component  Accelerations  Parallel  to  Fixed 
Axes. — If  X,  y,  z  denote  the  coordinates  relative  to  a  fixed 
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rectangular  system  of  axes,  of  the  position  of  a  moving 
point  at  the  end  of  the  time  t ;  then,  as  in  Art.  12,  its  com- 
ponent velocities  parallel  to  the  axes  of  coordinates  are  re- 

,    ^  ^      dx      dy      dz  ,.     , 

presented  by  — ,     -jr,     -r.t  respectively. 

Hence,  since  the  acceleration  of  motion  in  any  direction 
is  measured  by  the  rate  of  change  of  the  velocity  in  that 
direction,  we  have  for  the  accelerations  parallel  to  the  axes 
of  coordinates  the  expressions 

a{^4\   Jt)   di'^S 


dt 


m  <s) 


dt    '       dt  dt    ' 

d^x      ..      d'^y      ..      d'^z  ,^, 

dt''    ^      df'  df  ^' 

where,  in  accordance  with  Newton's  notation,  x,  y,  z  denote 
the  accelerations  parallel  to  the  axes  of  x,  y^  s,  respectively. 
The  total  acceleration  of  the  motion  of  the  particle  is  the 
resultant  of  these  accelerations. 

The  question  of  acceleration  in  curvilinear  motion  can 
also  be  treated  in  another  manner,  as  follows : — 

24.  Curvilinear  Motion,  Change  of  ITelocity, 
Total  Acceleration. — Suppose  a  point  to  move  in  a 
curvilinear  path,  and  from  any  point  0,  let  the  line  OA 
be   drawn,    representing   in  magnitude   and   direction  the 

velocity  of  the  moving  point  at  any        c b 

instant.      Let  OB,  in  like  manner,       /  ^^-^^^"^^^ 

represent    its   velocity   at    the    end    y/^^-^'"^^        / 

of  the  interval  of  time  A^.     Join  q^^ ^ 

AB,  and  complete  the  parallelo- 
gram OABC,  Then  the  velocity  represented  by  OB  is  equi- 
valent to  the  component  velocities  represented  by  OA  and 
OC ;  but  if  the  velocity  of  the  point  had  not  changed  during 
the  interval  A^,  it  would  have  been  represented  by  OA  ;  hence 
OC,  or  AB,  represents  in  magnitude  and  direction  the  change  of 
velocity  in  the  time  At. 

Again,  since  the  acceleration  of  the  velocity  of  a  move- 
able, at  any  instant  is,  in  all  cases,  measured  by  the  rate  of 

c 
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change  of  the  velocity  ior  that  instant,  it  follows,  as  in  (5),  that 
if  we  regard  the  interval  of  time  A^  as  becoming  infinitely 
small,  the  acceleration  of  the  motion  is  represented  by  the 

AB 

limiting  value  of  — -.     This  limiting  value  is  called  the  total 

acceleration  of  the  motion  of  the  particle  at  the  instant. 

25.     Tangential    and    IVormal     A-Ccelerations.  — 

Again,  suppose  a  to  denote  the 
position  of  the  moving  particle 
at  the  end  of  the  time  t,  and  h 
its  position  after  a  small  inter- 
val of  time,  A/*,  and  draw  tan- 
gents to  the  path  at  the  points 
a  and  h.  Also,  as  before,  from 
any  point  0  draw  OA,  OB, 
parallel  to  these  tangents,  and 
representing  the  velocities  at  a  and  h,  respectively.  Then,  by 
the  preceding  Article,  AB  represents  the  total  change  in 
the  velocity  in  the  interval  A^ 

Draw  AN  perpendicular  to  OB,  and  suppose  the  velocity 
AB  resolved  into  the  two,  AN  and  BN\  then,  the  former 
represents  the  change  of  velocity  in  the  normal  direction,  and 
the  latter  in  the  tangential. 

The  corresponding  accelerations  are  represented  by  the 

limiting  values  of  -—  and  — -,  respectively. 

Again,  let  the  angle  BOA,  or  the  angle  between  the 
tangents  at  a  and  h,  when  indefinitely  small,  be  denoted  by 
G?0,  and  we  have 

AN=  OAd<l>  =  vd<l>. 

The  normal  acceleration  is  therefore 


d(h        dd)  ds       ,  d<h 
dt         ds  di         ds 


{Biff.  Calc,  Art.  226),     (8) 


where  p  represents  the  radius  of  curvature  of  the  path  at  the 
point  a. 

Also  in  the  limit  we  have  — -  =   — .     Hence  the  tan- 

Ar         dt 
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gential  acceleration  is  represented  by  -- ;  as  is  also  easily 
seen  from  equation  (6). 

In  the  case  of  uniform  motion  in  a  circle,  since  the  velo- 
city V  is  constant,  the  tangential  acceleration  vanishes,  and 
the  normal  acceleration  (which  then  becomes  the  total  accele- 

ration)  is  -,  or  -^^,  where  r  denotes  the  radius  of  the  circle, 

and  T  the  time  in  which  the  circle  is  described. 

The  normal  acceleration  in  this  case  is  called  the  centri- 
petal acceleration,  as  it  is  constantly  directed  towards  the  cen- 
tre of  the  circle. 

26.  Hodograph.* — In  accordance  with  the  method  of 
the  preceding  Articles,  if  from  any  point  0  lines  OA,  OB, 
OC,  &c.,  be  drawn  representing,  in  magnitude  and  direction, 
the  velocities  at  the  points,  a,  b,  c,  &c.,  taken  consecutively  in 
the  path  of  a  particle,  then  the  system  of  points  -A,  Bj  C,  &c., 
will  lie  on  a  new  curve  called  the  hodograph  of  the  original 
curve,  which  is  considered  to  be  described  by  A  as  the  point  a 
moves  along  the  given  curve. 

Since  the  lines  AB,  BO,  &c.,  become  ultimately  tangents 
to  the  hodograph,  it  follows  that  the  direction  of  the  total 
acceleration  at  any  point  a  is  parallel  to  the  tangent  to  the 
hodograph  at  the  corresponding  point  A. 

Also,  since  the  amount  of  the  total  acceleration  is  measured 

AB 

by  the  limiting  value  of  — — ,  it  follows  that  the  total  accele- 
ration, at  any  point  a,  is  represented  by  the  velocity  at  the  point 
A  in  the  hodograph. 

We  shall  give  some  applications  of  this  method  subse- 
quently, more  especially  in  connexion  with  the  treatment  of 
Central  Forces. 

27.  Angular  ITelocity,  Angular  Acceleration. — If 
the  position  of  a  point  P  moving  in  a  plane  be  taken  in  polar 
coordinates,  r  and  d,  with  reference  to  a  fixed  origin  0,  then 
the  rate  of  increase  of  the  angle  Q  is  called  the  angular  velo- 

•  Sir  W.  R.  Hamilton  employed  this  name  {6hhv  ypd<f>eiv)  {Proceedings, 
R.  I.  A.,  1846,  p.  344)  in  his  method  of  discussing  the  connexion  between  accele- 
ration and  motion.  The  hodograph  is  called  the  curve  of  accelerations  by  French 
writers  on  Mechanics. 

c  2 
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city  of  P  relative  to  the  fixed  point  0.     Hence,  if  tu  denote 

the  angular  velocity  at  any  instant,  p 

,  dO  A 

we  nave  w  =  -77. 

at 

If  OP  revolve  uniformly,  com-     ^^ 
pleting  its  revolution  in  T  seconds,  ^ 
then  its  angular  velocity,  in  circular  measure,  is  obviously 
given  by  the  equation 

27r 

T 

Suppose  OA  taken  equal  to  the  unit  of  length,  then  the 
velocity  of  the  point  A,  in  its  circular  path,  represents  the 
angular  velocity  of  the  line  OP. 

Again,  if  the  angular  velocity  of  P  be  variable,  its  rate  of 
increase  is  called  its  angular  acceleration  ;  hence  the  angular 

acceleration  of  P  with  regard  to  0  is  represented  by  —  or  — . 

28.  Accelerations  along  and  perpendicular  to  the 
Radius  Vector. — Let  x,  y  be  the  rectangular  coordinates 
of  the  moving  point  P,  and  r,  Q  the  corresponding  polar 

coordinates,  at  the  end  of  the  time  t ;  then  —  and  —  (Art. 

23)  represent  the  accelerations  parallel  to  the  axes ;  hence, 
by  Art.  22,  the  acceleration  P  along  the  radius  vector  is 


d^x  .  ^  d'^y  x  d^x  y  d^y 
-T-  +  sin0  — 7,  or  -  ^T^  +  -  — - 
dt"  dt~         r  dv      r  df 


and  the  acceleration,  T,  perpendicular  to  the  radius  vector  is 
^d'^y      .    ^d'^x      xd^y     y  d^x 

To  find  expressions  for  these  accelerations  in  terms  of  r 
and  d,  we  have 

dx        dy        dr 
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hence 


"dp^y^^^yjtrKdir'^'^Kdt)' 


d^x        d^y      fdx\    fdy\       d^r      fdr\ 
but 

.dtj    '   \dt)      \dtj    '  '    \dt 


dxy  ^  (dyV  ^  /drV  ^  ^,  fdOY 


accordingly 


di'  '^^  df  "^^  \dtl  ~^df 


,,       ,  xd'x     vd'y     d'r        fddV 

therefore  _  _  +  _ -^  =  _  -  .^_j  . 

Also 

d^y  d'^x      d  (   dy     ^dx\      d  ( ^^^dO 


^  df      ^-^  df      dt\dt      ^dtj      dt\dt 
Consequently,  the  acceleration  along  the  radius  vector  is 

P  =  ^-rW.  (9) 

dt^        \dtj  ^  ' 

And  that  perpendicular  to  the  radius  vector  is 

If  the  acceleration   of  the  moving  particle  be   always 
directed  to  the  fixed  point  0,  we  have   T  =  0,  and  hence 

dR 
r^  -rr  =  constant ;  from  which  we  infer  that  the  radius  vector 

at 

describes  equal  areas  in  equal  times  round  the  point  0. 

29.    Areal   Velocity,    Areal    Acceleration.  —  It    is 

obvious,  geometrically,  that  r^dd  represents  double  the  area 

described  by  the   line   OF  in  the  time  dt ;    consequently 

r^dO 

—zj-  represents  the  rate  of  increase  of  double  the  area  de- 

r'^dO 
scribed  by  the  point  P  round  the  point  0.  Hence  i -ir- 
is called  the  areal  velocity  of  the  point  P  relative  to  the 
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origin  0.  Similarly  i  7,  ( »*'  ;^ )  represents  the  areal  accele- 
ration of  P  relative  to  the  same  origin. 

30.  Units  of  Time  and  Space. — With  respect  to  the 
units  of  time  and  space,  as  well  as  of  all  other  quantities,  it 
should  be  remarked  that  the  units  assumed  must  in  all  cases 
be  Jinite  magnitudes.  For  instance,  the  unit  of  time  may  be 
taken  as  a  second,  an  hour,  a  day,  or  any  other  finite  interval 
of  time,  but  it  should  never  be  assumed  to  be  an  indefinitely 
small  portion  of  time,  for  if  so,  numbers  which  represent  finite 
intervals  of  time  become  infinitely  great,  and  accordingly 
arguments  based  on  such  an  assumption  become  illusory  and 
unmeaning  when  applied  to  finite  intervals  of  time.  This 
remark  is  requisite,  as  fallacious  proofs  are  sometimes  given 
in  books  on  dynamics  from  overlooking  this  obvious  principle. 

The  unit  of  time  most  universally  adopted  is  a  second,  as 
already  stated.  Different  units  of  length  prevail  in  different 
countries.  Since  in  this  country  the  foot  is  the  standard  of 
length,  and  areas  and  volumes  are  each  referred  to  units  of 
their  own,  we  shall  sometimes  employ  such  units  for  the 
purpose  of  illustrating  mechanical  principles  by  familiar 
examples.  But,  when  desirable,  we  shall  avail  ourselves  of 
the  metric  system.  In  it  the  unit  of  length  is  a  metre 
(3-2809  feet,  or  39-37079  inches).  From  this,  by  the  simple 
processes  of  squaring  and  cubing,  units  of  area  and  volume  are 
derived  ;  and  decimal  multiples  and  submultiples  are  respec- 
tively indicated  by  the  use  of  Greek  and  Latin  prefixes.  For 
example,  the  centimetre  is  the  hundredth  part  of  the  length  of 
a  metre.  Again,  one  cubic  decimetre  is  the  measure  of 
capacity  called  a  litre  ;  and  is  about  61  cubic  inches,  or  1*76 
pints.  We  shall  subsequently  see  that  a  cubic  centimetre  of 
distilled  water  at  its  greatest  density  furnishes  this  system 
with  another  unit :  to  this  the  name  gramme  is  applied.  One 
thousand  grammes  are  called  a  kilogramme,  equivalent  to 
about  two  and  one-fifth  pounds  avoirdupois. 
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CHAPTER    III. 

LAWS  OF   MOTION. 

Section  I. — Rectilinear  Motion. 

til.  In  the  preceding  chapters  motiou  has  been  considered 
from  a  purely  kinematical  point  of  view  ;  we  now  proceed  to 
consider  it  in  connexion  with  the  force  or  forces  by  which  it 
is  produced. 

The  science  of  Rational  Dynamics  is  usually  founded  on 
three  principles,  or  Laws  of  Motion,  which  have  been  stated 
in  their  simplest  form  by  Newton,  and  are  fully  verified  by 
their  agreement  with  experience.  In  the  present  chapter  it 
is  proposed  to  discuss  and  illustrate  various  cases  of  applica- 
tion of  these  Laws,  chiefly  when  the  forces  supposed  to  act 
are  constant  both  in  direction  and  magnitude.  Tlie  discus- 
sion of  motion  produced  by  varying  forces  will  be  dealt  with 
subsequently.  We  follow  Newton's  method,  commencing 
with  the  statement  of  his  First  Law. 

32.  First  liaiiv  of  motion. — A  body  continues  in  its 
state  of  rest  ^  or  of  straight  uniform  motion,  except  in  so  far  as  it 
is  compelled  to  alter  that  state  by  impressed  force. 

This  law  asserts  that  a  body  has  no  power  or  tendency  in 
itself  to  alter  either  its  velocity  or  the  direction  of  its  motion  : 
this  is  usually  called  the  Law  of  Inertia  of  Matter. 

Hence,  if  a  body  be  conceived  to  be  set  in  motion,  and  no 
external  force  act  upon  it  afterwards,  it  should  continue  to 
move  indefinitely  in  a  right  line  with  a  uniform  velocity. 

Conversely,  if  a  body  be  in  a  state  of  uniform  rectilinear 
motion,  we  infer  that  the  forces  which  act  on  it  are  in  equili- 
brium. For  example,  if  a  train  be  in  a  state  of  uniform  motiou 
on  a  horizontal  railway,  we  infer  that  the  force  arising  from 
the  action  of  the  steam  is  exactly  equal,  and  opposite  to,  the 
entire  resistance  arising  from  friction  and  resistance  of  the  air. 

Hence,  all  questions  of  uniform  rectilinear  motion  may  be 
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regarded  as  problems  of  eqinlihrimn,  and  treated  by  the  principles 
arrived  at  in  Statics.  In  this  case  we  suppose  the  body  to 
have  a  motion  of  translation  solely. 

Again,  if  the  motion  of  a  body  be  not  uniform,  or  not  rec- 
tilinear, we  infer  that  it  must  be  acted  on  by  some  external 
force  or  forces.  The  connexion  between  the  motion  produced 
and  the  force  which  produces  it  is  contained  under  the  next 
Law. 

Example. 

A  railway  train  is  moving  with  constant  relocity  along  a  horizontal  rail- 
road. The  resistance  from  friction,  &c.,  for  each  carriage  is  one-hundredth 
part  of  the  pressure.  Find  the  tension  of  the  couplings  of  the  last  carriage,  if 
its  weight  he  four  tons. 

In  this  case,  since  the  motion  is  uniform,  the  tension  of  the  couplings  must 
he  equal  to  the  resistance  to  be  overcome,  or  to  the  one-hundiedth  part  of  fom- 
tons,  i.e.  SQ^  lbs. 

38.  liecond  Itaifv  of  Motion. — Change  of  motion*  is 
proportional  to  the  itnpxessed  motive  force^  and  takes  place  in  the 
right  line  in  which  that  force  is  itnpressed. 

As  this  statement  is  very  comprehensive  it  will  be  neces- 
sary to  dwell  on  it  with  some  detail,  commencing  with  the 
case  of  a  body  under  the  influence  of  a  force  which  acts  uni- 
formly and  in  the  same  right  line  during  the  motion.  The 
body  is  supposed,  in  the  first  instance,  to  start  from  rest,  and 
the  direction  of  the  force  to  pass  constantly  through  its  centre  of 
mass,  in  which  case  the  motion  is  one  of  translationf  solely. 

34.  Velocity  Crenerated. — Suppose  a  force  to  act  uni- 


*  For  the  present  we  shall  consider  that  it  is  one  and  the  same  body  which  is 
acted  on  by  forces  passing  through  its  centre  of  mass,  in  which  case  the  force 
varies  directly  as  the  velocity  generated  in  the  unit  of  time.  We  shall  subse- 
quently treat  of  the  case  where  the  mass  acted  on  varies  also.  In  that  case,  by 
the  word  "motus,"  here  translated  motion,  we  must  understand  quantity  of 
motion. 

t  A  force  applied  at  the  centre  of  mass  of  a  rigid  body  is  equivalent  to 
au  indefinite  number  of  equal  and  parallel  forces  applied  to  the  several  equal 
particles  of  which  the  body  is  conceived  to  be  constituted  ;  but  as  the  forces  are 
equal  and  the  masses  moved  by  each  are  equal,  the  velocities  generated,  in  the 
same  time,  are  also  equal :  hence  the  motion  of  the  entire  body  is  one  of  pure 
translation.  The  simplest  case  of  this  is  that  of  bodies  falling  under  the  action 
of  the  force  of  gravity. 
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formly  on  a  body,  and  let/  denote  the  velocity  generated  at 
the  end  of  the  first  second  (taken  as  the  unit  of  time) ,  then 
during  the  next  second,  in  accordance  with  our  law,  the  uni- 
form force  will  generate  an  additional  velocity  of  the  same 
amount  /;  and  in  each  successive  second  the  force  generates 
the  same  additional  velocity ;  consequently  the  motion  is  in 
this  case  uniformly/  accelerated,  and  the  velocity  at  the  end  of 
t  seconds  (Art.  17)  is  given  by  the  equation 

v=ft. 

Again,  if  the  body  be  supposed  to  start  with  the  velocity 
Vo  in  the  direction  in  which  the  force  acts,  we  shall  have  for 
the  velocity  v,  at  the  end  of  the  time  t, 

V  =  VQ+ft,  (1) 

as  in  Art.  17. 

If  the  force  act  in  a  direction  opposite  to  that  of  the 
motion  it  is  called  a  retarding  force,  and,  if  uniform,  it  will 
diminish  the  velocity  by  the  quantity  /  during  each  second, 
and  we  shall  have,  as  before,  the  equation 

V  =  Vo  -ft. 

The  student  should  bear  in  mind  that  /  in  all  cases  is 
measured  by  the  velocity  generated  or  destroyed  in  the  moveable 
in  each  second  during  the  motion  ;  f  consequently  may  always 
be  regarded  as  an  acceleration — a  retardation  being  considered 
as  a  negative  acceleration. 

It  may  be  observed  that  the  entire  reasoning  in  this 
Article  depends  on  the  following  principle — contained  in  the 
Second  Law  of  Motion — that  the  change  of  velocity  produced 
by  a  force  in  any  titne  is  independent  of  the  previous  velocity  of 
the  moveable. 

The  Second  Law  of  Motion  equally  applies  to  the  case  of 
a  body  acted  on  by  any  number  of  forces,  in  which  case  it  may 
be  stated  as  follows : — 

If  any  number  of  forces  act  simultaneously  on  a  rigid  body, 
then,  during  any  instant,  each  force  produces  the  same  change  of 
motion  in  its  own  direction  as  if  it  had  acted  singly  on  the  body. 

From  this  it  follows  that  forces  are  compounded  in  the 
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same  manner  as  velocities.  The  law  of  the  composition  of 
forces  was  thus  established  by  Newton — Leges  Motus^  Cor.  2. 

35.  Space  Described  in  any  Time. — Since  we  have 
seen  that  in  the  case  of  a  uniform  force  the  velocity  is  uni- 
formly accelerated  or  retarded,  we  can  at  once  apply  the  re- 
sults already  arrived  at  in  Arts.  18,  19. 

Hence,  the  space  described  from  rest,  in  the  time  t,  is 
given  by  the  formula 

s  =  lft\  (2) 

If  the  body  start  with  an  initial  velocity  v^  along  the 
line  in  which  the  force  acts,  we  shall  have 

s^vj±  yt\  (3) 

in  which  the  upper  or  lower  sign  is  taken  according  as  the 
uniform  force  acts  in  the  same  or  the  opposite  direction  to 
that  of  the  initial  velocity. 

It  is  plain  that  the  space  described  in  the  first  second 
from  rest  is  ^/,  or  half  the  velocity  acquired  at  the  end  of  the 
second ;  and,  in  general,  the  space  described  in  any  time  from 
rest  is  half  of  that  described  by  a  body  moving  uniformly 
with  the  velocity  acquired  at  the  end  of  the  time. 

36.  Relation  betiveen  Telocity  and  Space  de- 
scribed.— If  tlie  body  start  from  rest,  by  eliminating  t 
between  the  equations  v  =  ft  and  s  =  ift"^,  we  get 

v'  =  2/5  ; 

and,  more  generally,  if  v^  be  the  initial  velocity, 

v'  =  Vo*  ±  2/5.  (4) 

From  the  preceding  results  it  is  seen  that  the  question  of 
rectilinear  motion  under  the  action  of  a  constant  force  is  com- 
pletely solved  whenever  the  value  of  the  acceleration  /  can  be 
determined.  In  a  subsequent  Article  we  shall  show  how  this 
can  be  done  in  elementary  cases,  but  before  doing  so  we  pro- 
ceed to  apply  the  preceding  results  to  the  important  case  of 
falling  bodies. 

37.  Vertical  Hotion. — In  order  to  get  rid  of  the  re- 
tardation caused  by  the  resistance  of  the  air,  we  shall  sup- 
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pose  the  motion  to  take  place  in  a  vacuum.  Under  these 
circumstances  it  is  found  that  all  bodies,  no  matter  what 
their  density  or  chemical  constitution  may  be,  fall  through 
the  same  vertical  height  and  acquire  the  same  velocity  in  the 
same  time.  That  this  is  so  is  best  established  by  means  of 
pendulum  experiments ;  but  it  can  also  be  tested  by  allowing 
different  bodies  to  fall  in  an  exhausted  receiver.  We  hence 
infer  that  the  attractive  force  of  the  Earth  acts  equally  on 
all  bodies. 

If  g  denote  the  acceleration  due  to  the  force  of  gravity, 
that  is  the  increment  of  velocity  per  second  acquired  by  a  body 
falling  in  a  vacuum^  then,  from  what  has  been  stated,  the 
value  of  g  is  the  same  for  all  bodies  at  the  same  place  on  the 
Earth's  surface. 

Again,  since  at  any  place  the  force  of  gravity  may  be 
assumed  as  a  constant  force  {i.  e.  within  moderate  distances 
from  the  Earth's  surface),  we  may  apply  to  the  case  of  falling 
bodies  the  results  arrived  at  in  the  preceding  Articles  by  sub- 
stituting g  in  place  of/.  Hence,  if  the  body  start  from  rest, 
we  have 

V  =  gt,     s  =  ^gt\     V'  =  2gs.  (5) 

Again,  if  it  start  downwards  with  a  given  vertical  velo- 
city I'o, 

V  =  Vo  +  gtj     s  =Vot  +  ^gt\     r  =  t'o"^  +  2gs.        (6) 

If  the  body  be  projected  vertically  upwards  with  a  velocity 
Voy  gravity  becomes  a  uniformly  retarding  force,  and  we  have 

V  =  Vo  -  gt,     s  =  Vot  -  yf,     v"^  =  v^^  -  2gs.         [7] 

To  find  in  this  case  the  height  H  to  which  the  body 
would  ascend,  we  make  i^  =  0  in  the  last  equation,  and  we  get 

The  time  T  of  ascent  is  given  in  like  manner  by  the 
equation  r 

^  T=\  (9) 

9 

The  subsequent  motion  of  the  body  is  got  from  equations 
(5),  in  which  we  suppose  the  body  to  start  from  rest  at  the 
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height  H.  It  immediately  follows  that  the  times  of  ascent 
and  descent  are  equal,  and  that  the  body  returns  to  its  ori- 
ginal position  with  the  velocity  with  which  it  was  projected 
upwards.  For  this  reason  we  say  that  the  velocity  Vq  is  due  to 
the  height  H ;  and  reciprocally,  that  the  height  H  is  dice  to 
the  velocity  Vq.  We  shall  meet  frequent  applications  of  these 
expressions. 

As  the  motion  is  supposed  to  take  place  in  a  vacuum,  the 
preceding  results  can  only  in  some  cases  be  regarded  as  ap- 
proximate for  motion  in  the  air. 

38.  l^ariation  of  CrraYity. — It  is  found  that  the  value 
of  g  varies,  within  small  limits,  from  place  to  place  on  the 
Earth's  surface.  It  increases  with  the  latitude,  and  when 
referred  to  feet  and  seconds,  has  its  least  value,  32 '091,  at 
the  equator,  and  its  greatest,  32"255,  at  the  pole.  It  also 
diminishes  as  the  body  is  raised  above  the  Earth's  surface, 
since  the  attraction  of  the  Earth  varies  as  the  inverse  square 
of  the  distance  from  its  centre.  The  value  of  g  at  London, 
referred  to  the  same  units,  is  32*19,  and  this  may  be  em- 
ployed, in  ordinary  calculations,  as  an  average  value. 

It  will  be  seen  subsequently  that  the  rotation  of  the 
Earth  on  its  axis  has  the  effect  of  diminishing  the  velocity  of 
a  falling  body ;  and,  accordingly,  the  observed  value  of  g  is 
the  difference  between  its  value  arising  from  the  Earth's 
attraction  and  the  component  of  the  centrifugal  acceleration 
in  the  vertical  direction. 

As  a  rough  approximation  we  may  assume  ^  =  32  ;  and, 
when  numerical  results  are  required,  this  may  be  taken  as  its 
value  in  these  and  all  subsequent  examples,  unless  otherwise 
specified,  inasmuch  as  they  are  given  chiefly  for  the  purpose 
of  familiarizing  the  student  with  the  application  of  mechani- 
cal principles. 

Examples. 

1.  Find  the  Telocity  acquired  in  5  minutes  by  a  falling  body,  assuming 
ff  =  32-19.  Am.  9657  feet. 

2.  In  what  time  will  a  falling  body  acquire  a  velocity  of  400  feet  if  it 
start  from  rest  ?  Ant.  12-5  sec. 

3.  If  a  body  move  under  the  action  of  a  constant  force,  its  average  velocity 
during  any  time  is  an  arithmetical  mean  between  its  velocities  at  the  commence- 
ment and  the  end  of  that  time  ? 
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4.  If  one  minute  be  taken  as  the  unit  of  time,  what  should  be  taken  as  the 
ralue  of  ^  ? 

Ans.  The  velocity  per  minute  acquired  in  one  minute  by  a  falling  body,  or 
116,200  feet. 

6.  Two  bodies  start  together  from  rest,  and  move  in  directions  at  right  angles 
to  each  other.  One  moves  uniformly  with  a  velocity  of  3  feet  per  second  ;  the 
other  moves  under  the  action  of  a  constant  force  :  detcnnine  the  acceleration 
due  to  this  force  if  the  bodies  at  the  end  of  4  seconds  be  20  feet  apart. 

Ans.  2  feet  per  second. 

6.  If  a  uniforin  force  generate  in  a  body  a  velocity  of  30  feet  a  second  after 
describing  25  yards,  find  the  acceleration.  Ans.  /=  6. 

7.  A  stone  is  let  fall  from  a  height  into  a  well,  and  is  heard  to  strike  the 
water  after  t  seconds  ;  find  the  depth  of  the  well,  assuming  the  velocity  of  sound 
to  be  V,  and  neglecting  the  resistance  of  the  air.  The  reqxured  height  h  is  got 
by  solving  the  equation 

In  applying  this  equation  practically  it  may  be  observed  that  —  is,  in  all  cases, 

small  in  comparison  with  t :  accordingly,  if  we  transpose  and  square,  we  get, 

,      .       A'-*  .  .  .  ,   2ht 

neglectmg  — x  lu  comparison  with  ——, 

gVf' 


A  = 


2(r  +  ^0' 


8.  A  person  drops  a  stone  into  a  well,  and  after  three  seconds  hears  it  strike 
the  water.  If  the  velocity  of  sound  be  1127  feet  per  second,  find  the  depth  of 
the  water.  Ans.  132-68  feet. 

9.  Prove  that  the  spaces  described  by  a  falling  body  in  successive  equal 
intervals  of  time  are  proportional  to  the  series  of  odd  numbers. 

10.  A  body  moves  from  rest  under  the  action  of  a  constant  force  during  four 
seconds,  when  the  force  is  supposed  to  cease  ;  in  the  next  five  seconds  the  body 
describes  200  feet ;  find  the  acceleration  due  to  the  constant  force — (1)  if  one 
second ;  (2)  if  one  minute  be  taken  as  the  unit  of  time. 

Ana.  (1)  10,  (2)  36000. 

11.  A  body  is  projected  upwards  with  any  velocity,  and  t,  t'  denote  the 
times  in  which  it  is  respectively  above  and  below  the  middle  point  of  its  path ; 

find  the  value  of  ~.  ^"*-  \/2  +  1 . 

12.  Assuming  g  to  be  represented  by  32  when  the  units  of  space  and  time  are 
one  foot  and  one  second ;  what  number  would  represent  its  value  if  one  mile  and 
one  day  be  taken  as  the  units  ?  Ans.  45242181-]^. 

13.  A  ball  is  dropped  from  the  masthead  of  a  ship  sailing  n  miles  an  hour. 
Through  how  many  feet  must  it  have  fallen  when  the  direction  of  its  motion  is 
inclined  at  45°  to  the  horizon  ?  ^       121  n*  — 


Ans. 


3600 


C-^G 
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39.  Acceleration  Taries  as  Pressure. — If  we  sup- 
pose different  forces  to  act  uniformly  during  equal  times  on 
the  same  body,  it  follows  from  the  Second  Law  of  Motion 
that  the  forces  ivill  he  to  one  another  in  the  same  ratio  as  the 
velocities  generated  in  equal  times. 

If  we  suppose  the  time  of  action  to  be  one  second,  the 
velocities  generated  are  represented  by  the  corresponding 
accelerations  /  and  /'.  Also,  if  F,  F'  denote  the  statical* 
measures  of  the  forces,  i.  e.  the  pressures  which  they  are 
capable  of  producing,  we  have 

F'.r=f:f.  (10) 

If  one  of  the  constant  forces  be  the  attraction  of  the 
Earth,  since  its  statical  measure  is  W,  or  the  weight  of  the 
body  moved ;  and  since  g  is  the  corresponding  acceleration, 
we  have 

F:W=f:g',  (11) 

F 

hence  f=-—g.  (12) 

This  equation  enables  us  to  determine  the  velocity  generated 
in  one  second  by  a  constant  force  at  any  place  whenever  the 
pressure  F  which  measures  the  force  is  known,  and  also  the 
weight  of  the  body.  We  suppose,  as  stated  already,  that  the 
body  is  rigid,  and  that  the  force  F  acts  through  its  centre  of 
mass.  "When  /  has  been  determined  by  the  foregoing  equa- 
tion, and  the  force  continues  to  act  uniformly,  we  may  apply 
the  results  arrived  at  in  the  preceding  Articles  to  determine 
the  subsequent  motion  (see  Art.  36). 

40.  Mass. — If  we  attempt  to  move  a  body  we  find  that 
with  the  same  amount  of  exertion  on  our  part  different  re- 
sults are  produced  in  different  bodies. 

For  example,  the  same  effort  which  would  project  a  small 
stone  a  considerable  distance  will  move  a  large  one  but  slightly. 


*  The  magnitude  of  a  force  is  estimated  in  Statics  by  the  weight  which  it 
is  just  capable  of  supporting.  Thus,  a  force  which  is  capable  of  supporting  a 
weight  of  112  lbs.  is  called  a  force  of  112  lbs.,  &c. 
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In  this  way  our  ordinary  experience  suggests  to  us  tliat  the 
amount  of  the  acceleration  produced  in  a  body  by  a  force  de- 
pends not  only  on  the  magnitude  of  the  force  but  also  on  the 
body  which  is  moved.  When  exact  experiments  are  carried 
out,  it  is  found  that  the  same  force  acting  on  different  bodies 
produces  different  accelerations,  and  that  different  forces  act- 
ing on  the  same  body  produce  accelerations  proportional  to 
the  forces.  Hence  we  conclude  that  the  acceleration  produced 
in  the  motion  of  a  body  by  a  force  is  equal  to  that  force 
multiplied  by  a  factor  which  is  invariable  for  the  same  body, 
but  which  varies  for  different  bodies. 

Conversely,  if  F  denote  the  magnitude  of  a  force,  and  / 
that  of  the  acceleration  thereby  produced,  we  have  the  equa- 
tion 

F=m/,  (13) 

where  m  is  always  the  same  for  the  same  body,  but  varies  for  dif- 
ferent bodies.  This  quantity  7n  is  called  the  Mass  of  the  body, 
and  is  estimated,  like  other  quantities,  by  comparing  it  with 
a  standard  quantity  of  the  same  kind.  It  is  found  that  at 
any  fixed  place  on  the  Earth's  surface  the  weight  of  a  body 
(if  permitted  to  accelerate  its  motion)  produces  an  accele- 
ration which  is  the  same  for  all  bodies  (Art.  37J.  Now  W 
being  the  weight  and  ^  the  acceleration  thereby  produced, 
we  have,  as  above,  TF  =  mg ;  but  g  is  the  same  for  all  bodies 
at  the  same  place,  hence  W  is  proportional  to  m ;  or,  in  other 
words,  if  there  be  two  bodies  whose  weights  are  W,  W\  and 

W     m 
whose  masses  are  m,  m\  we  have  -ttz,  =  —,.     Hence,  in  order 

yy        m 

to  find  the  ratio  of  the  masses  of  two  bodies,  we  have  only  to 

find  the  ratio  of  their  weights  at  the  same  place. 


Examples. 

1 .  A  uniform  pressure  of  6  lbs.  is  applied  in  a  horizontal  direction  to  a  body 
of  10  lbs.  mass  placed  on  a  smooth  horizontal  table.  Find — (1)  the  velocity  gene- 
rated in  one  second ;  (2)  that  acquired  after  describing  500  yards  along  the 
plane.  Ans.  (1)  19^;  (2)  240. 

2.  If  a  uniform  pressure  of  3^1bs.  produce  a  velocity  of  10  feet  in  the  fiist 
second,  find  the  weight  of  the  body  acted  on.  An».  9*6  lbs. 
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3.  Find  tlie  presBiixe  which,  acting  uniformly  during  one  second,  -will  gene- 
rate in  a  body  of  one  ton  mass  a  velocity  of  10  miles  per  hour. 

Ans.  9  c^.  18f  lbs.  pressure. 

4.  If  a  pressure  of  one  ounce  act  uniformly  on  a  body  of  one  pound  mass, 
find  the  velocity  generated  from  rest  in  one  minute.  Ans.  -^  g. 

5.  If  a  uniform  force  generate  in  a  mass  of  10  lbs.  a  velocity  of  30  feet  after 

describing  26  yards,  find  the  statical  measure  of  the  force.  .        60  „ 

Ans.  — lbs. 
9 

6.  A  pressure  F,  acting  on  a  mass  of  weight  7F,  generates  in  it  a  velocity  T', 

in  the  time  T ;  find  the  value  of  jP.  j         t,     -^  ^ ' 

'  Ans.  F=  W  -^. 

gT 

7.  A  train  weighing  100  tons  acquires  on  a  horizontal  railroad  in  four  mi- 
nutes a  velocity  of  30  miles  an  hour ;  find  the  statical  measure  of  the  excess 
of  the  moving  above  the  retarding  pressure,  each  being  assimied  to  be  uniform. 

Ans.  11  cwt.  Iqr.  23|  lbs. 

8.  A  train  weighing  60  tons  is  impelled  along  a  horizontal  road  by  a  constant 
pressure  of  720  lbs.  Supposing  it  to  start  from  rest,  find  its  velocity  at  the 
end  of  one  minute — (1)  neglecting  friction  ;  (2)  assuming  the  resistance  of  friction, 
air,  &c.,  to  be  8  lbs.  per  ton.  Ans.  (1)  7?^g  ;  (2)  -isg. 

9.  If  a  imiform  force  of  6  lbs.  produce  in  a  second  a  velocity  of  0*634  feet  in 
a  body,  express  the  quantity  of  matter  in  the  body  in  terms  of  cubic  feet  of 
water,  assuming  the  weight  of  a  cubic  foot  of  water  to  be  62 ^  lbs.  and 
g  =  32-19.  Ans.  4-87. 

10.  Find  the  magnitude  of  the  pressure  which,  acting  uniformly  during  i^th 
of  a  second,  would  generate  a  velocity  of  100  feet  per  second  in  a  body  of  16  lbs. 
mass.  Ans.  600  lbs. 

11.  A  mass,  which  weighs  450  lbs.,  is  placed  on  a  perfectly  smooth  table  : 
a  uniform  horizontal  pressure  is  exerted  on  it  which  increases  its  velocity  3  feet 
in  every  second  ;  find  the  magnitude  of  the  pressure  in  lbs. 

Ans.  41  lbs.,  assuming  g  =  32'19. 

41.  Motion  on  a  Smooth  Inclined  Plane. — We  next 
suppose  a  body,  starting  from  rest,  to  slide  under  the  influence 
of  gravity  down  a  perfectly  smooth  inclined  plane.  Let  i  de- 
note the  inclination  of  the  plane  to  the  horizon,  and  W  the 
weight  of  the  body.  Resolve  Winio  its  components,  TFsini 
acting  parallel  to  the  plane,  and  W  cos  i  perpendicular  to  the 
plane.  The  motion  down  the  plane  is  evidently  due  to  the 
former  component,  since  the  latter  only  causes  pressure  on  the 
plane. 
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As  the  force  along  the  plane  is  constant  and  acts  in  the 
direction  of  motion,  we  get,  substituting  W^ini  for  F  in  (12), 

/=^sine.  (14) 

Hence,  if  g  sin  i  be  substituted  for  /  in  the  formulae  in 
Arts.  35  and  36,  we  get 

V  =  gtsinif     s  =  ^gPsini,     v"^  =  2gs8ini.  (15) 

We  assume  that  the  body  slides  without  rolling  along  the 
plane,  as  otherwise  the  motion  would  not  be  one  of  pure  trans- 
lation. 

42.  Telocity  acquired  in  Moving  down  an  Inclined 
Plane. — Let  I  represent  AB,  the  length  ^ 

of  the  plane,  and  h  its  height  A  C ;  then  , 
if  V  be  the  velocity  acquired  on  arriving 
at  B,  we  have 


v^  =  2^/sin?*  =  2gh. 


(16) 


Accordingly,  the  velocity  acquired  at  any  point  in  the  descent  of 
a  body  down  a  smooth  inclined  plane  is  that  due  to  the  vertical 
height  through  ivhich  the  body  has  descended.  This  is  a 
particular  case  of  an  important  principle  which  shall  be 
subsequently  considered. 

48.  Time  of  Descending  a  Cliord  of  a  Vertical 
Circle. — We  next  proceed  to  show  that  the  time  of  de- 
scent down  any  chord  of  a  vertical  circle, 
starting  from  its  highest  point,  is  constant. 

Let  AC  he   the  vertical  diameter  of 
the  circle,  AB  any  chord  drawn  from  A. 

AB 

Join  BC;  then,  sin^  =  sinBCA  =  -j^', 

and,  if  T  be  the  time  of  descent  for  AB, 
we  have,  by  (15), 

AB  =  ^gr=:.    .'.  r  =  2 


AC 


AC 

g  ' 


hence 


a 


T=2.  -y 
9 

where  a  denotes  the  radius  of  the  circle. 

D 


(17) 
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Hence,  the  time  down  any  chord  such  as  AB  of  this  circle 
is  constant.  It  can  at  once  be  seen,  in  like  manner,  that  the 
time  of  descent  down  BC  has  the  same  value. 

44.  liine  of"  Ctuickest  Descent  to  a  Circle. — To  find 
the  right  line  down  which  a  -particle 
under  the  action  of   gravity  would 
descend  in  the  shortest  time  from  a 
given  point  0  to  a  given  vertical  circle. 

Draw  A  (7,  the  vertical  diameter  of 
the  circle,  and  join  0(7,  meeting  the 
circle  in  B^  then  OB  is  the  line  of 
quickest  descent  in  question.  For 
join  AB,  and  produce  it  to  meet  the 
vertical  drawn  through  0  in  D. 
Then  it  is  obvious  that  the  circle  described  on  OD  as 
diameter  touches  the  given  circle  in  B :  consequently  the  time 
of  descent  down  OB  being  the  same  as  that  down  any  other 
chord  of  the  circle  OBD,  drawn  from  0,  is  less  than  the  time 
down  any  other  right  line  drawn  from  0  to  meet  the  circle 
ABC. 

The  preceding  method  of  investigation  applies  equally 
if  the  point  O  lie  inside  the  given  circle. 

45.  liine  of  <iuickest  or  iSlowest  Descent  to  any 
Curve. — It  is  easily  seen  from  the  preceding  Article  that  the 
determination  of  the  right  line  of  quickest  or  slowest  descent 
to  any  given  vertical  curve  from  any  point  in  its  plane  re- 
duces to  the  problem  of  drawing  a  circle,  touching  the  given 
curve  and  having  the  given  point  for  its  highest  point. 

The  problem  admits  also  of  being  treated  by  the  ordinary 
method  of  maxima  and  minima,  as  follows  : 

Suppose  the  curve  referred  to  polar  co- 
ordinates, the  given  point  0  being  taken  as 
pole,  and  the  vertical  OD  through  it  as 
prime  vector ;  then,  if  t  be  the  time  of  de- 
scent down  any  radius  vector  OP,  we  have 


r  =  igfcosO,   ot  t 


■J 


2r_ 

g  cos  6' 
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Accordingly,  the  time  ^  is  a  maximum  or  a  minimum  when 

r     . 

IS  a  maximum  or  a  minimum. 

cos^ 

To   find  the    maximum    or  minimum    values,    assume 

f  du 

u  = ^  ;  then  since  ^7^  =  0,  we  have 

cos  6  ad 

dr 
cos0-^  +  r  sin0  =  0.  (18) 

The  solutions  are  obtained  by  combining  this  equation 
with  that  of  the  curve. 

To  distinguish  between  the  maximum  and  minimum 
solutions,  we  proceed  to  differentiate  the  equation 

dy 
eos0  -^  +  rsin0 
ail     d^ ^ 

de  ^  Goi'i)  ' 

dy 
observing  that,  in  this  case,  cos0  -^  +  rsin0  =  0.   Hence  [Biff, 

Calc.^  Art.  138),  Hs  a  minimum  or  a  maximum  according  as 

d^r  ... 

r  +  -^  is  positive  or  negative. 

These  results  can  be  readily  verified  from  geometrical 
considerations. 

Examples. 

1.  If  the  hypotenuse  of  a  right-angled  triangle  be  placed  in  a  vertical 
position,  prove  that  the  times  of  descending  from  rest  will  be  the  same  for  each 
of  its  sides. 

2.  Prove  that  the  velocity  acquired  down  any  chord,  terminated  at  the  lo'west 
point  of  a  vertical  circle,  is  proportional  to  the  length  of  the  chord. 

3.  If  the  length  of  an  inclined  plane  be  150  yards,  and  its  inclination  30', 
what  velocity  would  a  body  acquire  in  descending  it  ? 

Ans.  40  yards  per  second. 

4.  A  body  slides  down  a  smooth  inclined  plane  of  given  height;  prove  that 
the  time  of  descent  varies  as  the  length  of  the  plane. 

5.  Find  the  inclination  of  a  plane,  of  given  length  I,  so  that  the  velocity 

acquired  in  moving  down  it  shall  be  of  a  given  amount  V.       ^        .    .      V^     -^ 

Ans.  smt  = . 

6.  Given  the  base  a  of  an  inclined  plane,  find  its  height  so  that  the  hori- 
zontal velocity  acquired  by  descending  it  may  be  the  greatest  possible. 

Ans.  h  =  a. 
D  2 
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'  7.  Find  the  gradient  in  a  railway  tliat  a  caniage  descending  the  plane  by  its 
own  weight  may  move  through  one  quarter  of  a  mile  in  the  first  minute  ;  and 
find  how  far  the  carriage  will  move  in  the  next  minute  ;  friction  being  neglected. 

(1)  sin  i  =  -^^  ;     (2)  f  of  a  mile. 

8.  A  body  is  attached  by  a  stiing  to  a  point  in  a  smooth  inclined  plane,  on 

which  it  rests  ;  if  it  be  projected  from  its  position  of  rest  up  the  plane  with  a 

velocity  just  sufficient  to  take  it  to  the  highest  point  to  which  the  string  allows 

it  to  go,  find  the  time  of  its  motion.  ~7      J 

Ahs.  t  =  2    I — ; — :,  I  being  length  of  string. 
\^  sin  t 

9.  A  groove  is  cut  in  an  inclined  plane,  making  an  angle  o  with  the  inter- 
section of  the  plane  and  the  horizon.  If  a  heavy  particle  be  allowed  to  descend 
the  groove  (supposed  smooth),  prove  that  its  acceleration  is  ^  sin  t  sin  o ;  where 
i  denotes  the  inclination  of  the  plane. 

10.  If  two  vertical  circles  have  a  common  highest  point,  then  if  any  line  be 
drawn  fiom  that  point,  the  time  of  descending  the  portion  intercepted  between 
the  circles  is  constant. 

1 1 .  Find,  the  right  line  of  quickest  descent  from  a  point  to  a  given  right 
line  lying  in  the  same  vertical  plane  as  the  point. 

12.  Find  the  right  line  of  quickest  descent  from  a  given  right  line  to  a  given 
vertical  circle. 

13.  Find  the  lines  of  quickest  and  slowest  descent  between  two  vertical 
circles  which  lie  in  the  same  plane. 

14.  A  parabola  whose  latus  rectum  is  p  is  placed  in  a  vertical  plane,  with  its 
axis  horizontal.  Find  the  inclination  of  the  normal  terminated  by  the  axis  down 
which  a  particle  would  descend  in  the  shortest  time,  and  find  the  time  of  its 
descent.  /9^ 

udns.  i  =  46%  time  =  */"-, 

15.  Find  the  latus  rectum  of  a  parabola,  so  that  when  it  is  placed  in  a  ver- 
tical plane  with  its  axis  hoiizontal  the  least  time  in  which  a  particle  falls  from 
rest  down  a  noimal  from  the  curve  to  the  axis  may  be  one  second. 

16.  Prove  that  the  chords  of  quickest  and  slowest  descent  from  the  highest, 
or  to  the  lowest,  point  of  a  vertical  ellipse  are  at  right  angles  to  each  other,  and 
parallel  to  the  axes  of  the  curve. 

17.  Show  immediately,  from  equation  (18),  that  the  right  line  of  quickest 
descent  from  a  given  point  to  a  given  curve  makes  equal  angles  with  the  nor- 
mal at  its  extremity  and  the  vertical ;  and  verify  the  result  geometiically. 

18.  An  ellipse  is  placed  with  its  major  axis  vertical ;  find  the  semi-diameter 
along  which  a  particle  will  descend  in  the  shortest  time  possible  from  the  cir- 
cumference to  the  centre. 

Ans.  It  makes  with  the  axis  major  the  angle  sec"^(eV2),  where  e  is  the 

eccentricity.     If  ^  <  —  the  line  of  quickest  descent  is  the  axis  major. 
V2 

19.  An  ellipse  is  placed  with  its  major  axis  vertical ;  find  the  line  of  quickest 
descent  from  the  upper  focus  to  the  cui-ve. 

Ans.  It  makes  with  the  axis  major  the  angle  cos"^  -.    If  ^  <  |^  the  axis 
major  is  the  required  line.  ■^^ 
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20.  It  is  required  to  draw  to  a  given  right  line  from  a  given  point  a  line  such 
that  if  a  heavy  particle  move  along  it,  starting  with  a  given  velocity,  the  time  of 
reaching  the  given  line  may  be  the  least  possible.  Find  an  equation  for  deter- 
mining the  inclination  of  the  required  line. 

21.  AB  i^  di  quadrant  of  a  circle  whose  centre  is  0,  the  radius  OB  being 
horizontal ;   Cis  a  point  on  the  quadrant,  and  the  angle  BOG  =  0.     Show  that 

the  time  of  falling  from  -4  to  C  is  to  that  of  falling  from  C  to  ^  as  <Jcos-  to 

■  \  ii 

Section  II. — Parabolic  Motion, 

46.  Path  of  a  Projectile. — We  have  hitherto  considered 
rectilinear  motion ;  we  now  proceed  to  the  case  of  a  par- 
ticle projected  in  any  direction,  and  acted  on  only  by  the 
force  of  gravity,  which  is  supposed  to  be  uniform. 

In  this  case  it  is  easily  shown  that  the  path*  described  by 
the  'projectile  is  a  parabola. 

For,  suppose  a  body  projected  from  0  with  the  velocity  V, 
in  the  direction  OX,  and  draw  0  Y 
vertically  downwards. 

Let  ON  be  the  space  which  the 
body,  moving  with  the  velocity  F, 
would  describe  in  t  seconds ;  then, 
if  no  force  were  to  act  on  the  body,  v£ 
N  would  represent  its  position  at 
the  end  of  that  time. 

Again,  as  the  force  of  gravity  acts  in  the  direction  0  Y,  it 
will  produce  its  effect  in  that  direction,  by  the  Second  Law  of 
Motion,  independently  of  the  previous  velocity  of  the  body  : 
i.  e.  it  will  produce  the  same  effect  as  if  the  body  fell  freely 
from  rest.  Measure  off,  accordingly,  OM  =  ^gf,  then  OM 
represents  the  space  moved  through  in  the  vertical  direction 
in  the  time  t. 

Complete  the  parallelogram  OMPN,  and  by  the  combined 
effect  of  the  two  motions  P  will  be  the  position  of  the  projec- 
tile at  the  end  of  the  time  t. 

Let  {x,  y)  be  the  co-ordinates  of  P  referred  to  the  axes 
OX  and  OJT,  and  we  have 

cc=  0]Sr=  Vt,     y  =  OM  -  yt\ 

*  As  before,  by  the  path  described  by  a  body  we  understand  the  path  de- 
scribed by  its  centre  of  mass. 
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If  t  be  eliminated  between  these  equations,  the  equation  of 
the  path  described  is  ^  t^z 

x^---y^  (1) 

9 
This  equation  represents  a  parabola,  touching  OX  and  having 
its  axis  vertical. 

If  H  be  the  height  due  to  the  velocity  V  (Art.  37),  the 
equation  of  the  parabola  becomes 

«=  =  4fly.  (2) 

47.  Construction  for  Focus  and  Directrix. — From 
the  preceding  equation  it  follows  (Salmon's 
Conic  Sections,  Art.  214)  that  ^is  the  dis- 
tance of  0  from  the  focus  of  the  parabola, 
and  also  from  its  directrix. 

Hence,  if  OD  be  measured  vertically 
upwards  equal  to  H,  and  DR  drawn  in 
a  horizontal  direction,  the  line  DR  will  be 
the  directrix  of  the  parabolic  trajectory. 

Also  if  OF  be  drawn  through  0,  making  the  angle  XOF 
=  L  XOD,  and  if  we  take  OF  =  OD  ;  then  F  will  be  the  focus 
of  the  trajectory. 

Hence,  as  the  focus  and  directrix  of  the  curve  are  known, 
it  is  completely  determined. 

Again,  the  velocity  at  any  point  in  the  trajectory  is  equal 
to  that  ichich  the  body  ivould  acquire  in  falling  from  the  direC' 
trix. 

We  have  seen  that  this  property  holds  for  the  point  of 
projection  :  moreover,  after  passing  through  any  point  the 
body  will  move  in  the  same  path  as  if  it  had  been  projected 
from  that  point,  in  the  direction  and  with  the  velocity  that 
it  has  at  the  instant ;  therefore  the  property  holds  for  any 
point  in  the  path. 

Hence,  whenever  the  velocity  at  any  point  is  given,  the 
position  of  the  directrix  is  completely  deteripined. 

Definition. — The  angle  which  the  direction  of  projection 
makes  with  the  horizontal  is  called  the  angle  of  elevation  of  the 
projectile. 

48.  Horizontal  Range  and  Time  of  Flight. — ^Let 
R  be  the  point  in  which  the  projectile  strikes  the  horizontal 
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plane  througli  0 ;  then  OR  is  called  the  horizontal  range, 
and  the  time  T  of  describing  the 
corresponding   path  is   called  the 
time  of  flight. 

Through  R  draw  RQ  in  the 
vertical  direction. 

Let  OR  =  RyL  QOR  =  e ;  then 
we  have 

OQ  =  FT,  QR  =  igT\ 

But  QR  =  OQ  sin  e;  hence  we  get 


T  = 


2  T^  sin  6 
9 


Also  R  =  OQ  C0S6  =  VT  cose  =  2  —  sine  cose ; 


therefore 


jR  =  25"sin2e. 


(3) 


(4) 


If  V  be  given,  the  horizontal  range  is  the  greatest  when 
sin  2e  =  1,  or  e  =  45°. 

The  maximum  horizontal   range  is  accordingly   211  or 
double  the  height  due  to  the  velocity  of  projection. 

49.  Range   and    Time  of  Flight   for    an  Oblique 
Plane. — First   suppose   it  an    ascend- 
ing plane,  and  let  i  be  its  inclination, 
and    e  the    angle    of    elevation    QON. 
Then,  as  before,  we  have 

OQ  =  VT,     QR  =  lgT\ 

But  in  the  triangle  QOR,  we  have 

QR  _  sin  (e  -  i) 
OQ         cos  i      ' 


hence 


or 


sin  (e  -  {)      gT 
cosi       ^2V' 

2Fsin  (e  -  i) 
a        cos  i 


(5) 
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Also  the  range 


Oij=OQ"-^=Fr''°'' 


COS  I  COS  i  ' 


therefore 


2  F"  sin  {e  -  i)  cos  e 
■Ix  —  —  .  ( o ) 

g  cos^i 


In  the  case  of  a  descending  plane,  it  is  easily  seen  that 
the  range  and  time  of  flight  are  obtained  by  changing  the 
sign  of  i  in  the  preceding  results. 

For  given  values  of  V  and  /,  R  becomes  a  maximum  when 
sin (e-e) cose  is  a  maximum,  or  when 

sin  (2e  -  i)  -  sin  i  is  a  maximum  ; 

but  this  is  greatest  when 

2e-«  =  90°,     or    c  =  J(90°  +  0. 

Hence,  the  direction  of  elevation  for  a  maximum  range 
bisects  the  angle  between  the  vertical  and  the  inclined  plane. 

Again,  since  in  this  case  OR  =  RQ,  the  maximum  range 
and  the  corresponding  time  of  flight  are  connected  by  the 
relation 

iJ  =  igT'. 

From  the  value  of  e  found  above  it  follows  immediately 
that  the  focus  of  the  parabola,  in  this  case,  lies  on  the  in- 
clined plane. 

50.  Given  the  Velocity  of  Projection  to  find  the  elevation  in 
order  to  strike  a  given  object. — Here,  in  formula  (6),  we  are 
given  V,  R,  and  ^■,  to  find  e.  Hence,  sin  {e  -  i)  cos  e  is  given, 
and  therefore  sin  {2e  -  i)  is  given,  from  which  e  can  be  de- 
termined. 

The  problem  admits  of  a  simple  geometrical  investigation 
also,  as  follows  : — 

Let  0  be  the  point  of  projection,  and  P  the  position  of 
the  given  object.  Then  since  the  velocity  of  projection  is 
given,  the  position  of  the  directrix  HK  is  known. 
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Hence,  with  0  and  P  as  centres,  describe  circles  touching 
the  directrix,  and  let  F,  F'  be  their 
points  of  intersection.  These  points 
are  obviously  the  foci  of  the  two  pa- 
rabolic trajectories  which  satisfy  the 
proposed  conditions.  Hence  the  pro- 
blem admits  in  general  of  two  solu- 
tions. 

The  corresponding  directions  of  projection  are  found  by 
bisecting  the  angles  FOH  and  F'OHy  as  is  obvious  from  the 
elementary  properties  of  the  parabola. 

The  problem  becomes  impossible  when  the  circles  do  not 
intersect. 

The  range  in  the  direction  OP  is  obviously  a  maximum 
when  the  circles  toucli  one  another.  In  this  case  there  is  but 
one  solution,  and  the  focus  of  the  parabola  lies  in  the  line  OP, 
as  already  seen. 

51.  Trajectory  referred  to  Vertical  and  Horizon- 
tal Axes. — Suppose  OX  and  01^  to  be  the  horizontal  and 
vertical  lines  drawn  through  the 
point  of  projection  0,  and  let  x,  y 
be  the  coordinates  of  P,  the  posi- 
tion of  the  projectile  at  the  end  of 
any  time  t. 

Let    OQ    be   the    direction    of 
projection,  and   resolve  the   initial 
velocity  V  into  its  horizontal  com- 
ponent,   Fcose,   and   its    vertical,   Vm^e.     Then,  since   the 
force  of  gravity  has  no  effect  on  the  horizontal  motion,  the 
component  Fcose  remains  constant  during  the  motion;  con- 
sequently we  have 


X 


0N=  VtGOse. 


Also,   for  the  motion  in   the  vertical  direction,  we  get 
y  =  Vtsine  -  ^gf^; 


(Art.  37) 
therefore 


y  =  ictane  - 


=  xisLue  - 


ff^ 


2V'^  cos-<? 

,2 


X' 


4Ilcos^e' 


(7) 
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This  equation  represents  a  parabola,  whose  axis  is  vertical, 
as  already  seen. 

Again,  if  v  be  the  velocity  at  the  point  P,  and  0  the  angle 
the  dii'ection  of  motion  makes  with  the  axis  of  x,  we  have 

t7cos0  =  Fcos^,     and     «;sin(^  =  Fsine  -  gt) 

hence,  v^  =  V^ao^^e  +  (Fsine  -  gtf, 

=  V'-2g{Vt  sine -igf) 

=  V'-2gy  =  2g[E-y). 

Hence,  as  already  shown  otherwise,  the  velocity  at  any 
point  is  that  acquired  by  a  body  falling  from  the  directrix. 

52.  Height  of  Ascent. — Since  vertical  and  horizontal 
motions  may  be  considered  separately,  it  follows  that  the 
greatest  height  above  the  horizontal  plane  is  that  to  which  a 
body  projected  vertically  with  the  velocity  V  sine  would 
ascend.     This  (by  Art.  37),  is 

V^   Sin^{?  -nr    '     o 

— ,     or  H^mre. 

2g 

If  sm  €■ 

Also,  the  time  of  ascent  is \  from  the  same  Article : 

9 
a  result  which  can  also  be  obtained  by  finding  the  maxi- 
mum value  of  y  in  equation  (7) .  From  these  the  same  ex- 
pressions as  before  for  the  range  and  the  time  of  flight  can 
be  easily  deduced :  for,  the  whole  time  of  flight  is  obviously 
double  that  of  reaching  the  highest  point ;  and  the  range  is 
got  by  multiplying  the  value  so  found  by  V  cos  e. 

.   53.  If  FT,  FT  be  the  tangents  at  two  points  P,  F  On  a 
parabolic  trajectory,  and  v,  v  the  cor- 
responding velocities f  to  prove  that 


v:v'  =  PT:FT.         (8) 

For,  the  line  joining  T  to  the 
middle  point  of  PF  is  vertical, 
being  parallel  to  the  axis  of  the  parabola.     Again,  let 

a  =  LTPF,    a'^LTFP,    (5  =  aPTL,    (5'=/.FTL. 
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Then,  since  the  horizontal  component  of  the  velocity  at  P 
is  equal  to  that  at  P'',  we  have 


or 


Also,  since 


«?  sin  j3  =  V  sin  /3', 

•;  _  sin  3'  _  PT 
?  ~  sl^  "  'FT' 


FT 
FT 


sm  a 
sin  a 


we  get 


V  sm  a  =  «^   sm  a  . 


(9) 


54.  liemma. — If  d  be  the  angle  BBO  which  a  right  line  CD  drawn  from 
the  vertex  makes  with  the  base  of  a  triangle  ABC,  we  have 


AB  cot  d  =  BJ)  cot  A-  AB  cot  B. 
For,  draw  CiV perpendicular  to  AB,  and  we  have 

^2)         ,  BD 

cot  -4  —  cot  0  =  — - ,  and  cot  Q  -\-  coiB  —  — —  ; 
C^V  L/JS 

therefore 


(10) 


AB  (cot  0  +  cot  B)  =  BD  (cot  ^  -  cot  &), 


or 


^i?  .  cot  0  =  BB  cot  ^  -  AB  cot  ^. 

Again,  if  a  and  )8  be  the  angles  which  CB  makes 
with  ^C  and  BG  respectively,  we  have 

AB  cot  B  =  AD  cot  a-  BD  cot  i8. 

This  follows  at  once  by  drawing  AE  parallel  to  BG,  and  applying  the  pre- 
ceding result. 

55.  Being  given  the  direction  and  the  velocity  of  projection, 
to  find  the  velocity  with  which  a  projectile  would  strike  an  oblique 
plane,  and  also  the  direction  of  its  motion  at  the  instant ^of 
impact. 

Let  i  be  the  inclination  of  the  plane  to  the  horizon,  then, 
by  the  preceding  lemma  (see  figure  on  last  page). 


cot  o  -  cot  a  =  2  tan  i. 


(11) 


Hence,  the  angle  a  is  determined  from  the  known  angles 
a  and  i. 
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Again,  since    «?sina  =  v'mia\     we  have 


,      t'Sma 

V  =—. 7, 

sm  a 


whicli  determines  v. 

If  the  projectile  impinge  at  right  angles  on  the  plane,  we 
have  a  =  90°;  therefore  cot  a  =  2  tan/,  which  determines  a, 
or  the  corresponding  angle  of  elevation.  Also  the  velocity 
with  which  the  projectile  strikes  the  plane  is  t^sina  in  this 
case. 

56.  Motion  on  a  Smootb  Inclined  Plane. — In  our 

discussion  of  motion  on  an  inclined  plane  in  Art.  41  the 
moveable  was  supposed  to  start  from  rest :  in  this  case  the 
motion  is  rectilinear.  It  is  also  rectilinear  if  the  initial 
motion  has  place  in  the  direction  of  the  line  of  greatest  slope 
in  the  plane.  But  when  the  body  is  projected  along  the  plane 
in  any  other  direction  the  problem  is  the  same  as  that  pre- 
viously discussed,  namely,  the  motion  of  a  projectile  acted  on 
by  a  constant  force,  parallel  to  a  given  direction.  Its  path 
along  the  plane  is,  accordingly,  a  parabola ;  and  its  axis  is 
in  the  direction  of  the  line  of  greatest  slope. 

57.  JHorin's  Apparatus. — We  conclude  with  a  short 
description  of  the  apparatus,  designed  by  Poncelet,  and  con- 
structed by  Morin,  for  experimentally  exhibiting  the  laws  of 
falling  bodies. 

A  cylinder  is  made  by  clock-work  mechanism  to  revolve 
around  a  fixed  vertical  axis.  A  weight  is  suspended  at  the 
summit  of  the  cylinder  close  to  the  outer  surface  and  between 
two  vertical  guides.  When  the  rotation  has  become  perfectly 
uniform,  the  weight  is  allowed  to  fall.  A  pencil,  attached  to 
the  falling  weight,  is  so  arranged  as  to  trace  a  line  on  a  sheet 
of  paper,  which  is  wrapped  tightly  around  the  revolving 
cylinder.  When  the  paper  is  taken  off  and  unrolled  on  a 
plane  surface,  the  curve  traced  on  it  by  the  pencil  is  found 
to  be  a  parabola. 

That  this  curve  is  aparabola  may  be  shown  in  the  follow- 
ing manner : — 


a         L' 

I.              N 

F 

>^ 

M 

r\\ 
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Let  GP'P  represent  the  curve  traced  out  by  the  pencil. 
Draw  the  tangent  GL  to  the  curve 
at  the  initial  point  Gy  and  at  any 
point  P  draw  the  tangent  PL,  and 
erect  LF  perpendicular  to  it  at  the 
point  X.  Make  a  corresponding  con- 
struction for  the  other  points  on  the 
path ;  then  the  lines  LF,  L'F,  &c., 
are  all  found  to  intersect  in  a  com- 
mon point  F.  This  is  a  character- 
istic property  of  the  parabola  which  has  its  focus  at  F,  and 
its  vertex  at  G.  Having  found  the  curve  to  be  a  para- 
bola, we  can  show  that  the  motion  of  the  weight  has  been 
uniformly  accelerated.  Let  P3I,  PN  be  the  coordinates  of 
P,  referred  to  the  axes  GL,  GF,  then  if  t  denote  the  time  in 
which  the  moving  weight  arrived  at  the  position  P,  the  line 
PM  will  be  equal  to  the  arc  of  the  circle  through  which  a 
point  on  the  circumference  of  the  cylinder  has  rotated  in  the 
time  t.  Let  V  denote  the  constant  velocity  of  any  point  on 
the  circumference  of  the  cylinder,  and  we  get  PM  =  Vt. 

Again,  from  the  property  of  tlie  parabola, 

PM'  =  4:FG  X  MG. 

Accordingly 

MG  =  — —  =  e  • 

^^     4.FG      4FG     ' 

but  MG  is.the  space  through  which  the  weight  has  descended 
vertically  in  the  time  t ;  hence  the  spaces  described  by  the 
falling  body  vary  as  tlie  squares  of  the  times ;  its  motion 
consequently  is  uniformly  ac<elerated. 
Comparing  with  the  equation 

we  get  ^  =  2^'^ 

that  is,  the  distance  of  the  focus  of  the  parabola  from  its 
summit  is  equal  to  the  height  due  to  the  velocity  of  a  point 
on  the  surface  of  the  rotating  cylinder. 

The  student  can  easil^^  prove  that  the  parabola  described 
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is  the  same  as  that  of  a  body  projected  horizontally  from  a 
point  with  the  velocity  V. 

58.  In  the  preceding  investigations  we  have  neglected  the 
effects  of  the  resistance  of  the  air.  When  this  is  taken  into 
account  the  problem  becomes  one  of  great  uncertainty,  arising 
from  the  law  of  resistance  of  fluids  not  being  accurately  known, 
and  from  the  difficulties  still  remaining  in  integration  of  the 
equations  of  motion,  when  the  law  of  resistance  is  assumed. 
The  most  generally  received  theory  is  that  the  resistance  of 
fluids  is  proportional  to  the  square  of  the  relative  velocity  of 
the  fluid  and  the  moveable.  When  the  resistance  of  the  air 
is  taken  into  account,  it  is  easily  shown  that  the  preceding 
results  are  not  even  approximate,  especially  in  cases  of  high 
velocity ;  such,  for  instance,  as  shot  and  shell  projected  by 
artillery. 

Examples. 

1.  Determine  the  elevation  of  a  projectile,  so  that  its  horizontal  range  may 
be  eqnal  to  the  space  to  be  lallen  through  to  acquire  the  velocity  of  projection. 

Ans.  g  =  15°. 

2.  If  a  number  of  particles  be  projected  simultaneously  from  the  same  point 
"with  a  common  velocity,  but  in  different  directions,  prove  that  at  any  subse- 
quent instant  they  will  all  be  situated  on  the  surface  of  a  sphere. 

3.  Given  the  horizontal  range  and  the  time  of  flight  of  a  projectile  ;  find  its 
initial  velocity  and  angle  of  elevation. 

4.  If  a  body  be  projected  obliquely  on  a  smooth  inclined  plane,  the  path  in 
which  it  moves  will  be  a  parabola  ?  Find  the  position  of  the  focus  and  directrix 
of  the  parabola  when  the  initial  velocity  and  direction  of  motion  are  given. 

5.  Given  the  velocity  with  which  a  shot  is  projected  from  a  certain  point ; 
find  the  locus  of  the  extremities  of  the  maximum  ranges  on  inclined  planes  pass- 
ing through  that  point. 

6.  If  a  body  be  projected  with  a  velocity  of  100  feet  per  second  from  a  height 
of  66  feet  above  the  ground,  in  a  direction  making  an  angle  of  30°  with  the 
horizon :  find  when  and  where  it  will  strike  the  ground. 

Ans.  Time  =  4^  sec.     Eange  =  357'23  feet. 

7.  HA,  B  be  two  points  on  a  parabolic  trajectory,  prove  that  the  time  of 
passage  from  one  to  the  other  is  proportional  to  tan  ^  —  tan  <p' ;  where  <p,  <f>' 
represent  the  inclinations  to  the  horizon  of  the  tangents  drawn  at  A  and  B. 

8.  Given  the  initial  velocity,  find  the  angle  of  elevation,  that  a  projectile 
should  just  clear  a  wall  at  a  given  distance  from  the  point  of  projection.  Find 
also  the  distance  at  which  the  body  strikes  the  ground  afterwai-ds. 

9.  A  piece  of  ordnance,  under  proof  at  Woolwich,  at  a  distance  of  50  yards 
from  a  wall  14  feet  high,  burst,  and  a  fragment  of  it  originally  in  contact  with 
the  ground,  after  just  grazing  the  wall,  fell  6  feet  beyond  it  on  the  opposite 
side.     Find  how  high  it  rose  in  the  air. 


Examples.  47 

10.  When  the  velocity  of  projection  is  given,  all  the  parabolas  which  can  be 
described  in  the  same  plane  b)^  a  projectile  are  enveloped  by  a  fixed  parabola  : 
prove  this,  and  hence  find  the  maximum  range  on  a  given  plane. 

11.  A  body  is  projected  with  a  velocity  of  100  feet,  in  a  direction  inclined  at 
an  angle  of  60°  to  the  horizon :  find  its  least  velocity  during  the  motion,  and  the 
time  of  attaining  it.  Ans.  50  feet,  2-7  seconds. 

12.  If  two  bodies  be  projected  simultaneously,  with  a  common  velocity, 
from  the  same  point  on  an  oblique  plane,  one  upwards  and  the  other  downwards, 
and  if  the  directions  of  their  projection  make  equal  angles  with  the  inclined  plane  : 
show  that  the  times  of  flight  are  equal.  The  motion  is  supposed  to  take  place 
in  a  plane  perpendicvdar  to  the  inclined  plane. 

13.  With  what  velocity  should  a  projectile  be  discharged  at  an  elevation  of 
30",  so  as  to  strike  an  object  at  a  distance  of  2500  feet  on  an  ascent  of  1  in  40  ? 

14.  Find  the  latus  rectum  of  the  parabola  described  by  a  projectile.  The 
velocity  at  the  highest  point  of  the  path  is  Vco&e,  but  it  is  also  equal  to 
the  velocity  acquired  in  falHng  from  the  directrix  (47) ;   therefore  the  latus 

rectiim  is  - — -  cos'^c. 
9 

15.  If  a  body  be  projected  from  the  point  A  in  the  direction  AC,  and  from 
any  point  C  in  the  line  a  vertical  line  CD  be  drawn,  meeting  the  curve  described 
by  the  projectile  in  D  ;  again,  if  B,  the  middle  point  oiAC,  be  joined  to  D,  show 
that  Jil)  will  be  the  direction  of  the  motion  at  D,  and  that  the  velocity  at  D  will 
be  to  that  at  A  as  J3I)  is  to  A£. 

16.  A  number  of  bodies  slide  from  rest  down  the  chords  of  a  vertical  circle, 
starting  from  its  highest  point,  and  afterwards  move  freely  :  prove  that  the  locus 
of  the  foci  of  their  paths  is  a  cii'cle  whose  radius  is  half  that  of  the  given  circle. 

17.  If  bodies  be  projected  from  the  same  point  with  velocities  proportional 
to  the  sines  of  their  elevations,  find  the  locus  of  points  arrived  at  in  a  given 
time. 

18.  Two  bodies  are  projected  simultaneously  from  the  same  point  with  equal 
velocities,  but  in  different  directions  :  prove  that  the  line  which  connects  their 
positions  at  each  instant  moves  parallel  to  a  given  line. 

19.  Two  particles  are  projected  from  a  point  with  equal  velocities,  their 
directions  of  projection  being  in  the  same  vertical  plane — t,  t'  being  the  times 
taken  by  the  particles  to  reach  their  other  common  point,  and  T,  I"  the  times 
of  reaching  their  highest  points.  Show  that  tT  ■\-  t'T'  is  independent  of  the 
directions  of  projection. — Camh.  Trip.,  1876. 

20.  If  two  particles  be  describing  the  same  parabolic  trajectory,  prove  that 
the  right  line  connecting  them  envelopes  an  equal  parabola. — Ibid. 

21.  A  train  is  moving  at  the  rate  of  60  miles  an  hour  when  a  ball  is  dropped 
from  the  roof  inside  one  of  the  carriages.  Prove  that  the  ball  describes  a  para- 
bola in  space,  and  find  the  position  of  the  axis  and  directrix. 

If  the  height  of  the  carriage  be  9  feet,  and  the  baU  rebound  from  the  floor 
without  loss  of  velocity,  describe  by  means  of  a  figure,  drawn  as  nearly  as  you 
can  to  scale,  the  path  of  the  ball  in  space  so  long  as  the  motion  continues. — 
Ind.  Eng.  Exam.,  1876. 
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22.  Find  the  direction  in  which  a  rifle  must  be  pointed  in  order  that  the 
bullet  may  strike  a  body  let  fall  from  a  balloon  at  the  instant  of  firing.  Find 
also  the  point  at  which  the  bullet  meets  the  body,  supposing  the  balloon  to  be 
220  yards  high,  the  angle  of  elevation  from  the  position  of  the  rifleman  30*^,  and 
the  velocity  of  the  bullet  two  miles  per  minute. — Ind.  Civ.  Serv.^  1878. 

Section  III. — Friction. 

59.  I^aivs  of  Dynamical  Friction. — Before  completing 
our  discussion  of  motion  under  the  action  of  a  constant  force, 
it  is  desirable  to  make  a  few  observations  on  the  resistance, 
arising  from  friction,  which  takes  place  when  one  body  slides 
on  another.  We  shall  consider  only  the  case  of  motion  along 
a  fixed  plane,  and  shall  assume  that  the  roughness  of  the  plane 
is  the  same  throughout.  Under  these  circumstances  the  laws 
of  friction — as  established  by  experiment — may  be  stated  as 
follows. 

(1).  The  resistance  caused  by  friction  against  the  motion 
of  a  body  sliding  on  a  uniformly  rough  plane  is  proportional 
to  the  normal  pressure  which  the  body  exerts  against  the 
plane. 

(2).  It  is  independent  of  the  amount  of  surface  in  con- 
tact. 

(3).  It  is  independent  of  the  velocity  of  motion. 

(4).  The  ratio  of  the  friction,  during  the  motion,  to  the 
normal  pressure  is  called  the  coefficient  of  Dynamical  friction. 

(5) .  The  friction  between  two  substances  in  motion  is  in 
general  less  than  the  friction  in  the  state  bordering  on  motion, 
or  the  Statical  friction. 

(6).  The  mutual  friction  varies  with  the  nature  of  the 
surfaces  in  contact,  and  can  be  much  diminished  in  amount 
by  the  use  of  unguents,  as  also  by  polishing  the  surfaces  in 
contact. 

The  student  will  observe  that  the  laws  of  Dynamical  fric- 
tion are  in  every  respect  similar  to  those  of  Statical  friction 
(Minchin's  Statics,  Arts.  34-36). 

For  fuller  information  on  the  laws  of  Friction  the  student 
is  referred  to  Jellett's  Theory  of  Friction. 

60.  Motion  on  a  Rough  Horizontal  Plane. — Let  W 

be  the  weight  of  a  body  sliding  on  a  uniformly  rough  hori- 
zontal plane,  and  ju  the  relative  coejfficient  of  friction  ;   then, 
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as  in  this  case  tlie  normal  pressure  is  represented  by  TF",  the 
friction  is  ju  ^;  and  since  it  acts  as  a  retarding  force  we  get 
by  Art.  39, 

f=^9  =  f'y-  (1) 

Accordingly,  substituting  -  fxg  for  /  in  the  equations  of 
Arts.  34,  35,  and  36,  we  get 

V  =  V  -  figt 

v'=V'-  2fjigs    [  (2) 

s  =  Vt-l^gf 

By  means  of  these  equations  the  motion  is  completely 
determined  whenever  ju,  the  coefficient  of  friction,  and  V,  the 
initial  velocity,  are  known. 

To  find  when  the  body  is  brought  to  rest  by  the  friction, 
we  make  «;  =  0  in  the  first  of  these  equations,  and  the  required 

V 

number  of  seconds  is  — .     Again,  the  space  moved  over  be- 

fore  the  body  is  brought  to  rest  is  given  by  'i^gs  =  V^. 

61.  motion  OR  a  Rough  Inclined  Plane. — Suppose 
a  body  of  weight  W  to  slide  on  a  uniformly  rough  plane,  of 
inclination  ^;  then  resolving  1^  into  its  components,  Wcosi 
and  Wsini,  the  former,  TFcoai,  represents  the  pressure  on 
the  plane ;  and  accordingly  the  friction  is  represented  by 
lnWcosi;  and  since  it  acts  against  the  motion,  we  have  for 
the  total  force  producing  motion  down  the  plane  the  expres- 
sion Wsmi  -  fj.  Wcosi.  If  this  value  be  substituted  for  Fin 
equation  (12),  Art.  39,  we  get 

f=g  (sin  i  -  [n  cos  ^) .  (3) 

If  (j)  be  the  limiting  angle  of  resistance  for  the  plane,  i.e. 
if  ju  =  tan(/),  the  preceding  formula  becomes 

•^     ^      cos^     ' 

for  a  body  sliding  down  the  plane. 

The  corresponding  equations   connecting  velocity,  time, 

E 


So  Friction, 

and  space,  are  had  by  substituting  this  value  for /in  the  for- 
mulae of  Arts.  35  and  36. 

If  the  body  be  projected  up  the  plane,  in  a  direction  at 
right  angles  to  the  intersection  of  the  plane  with  the  horizon, 
the  retarding  force  is  represented  by  Wain  i  +  fx  Wcoa  i  : 
hence  the  value  of  /  becomes 

/  .     •  .X  sin(i+0)  ,  .- 

f  =  -g (sm  t  +  ficoa  i)  =  -g  --~~,  (4) 

cos^ 

when  we  introduce  for  fi  its  value  tan0.     The  equations  con- 
necting 5,  Vf  t  can  be  found  immediately,  as  before. 


Examples. 

1.  A  body  is  projected  with  a  velocity  of  100  feet  per  second  along  a  rough 
horizontal  plane  :  find,  assuming  /i  =  x^,  (1)  the  time  in  which  it  is  brought  to 
rest  by  friction  ;  (2)  the  whole  space  passed  over. 

Ans.  (1)  37^  seconds  ;   (2)  625  yards. 

2.  A  body  is  projected  with  a  velocity  of  100  yards  per  minute  along  a  rough 
horizontal  plane,  and  is  brought  to  rest  in  10  seconds  :  find  the  coefficient  of  frio 
tion.  Ans.  /j.  =  «\-. 

3.  A  train,  of  10  tons  weight,  is  impelled  by  steam  along  a  horizontal  railroad 
with  a  constant  pressure  of  63i'  lbs.     If  the  friction  be  7  lbs.  per  ton,  calculate — 

(1)  the  velocity,  in  miles  per  hour,  after  moving  from  rest  for  one  minute  ;  and 

(2)  the  space  described  in  that  time ;  neglecting  the  resistance  of  the  air,  &c. 

Ans.  (1)  32t\-;  (2)  480  yards. 

(b)  If  the  steam  be  shut  off,  find  how  far  the  train  would  run  before  it  is 
brought  to  rest  by  friction.  2  miles  320  yards. 

4.  A  body  projected  with  a  velocity  of  30  feet  is  brought  to  rest  after  sliding 
100  yards  on  a  rough  horizontal  plane  ;  find  the  coefiicient  of  fiiction. 

Ans.   ^\. 

5.  A  body  is  projected  up  a  plane,  of  20  yards  length  and  30^  inclination, 
with  a  velocity  of  50  feet  per  second :  find  the  coefficient  of  friction  that  the  body 
should  iust  arrive  at  the  top  of  the  plane.  ,  29 
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6.  Two  masses,  M,  M',  connected  by  a  string,  slide  down  a  rough  inclined 
plane  in  a  vertical  plane  at  right  angles  to  the  intersection  of  the  former  with 
the  horizon:  if  the  coefficients  of  fraction  be  /x  and  fx,  respectively,  prove  that 

the  acceleration  down  the  plane  is  ofsint  —  ^—r— — ttt--  coat). 

M  +  M 

7.  A  body  slides  down  a  rough  roof  and  afterwards  falls  to  the  ground  :  find 
the  whole  time  of  motion. 
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8.  Several  bodies  start  from  the  same  point  and  slide  down  different  inclined 
planes  of  the  same  roughness  :  find  the  locus  of  their  positions  after  the  lapse  of 
a  given  time.  Find  also  the  locus  of  the  positions  arrived  at  with  a  common 
velocity. 

9.  A  rough  plane  makes  an  angle  of  45"  with  the  horizon ;  a  groove  is  cut  in 
the  plane  making  an  angle  a  with  the  intersection  of  this  plane  and  the  horizon- 
tal plane  ;  if  a  heavy  particle  be  allowed  to  descend  the  groove  from  a  given 
height  h,  find  the  velocity  with  which  it  reaches  the  horizontal  plane. 

Ans.      IW^i^^) 


4^ 


siua 

10.  A  body  moves  from  rest  down  an  inclined  plane  whose  inclination  is  30^, 
and  limiting  angle  of  resistance  15°;  find  the  velocity  acquired  if  the  length  of 
the  plane  be  200  feet. 

Here  v^  =  400  g  tan  15° ;  therefore  v  =  58-56  feet. 

11.  A  railway  train  is  moving  up  an  incline  of  1  in  120  with  a  uniform 
velocity.  Find  the  tension  of  the  couplings  of  the  carnage  which  is  attached 
to  the  engine  ;  assuming  the  weight  of  the  train  (exclusive  of  the  engine)  to  be 
80  tons,  and  the  friction  8  lbs.  per  ton. 

Ans.  19  cwt.  5|^  lbs. 

12.  In  the  same  case,  if  the  acceleration  of  the  train  be  2  feet  per  second, 
find  the  tension  of  the  couplings. 

f  . 
Here  we  must  add  to  the  preceding  W-,  i.  e.  5  tons ;  and  the  entire  tension 
is  nearly  6  tons.  9 
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62.  Force  measured  by  <|,uantity  of  motion  gene- 
rated in  Unit  of  Time. — The  quantity  of  matter  in  a  body 
is  called  its  mass.  In  order  to  compare  two  bodies  as  to  the 
amount  of  matter  contained  in  each,  it  is  necessary  to  con- 
sider what  is  meant  when  we  state  that  two  bodies  have  equal 
masses.  Accordingly,  we  define  two  masses  to  be  equal  when 
equal  forces  applied  to  each  produce  equal  velocities  in  the 
same  time.  Let /as  before  denote  the  velocity  generated  in 
one  second  by  a  uniform  force  i^  applied  at  the  centre  of  gravity 
of  a  rigid  body  ;  then  an  equal  force  F  applied  to  a  second 
body  of  the  same  mass  will  generate  in  it  likewise  the  same 
velocity /in  one  second.  If  now  the  two  bodies  be  conceived 
united,  we  see  that  it  takes  double  the  force  F  to  generate  the 
velocity/  in  the  body  so  united.  By  repeating  this  process  any 
number  of  times,/ remaining  the  same,  we  conclude  that  the 
amount  of  force  requisite  to  generate  a  velocity  /  in  a  body 

E2 
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varies  in  tlie  same  proportion  as  the  quantity  of  matter  or 
mass  of  the  body. 

Again,  if  the  mass  remain  the  same,  F  varies  as  the  acce- 
leration/ (Art.  39).  Hence,  if  the  mass  and  the  acceleration 
both  vary,  the  force  must  vary  as  their  product ;  i.  e,  as  mf. 

The  product  of  its  mass  and  the  velocity  ivhich  a  body  has  at 
any  instant  is  called  its  quantity  of  motion  or  momenttmi  at 
that  instant.  Accordingly  we  conclude  that  F  varies  as  the 
quantity  of  motion  it  can  ge^ierate  in  one  second  (taken  as  the 
unit  of  time),  the  force  being  supposed  to  act  uniformly 
during  that  time.  Consequently,  by  properly  assigning  the 
units  of  force  and  of  mass,  we  may  write  this  result  in  the 
form* 

F=mf  (1) 

Since  the  velocity  (g)  which  gravity  can  produce  in  one 
second  is  the  same  for  all  bodies,  the  quantity  of  motion 
gravity  can  generate  in  one  second  in  a  falling  body  of  mass 
m  is  represented  by  mg ;  hence  equation  (1)  assumes  in  this 
case  the  form 

TF=mg;  (2) 

in  which  the  units  of  mass  and  weight  are  connected  in  such 
a  manner  that  when  one  is  fixed  the  other  is  also  determined. 

63.  Absolute  Unit  of  Force. — From  equation  (1)  the 
unit  of  force  is  defined  as  the  force  u-hich  acting  uniformly 
during  the  unit  of  time  on  a  unit  of  mass  produces  a  unit  of 
velocity.     This  is  called  by  Gauss  the  absolute  unit  of  force. 

The  most  convenient  unit  of  inass  in  the  British  Isles  is 
the  mass  contained  in  one  standard  pound  avoirdupois. 

Hence,  adopting  as  before  a  second  as  the  unit  of  time, 
and  a  foot  as  the  unit  of  length,  the  absolute  unit  of  force  is 
that  which  acting  during  one  second  would  produce  in  a 
standard  pound  mass  a  velocity  of  one  foot  per  second.  This 
unit  of  force  is  sometimes  called  a  poundal.  Hence,  if 
g  =  32*19,  with  reference  to  the  preceding  units  the  unit  of 
force  is  W^Tg  part  of  the  attraction  of  the  earth,  at  London,  on 
a  standard  pound;  i.e.  about  half  an  ounce,  approximately. 

*  Tliis  equation  has  been  already  arrived  at  in  Article  40  from  other  con- 
siderations. 
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In  the  metric  system  tlie  force  which  in  one  second  would 
generate  a  velocity  of  one  centimetre  per  second  in  a  gramme 
of  matter  is  called  a  dyne.  Hence,  since  1  lb.  =  453*6  grammes, 
and  1  foot  =  30-48  centimetres,  one  poundal  is  approximately 
13825  dynes. 

64.  Ora^^tation  Units  of  Force  and  HEass. — In 
practical  questions  concerning  bodies  on  the  earth's  surface, 
it  is  in  general  more  convenient  to  measure  forces  by  weights, 
and  to  speak  of  a  force  of  so  many  pounds  weight.  In  this 
system  the  unit  of  force  is  the  weight  at  some  definite  place 
(London)  of  the  pound  mass,  or  of  a  kilogramme  when  the 
metric  system  is  taken.  This  is  called  the  gravitation  or 
statical  measure  of  force ;  and  since  the  unit  of  force  in  this 
system,  acting  on  one  pound  mass  for  one  second,  produces 
a  velocity  of  32*19  feet  per  second,  we  see  that  this  unit  is 
32*19  times  the  absolute  unit.  Moreover,  since  the  weight 
of  a  body  varies,  within  certain  small  limits  from  place  to 
place  (Art.  37),  when  scientific  accuracy  is  required  we  must 
correct  for  the  change  in  the  value  of  g  due  to  any  difference 
in  altitude  or  latitude  from  those  of  the  place  to  which  the 
standard  was  originally  referred. 

In  practice  this  correction  seldom  requires  to  be  taken 
into  account,  as  the  variation  in  the  value  of  g  is  generally 
too  small  to  affect  the  result  appreciably  (Art.  38). 

Examples. 

1.  An  ounce  being  taken  as  the  nnit  of  mass,  a  second  as  the  unit  of  time, 
and  an  inch  as  the  unit  of  length,  compare  the  irnit  of  force  with  the  weight  of 
one  povmd. 

Here  the  unit  of  force  is  that  which  in  one  second  would  generate  a  velocity 

of  one  inch  per  second  in  an  ounce  mass ;  and  therefore  is  — — -  part 

12  X  16  X  32-2 

of  the  weight  of  one  pound,  or  1*25  grains. 

2.  Determine  the  unit  of  time  in  order  that  g  may  he  expressed  by  unity 

when  the  foot  is  the  unit  of  length.  2.    ,- 

Arts.  -  V2  seconds. 
8 

3.  Find  the  units  of  space  and  time  in  order  that  the  acceleration  of  a  body 
falling  in  vacuo  and  the  velocity  it  acquires  in  one  minute  may  respectively  be 
the  units  of  acceleration  and  of  velocity. 

65.  Two  Classes  of  Forces. — There  are  two  classes  of 
forces  to  be  considered  in  Dynamics :  one,  such  as  gravity  and 
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those  hitherto  discussed,  which  require  a  finite  time  to  pro- 
duce a  finite  change  of  velocity.  Forces  of  this  class,  when 
uniform,  are,  as  has  been  stated,  measured  by  the  change 
produced  in  one  second  (taken  as  unit  of  time)  in  the  mo- 
mentum of  the  body  acted  on.  There  is  another  class,  called 
ordinarily  impulses,  such  as  hloivs,  sudden  impacts,  &c.,  which 
act  only  during  a  very  short  time,  but  are  capable  of  pro- 
ducing a  finite  change  of  velocity  in  that  time. 

These  are  sometimes  called  instantaneous  forces;  it  is  ne- 
cessary, however,  to  observe  that  force  in  all  cases  requires 
some  time  to  produce  its  effects,  though  that  time  may  be 
exceedingly  small.  In  fact,  we  cannot  conceive  that  a  force 
could  produce  any  change  in  the  velocity  of  a  body  if  its 
time  of  action  were  absolutely  nothing. 

Forces  of  the  former  class  are  frequently  styled  finite  or 
continuous  forces,  to  distinguish  them  from  the  other  class, 
namely,  impulsive  forces. 

It  should  be  observed  that  whenever  both  impulsive  and 
finite  forces  act  at  the  same  time  on  a  body,  the  latter  may 
in  general  be  neglected  in  determining  the  motion  at  the 
instant ;  since  the  effects  produced  by  them,  in  the  time 
during  which  the  impulsive  forces  act,  are  so  small  that  they 
may  be  neglected  in  comparison  with  the  effects  of  the  im- 
pulses. 

66.  Impulses. — The  measure  of  an  impulse,  i.e.  of  a  force 
of  great  intensity,  which  acts  during  a  very  short  time, 
and  then  ceases,  is  the  whole  change  in  the  quantity  of  motion 
which  it  communicates  to  the  body  on  which  it  acts. 

Accordingly,  the  proper  measure  of  all  forces  in  Dynamics 
is  a  quantity  of  motion  produced.  The  two  classes  of  forces, 
considered  above,  must  be  considered  as  differing  in  degree 
but  not  in  kind  :  an  impulse  being  regarded  as  a  force  of 
very  great  intensity,  acting  during  a  very  short  time. 

Examples. 

1.  If  a  ball  discharged  vertically  from  a  gun  ascends  to  a  height  A,  to  what 
height  ought  it  to  ascend  if  the  charge  of  powder  be  doubled,  neglecting  the 
resistance  of  the  air?  Ans.  4:h. 

2.  If  a  shot  weighing  a  ounces  with  a  charge  of  jO  ounces  of  powder  rises  to 

a  height  of  h  feet,  to  what  height  ought  a  shot  of  b  ounces,  with  a  charge  of 

q  ounces,  to  ascend  from  the  same  gun  ?  ^        /^\^  / 9\^, 

Ans.    '     »'='»' 


'■  (f)  (I)  *• 
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67.  Creneral  Equations  of  inEotioii  of  a  Particle. — 

Suppose  that  the  force  F  acts  as  before  in  the  line  of  motion 
of  the  mass  acted  on,  but  that  it  varies  continuously,  then  we 
may  consider  that  in  an  indefinitely  small  portion  of  time  its 
intensity  is  unaltered.  The  variable  acceleration/,  caused  by 
it,  is  determined  by  the  equation  F=  mf:  hence,  as  in  Art.  21, 
we  have  at  any  instant 

^        ^.         dv         dh 

Hitherto  the  motion  has  been  supposed  rectilinear.  In 
the  case  of  curvilinear  motion  the  last  equation  expresses  the 
tangential  component  of  the  force,  and  it  can  be  similarly 
seen  (Art.  25)  that  the  normal  component  is  expressed  by 

in  — .     We  now  proceed  to  consider  the  motion  of  a  particle 

P  .  .      , 

of  mass  m,  under  the  action  of  any  forces.    If  the  particle  be 

referred  to  a  system  of  rectangular  axes  in  space :  and  a?,  y,  z 
be  the  coordinates  of  its  position  at  any  instant,  i.  e.  at  the 
end  of  the  time  t,  reckoned  from  any  fixed  instant,  the  com- 
ponents of  its  velocity  parallel  to  the  axes  of  coordinates  are 
(Art.  12)  represented  by  i-,  y,  k. 

Resolve  the  whole  force  acting  on  the  particle  at  the 
instant  into  three  components,  parallel  to  the  axes  of  x,  y,  z, 
respectively ;  and  let  these  components  be  represented  by 
X,  Yf  Z;  then,  since  by  the  Second  Law  of  Motion  each 
of  these  forces  produces  its  change  of  velocity  in  its  own 
direction,  we  deduce  from  what  precedes  (see  Art.  24)  the 
equations 

d  fdx\  d'x 

d'y  d^z 

These  are  called  the  differential  equations  of  motion  of 
the  particle ;  and  the  solution  of  the  problem  depends  in  each 
case  on  the  integration  of  these  equations. 

As  already  stated,  the  preceding  equations  hold  for  the 
motion  of  any  rigid  body,  provided  the  direction  of  the  force 
which  acts  on  it  always  passes  through  its  centre  of  gravity. 
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Section  V. — Action  and  Reaction. 

68.  Third  liaiv  of  Motion. — Reaction  is  alicays  equal 
and  opposite  to  action  :  that  is,  the  mutual  actions  of  two  bodies 
are  always  equal  and  take  place  in  opposite  directions. 

On  this  law  Newton  remarks  as  follows : — "  If  any  person 
press  a  stone  with  his  finger,  his  finger  is  pressed  by  the  stone. 
If  a  horse  draw  a  body  by  means  of  a  rope,  the  horse  also  is 
drawn  (so  to  speak)  towards  the  body ;  for  the  rope  being 
strained  equally  in  both  directions  draws  the  horse  towards 
the  body  as  well  as  the  body  towards  the  horse,  and  impedes 
the  progress  of  one  as  much  as  it  promotes  that  of  the  other. 
Again,  if  any  body  impinge  on  another,  whatever  quantity  of 
motion  it  communicates  to  that  other  it  loses  itself  (on  account 
of  the  equality  of  the  mutual  pressure)." 

Newton  verified  this  law  experimentally  in  the  case  of  the 
collision  of  spherical  bodies. — See  Scholium,  Axiomata. 

He  also  showed  that  the  law  holds  in  the  case  of  the 
attraction  of  bodies,  as  follows: — 

Let  ^,  ^  be  two  mutually  attracting  bodies,  and  couceive 
some  obstacle  interposed  by  which  their  approach  to  one 
another  is  prevented.  If  the  body  A  be  acted  on  towards 
^  by  a  greater  force  than  B  is  acted  on  towards  A,  then  the 
obstacle  will  be  more  urged  by  the  pressure  of  A  than  by  the 
pressure  of  B.  The  stronger  pressure  should  prevail,  and 
cause  the  system  consisting  of  the  two  bodies  and  the  obstacle 
to  move  in  directum  towards  B  ;  and  as  the  force  is  uniform 
the  motion  would  be  accelerated  ad  infinitum,  which  is  absurd 
and  contrary  to  the  first  law  of  motion ;  for,  by  that  law,  such 
a  system,  as  it  is  not  acted  on  by  any  external  force,  should 
continue  in  a  state  of  rest  or  of  uniform  rectilinear  motion. 

69.  Forcefs  of  Inertia. — The  fact  is  that  force  is  always 
exhibited  as  a  mutual  action  between  two  bodies;  and  this 
phenomenon,  regarded  as  a  whole,  is  described  by  the  term 
stress,  of  which  action  and  reaction  are  but  different  aspects. 
Thus  to  the  action  of  a  force  producing  an  acceleration  of 
motion  in  a  body  corresponds  an  equal  and  opposite  reaction 
against  acceleration  ;  this  is  called  the  foi^ce  of  inertia  of  the 
body.  It  thus  follows  that  the  force  of  inertia  of  any  material 
particle  must  be  equal  and  opposite  to  the  resultant  of  all  the 
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forces  which  act  on  the  particle,  whether  arising  from  the 
action  of  the  other  parts  of  the  system  or  from  that  of 
forces  external  to  the  system.  Hence  in  the  motion  of  any 
material  system,  since  the  actions  and  reactions  of  its  diffe- 
rent parts  equilibrate  in  pairs,  we  infer  that  there  is  equili- 
brinm  between  the  external  forces  which  act  on  the  system 
and  the  several  forces  of  inertia  of  the  different  particles  of 
which  the  system  is  composed.  This  is  equivalent  to  the 
celebrated  principle  introduced  by  D'Alembert,  and  called 
by  his  name,  but  which  is  directly  implied  in  Newton's 
Scholium  on  the  third  law  of  motion.  This  has  been  observed 
by  many  writers  on  Mechanics,  but  the  connexion  of  New- 
ton's Scholium  with  the  modern  theory  of  work  and  energy 
was  first  pointed  out  by  Thomson  and  Tait ;  see  their  Treatise 
on  Natural  Philosophy,  pp.  185-6. 

70.  The  laws  of  Motion,  like  every  law  of  nature,  must 
ultimately  depend  for  their  establishment  on  their  agreement 
with  experiment  and  observation.  Accounts  of  the  different 
apparatus  that  have  been  devised  for  the  purpose  of  verify- 
ing these  laws  will  be  found  in  the  books  especially  devoted 
to  the  purpose,  such  as  Ball's  Experimental  Mechanics. 
The  most  complete  proof  of  the  laws  of  motion,  however, 
is  derived  from  Physical  Astronomy.  The  Lunar  motions, 
for  instance,  have  been  calculated  from  equations  depending 
solely  on  these  laws ;  and  the  observed  and  calculated  posi- 
tions are  found  to  agree  with  a  precision  that  could  only 
arise  from  the  perfect  accuracy  of  the  principles  from  which 
they  were  deduced. 

One  of  the  simplest  contrivances  for  illustrating  the  laws 
of  motion,  in  the  case  of  falling  bodies,  is  that  devised  by 
Atwood,  which  we  shall  now  proceed  to  consider. 

71.  Ativood's  macbine. — In  its  simplest 
form  this  machine  may  be  regarded  as  consisting 
of  two  masses  connected  by  a  string  which  passes 
over  a  small  fixed  pulley.  We  shall  neglect  the 
weight  of  the  pulley,  and  also  that  of  the  string, 
as  well  as  the  friction  at  the  axle  of  the  pulley. 

Suppose  W  and  W  to  represent  the  weights 
of  the  bodies,  of  which  W  is  the  greater. 

Let  T  denote  the  tension  of  the  string  at  any  instant : 


58 


Action  and  Reaction. 


this  tension,  by  tlie  law  of  action  and  reaction,  must  act 
equally,  and  in  opposite  directions  on  the  two  bodies. 

Accordingly,  we  may  regard  the  body  W  as  acted  on  by 
the  pressure  W  downwards,  and  the  tension  T  upwards ;  i.  e. 
by  the  single  force  W  -  T  acting  downwards — then,  the 
corresponding  acceleration  /,  from  Art.  ^39,  is  given  by  the 
equation 

.     W-T 

Similarly,  the  upward  acceleration  of  the  other  body  is  repre- 

T-  W 

sented  by      ^.     g. 

Again,  as  the  string  is  supposed  in  extensible  ^  the  velocities 
of  the  bodies  at  any  instant  are  equal  and  opposite,  and  hence 
their  accelerations  also. 

Accordingly  we  have 

W-  T     T-W 


W 


2WW' 


This  determines  the  tension  of  the  string.     Again,  we  have 

g  9 


therefore 


or 


W-W  =  (W+  TT')-, 

9 

W  -W 


(2) 


This  determines  the  acceleration.  By  it  the  velocity  and 
the  space  described  in  any  time  can  be  readily  deduced. 

The  most  important  advantage  of  this  apparatus  is  that, 
by  taking  bodies  of  nearly  equal  weights,  we  can  make  the 

acceleration  -== — =^  g  as  small  as  we  please. 
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A  complete  account  of  Atwood's  apparatus  is  beyond  the 
scope  of  this  treatise.  In  a  subsequent  place  we  shall  consider 
the  modification  required  when  allowance  is  made  for  the  mass 
of  the  pulley. 

Examples. 

1.  A  mass  of  488  grammes  is  fastened  to  one  end  of  a  chord  which  passes 
over  a  smooth  pulley.  What  mass  must  be  attached  to  the  other  end  in  order 
that  the  488  grammes  may  rise  through  a  height  of  200  centimetres  in  10  seconds, 
assuming  g  =  980  centimetres  ?  Ans.  492  grammes. 

2.  Two  weights  of  14  and  18  ozs.  are  suspended  by  a  fine  thread  which 
passes  over  a  smooth  pulley,  if  the  system  be  free  to  move  ;  find  how  far  the 
heavier  weight  will  descend  in  the  first  three  seconds  of  its  motion,  and  also  the 
tension  of  the  string.  Ans.  18  feet,  and  15^  ozs. 

72.  Suppose  that  one  of  the  bodies  is  placed  on  a  smooth 
horizontal  table,  and  that  the  string,  by  which  the  bodies  are 
attached,  passes  over  a  smooth  pulley  placed  at  the  edge  of 
the  table  ;  then,  denoting  the  tension  of  the  string  by  T,  we 
have,  as  before, 

.     W-T 

Again,  since  the  motion  of  the  body  on  the  smooth  table 
arises  from  the  tension  T,  we  have 

Eliminating  T,  we  get 

W 

Again,  equating  the  two  values  of/,  we  get 

WW 

w+w  ^^ 

It  may  be  observed  that  the  tension  of  the  string  in  this 
case  is  half  of  that  in  Atwood's  machine  for  the  same  masses. 

73.  Masses    oa   T^¥0   l§iiiooth   Inclined   Planes. — 

Suppose  two  bodies,  of  weights   W  and  W\  placed  on  two 
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planes,  of  inclinations  i  and  i'  to  the  horizon ;  and  suppose 
the  connecting  string  to  lie  in  a  vertical  plane  at  right  angles 
to  the  line  of  intersection  of  the  two  inclined  planes,  and  to 
pass  over  a  small  pulley  placed  at  the  common  summit  of 
the  planes :  then,  representing  as  before  the  tension  of  the 
string  by  T,  since  TFsine  is  the  component  of  JF"  acting  paral- 
lel to  the  plane,  we  have 

W 

W^mi-  T=—f, 

g' 

W 

and  T-W'dni'  =^  —-f. 

9  ' 
Hence  /= ^-^^^^ g.  (5) 

WW 
Also  r=  .^^,  (sine  +  sin,').  (6) 

It  is  evident  that  W  or  W  will  descend  according  as  TFsim 
or  TF'sint'  has  the  greater  value. 

The  results  of  the  two  former  Articles  are  particular  cases 
of  the  preceding  ;  and  are,  accordingly,  cases  of  the  formulae 
(5)  and  (6).  We  shall  next  consider  the  preceding  problems 
for  rough  planes. 

74.  Motion  on  llniformly  Rougb  Planes. — Suppose 
two  bodies  connected  as  in  Art.  72,  and  let  fi  denote  the 
coefficient  of  friction  for  the  horizontal  plane. 

The  friction  acting  against  the  motion  of  W  is  represented 
by  fx  W  ;  hence  the  pressure  producing  motion  is  2"  -  ju  W. 
We  accordingly  have  the  equation 

W 

if 

w 

and  also  W  -  T  =  — f,  as  before. 

9 
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Hence  we  get 

WW 

and  r=.^__,(l  +  ^).  (8) 

There  can  be  no  motion  unless  TFis  greater  than  fiW^', 
as  is  also  evident  from  elementary  considerations. 
Equation  (7)  may  also  be  written  in  the  form 

^     f(^        ^\  /ON 

from  which  fx  can  be  determined  when  TFand  W  are  known, 
/having  been  obtained  by  observation. 

By  this  means  the  value  of  ix,  the  coefficient  of  dynamical 
friction,  was  obtained  for  several  substances  by  Coulomb. 

Again,  let  /x,  f.L  be  the  coefficients  of  dynamical  friction 
for  the  inclined  planes,  in  Art.  73. 

Since  the  pressures  on  the  planes  are  represented  by 
TF'cos^  and  T^'cosT,  respectively,  the  corresponding  fric- 
tions are  i^Wcosi  and  fxW'cosi';  consequently  the  total 
pressure   acting   on   W,  down  the  plane,  is  represented  by 

7F(sinz  -  fxcosi)  -  T; 

and  we  get 

W 

Wisini  -  ucoai]  -  T  =  — f. 

And,  similarly, 

T-W  (sin^•'  +  /cos^)  =  — /. 

y 

Hence,  we  have 

TF(sin^  -  jucos?*)  -  W^(miV  +  ju'cosO 
/=  WVW  ^'     ^^^^ 

WW 
and  T=  t=j= — =r,  (sin^  +  sine'  +  u'cos*'  -  jucos/j .  (11) 

W  +  W        .  >    \    / 
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Examples. 

1.  If  the  two  equal  masses  in  Atwood's  macliine  be  each  1  lb. ;   required 

the  additional  mass  which,  added  to  one  of  them,  would  generate  a  velocity  of 

one  foot  in  each  mass  at  the  end  of  the  first  second.  .  2     „ 

Ans.  r  lbs. 

9-  1 

2.  In  the  same  case,  find  the  tension  of  the  string  which  connects  the  two 

masses.  .        5'  +  1  ■,, 

Ans.   lbs. 

9 

3.  Two  smooth  inclined  planes  are  placed  back  to  back:  the  inclination  of 
one  is  1  in  7,  and  of  the  other  1  in  10 ;  a  mass  of  20  lbs.  is  placed  on  the  first, 
and  is  connected  by  a  string,  with  a  mass  of  30  lbs.  placed  on  the  second  plane. 
Find  the  acceleration  of  the  descent,  and  the  tension  of  the  string. 

-4«*-  /=:^'^=2??lbs. 
-^      350  35 

4.  A  mass  of  10  lbs.,  falling  vertically,  draws  a  mass  of  15  lbs.  up  a  smooth 

plane,  of  30°  inclination,  by  a  string  passing  over  a  pulley  at  the  top  of  the 

plane.     Find  the  acceleration,  the  space  fallen  through  in  10  seconds,  and  the 

tension  of  the  string.  .         .      g  r      ^     « ,, 

Ans.  f=~-,s  =  5ff,  T=  9 lbs. 

5.  A  body,  descending  vertically,  draws  an  equal  body  25  feet  in  2|  seconds 
up  a  smooth  plane,  inclined  30°  to  the  horizon,  by  means  of  a  string  passing  over 
a  pulley  at  the  top  of  the  plane.     Determine  the  corresponding  value  of  g. 

Ans.  32. 

6.  Given  the  height,  h,  of  a  smooth  inclined  plane,  find  its  length  so  that  a 

given  weight  F,  descending  vertically,  shall  draw  another  given  weight  Q  up 

the  plane  in  the  least  possible  time.  ^        2Qh 

Ans.   —^• 

7.  A  mass  P,  falling  vertically,  draws  another,  Q,  by  a  string  passing  over  a 
fixed  pulley  :  if,  at  the  end  of  t  seconds,  the  connecting  string  be  cut,  find  the 
height  to  which  Q  will  ascend  afterwards.  / P  -  Q\^  gt- 

""''    \fVqi   ~2' 

8.  A  mass,  hanging  vertically,  draws  an  equal  mass  along  a  rough  hoi*izontal 
plane.  If  at  the  end  of  one  second  the  string  be  cut,  find  how  far  the  mass 
will  move  along  the  plane  before  it  is  brought  to  rest  by  the  friction. 

(1  -  m)V 


Ans. 


8fj. 


9.  In  what  time  will  a  mass  of  2  lbs.,  hanging  vertically,  draw  a  mass  of 
30  lbs.  along  a  smooth  horizontal  table  of  36  feet  length  ?       Ans.   6  seconds. 

10.  If  the  plane  in  the  last  example  be  rougji,  and  the  coeflScient  of  friction 
be  ^s,  find  the  time  occupied.  j^^g.   3  VlO  seconds. 

11.  In  the  previous  example,  find  at  what  instant  during  the  motion  the 
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string  should  be  cut  in  order  that  the  mass  should  just  reach  the  edge  of  the 
table ;  and  find  the  whole  time  of  motion. 


/5  3     — 

Ans.  12 -/  —  seconds,    -  V65  seconds  {q.p.) 


12.  Two  masses  move  on  two  smooth  inclined  planes,  whose  directions  are  at 
right  angles  to  each  other,  and  are  connected  by  a  string  passing  over  the  inter- 
section of  the  planes.  If  the  tension  of  the  stiing  be  a  maximum,  find  the  in- 
clination of  either  plane  to  the  horizon.  Ans.  45°. 

13.  In  a  single  movable  pullej'",  when  there  is  equilibrium,  the  power  and 
the  weight  hang  by  parallel  strings.  The  weight  being  doubled,  and  the  power 
halved,  motion  ensues.  Prove  that  if  the  friction  and  inertia  of  the  pulley  be 
neglected,  the  tension  of  the  string  wiU  be  unaltered.     [Camb.  Trip.,  1874.) 

14.  In  general,  if  Pbe  the  weight  attached  to  the  movable  pulley,  and  Q 
that  to  the  other  end  of  the  string,  prove  that  the  tension  of  the  string  during  the 

^PQ  20 P 

motion  is  -=; -: ;  and  that  the  acceleration  of  the  movable  pulley  is o  : 

P+4Q'  ^       ^      jy^^Q-^  ' 

the  friction  and  inertia  being  neglected  as  before. 

Let  T  denote  the  tension  of  the  string, /the  acceleration  of  P,  and/'  that  of 

f  f 

Q ;  and  we  have  2T-F=P^-,     Q  -  T  =  Q "^  ;  but  /'  =  2/;  therefore,  &c. 

15.  A  train  is  travelling  at  a  uniform  rate  on  level  rails.  TF  is  the  weight 
of  the  fore  portion  of  the  train,  and  JF'  that  of  the  brake-van  at  the  end  of 
the  train.  If  the  bi'akes  be  applied  to  the  brake-van,  find  the  stress  produced  on 
the  couplings  between  it  and  the  next  carriage,  assuming  /*  to  represent  the 
coefficient  of  friction.  WW 

Ans.  u— - — — -. 
^  JF+  W 

16.  In  Atwood's  machine,  if  the  descending  weight  be  a  rigid  homogeneous 

vertical  rod  AB,  prove  that  the  longitudinal  stress  at  any  point  F  of  the  rod, 

BP 
durmg  the  motion,  is  represented  by  -- -  T,  where  Tis  the  tension  of  the  stiing. 

AB 

17.  In  Atwood's  machine  if  the  pulley  be  rough,  and  if  the  effect  of  friction 
be  to  prevent  motion  until  the  tension  of  the  string  at  one  end  be  greater  than 

that  at  the  other  by  -th  of  the  latter  tension,  prove  that  the  efiect  on  the  accele- 
n 

ration  will  be  the  same  as  if  the  pulley  remained  smooth  and  the  smaller  weight 

were  increased  by  -th. 
^  n 

18.  In  Atwood's  machine,  a  mass  F  is  attached  to  one  end  of  the  string,  and 
two  masses,  Q  and  7^,  to  the  other  end,  where  Q  +  F>F,  and  F>  Q.  After 
the  united  masses  Q  and  It  have  descended  s  feet  from  rest,  F  is  detached  :  find 
how  much  further  Q  will  move  before  being  brought  to  rest. 

Let/  be  the  acceleration  in  the  first  stage  of  the  motion,  /'  that  in  the  second, 
V  the  velocity  at  the  instant  £  is  detached,  x  the  required  distance  ;  then 


therefore  x  =  ~s 


2fs  =  f2  =  2/'.r ; 
/         M  +  Q-H,  F+Q 


/'        F+  Q-i-  F'  F-Q 
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CHAPTEE  lY. 


IMPACT    AND    COLLISION. 


75.  Collision  of  Homogeneous  Spheres. — In  this  chap- 
ter it  is  proposed  to  consider  some  elementary  cases  of  impact 
of  solids,  but  principally  the  collision  of  homogeneous  spherical 
bodies,  moving  without  rotation,  whose  centres,  at  the  instant 
of  collision,  move  in  right  lines  lying  in  the  same  plane  (all 
friction  being  neglected). 

There  are  two  cases  to  be  considered,  according  as  the 
centres  of  the  spheres  move  in  the  same  or  in  different  right 
lines.    The  former  is  called  direct,  the  latter  oblique  collision. 

We  commence  with  the  former  case,  and  at  first  suppose 
the  centres  to  move  in  the  same  direction  along  the  line. 

76.  Direct  Collision.— Let  M  and  M'  represent  the 
masses  of  the  bodies,  V  and  V^  their  velocities  before,  v  and 
v'  those  after,  collision.  We  also  suppose  M  to  impinge 
on  J/'. 

The  whole  impact  may  be  divided  into  two  stages.  During 
the  first,  the  bodies  compress  each  other,  and  the  impinging 
body  My  moving  with  a  greater  velocity  than  the  other,  accele- 
rates its  motion,  until  the  exact  instant  at  which  their  mutual 
compression  is  the  greatest,  and  when  they  are  moving  with 
a  common  velocity.  During  the  second  stage,  the  bodies 
tend  to  revert  to  their  original  shape,  and  the  forces  thus 
brought  into  play,  called  the  forces  of  restitution,  tend  to 
cause  the  bodies  to  separate  by  still  further  diminishing 
the  velocity  of  the  impinging  body,  and  increasing  that  of 
the  other. 

Suppose  u  represents  the  common  velocity  at  the  instant 
of  greatest  compression ;  then  the  quantity  of  motion  lost  by 
M  during  the  first  stage  of  the  shock  is  M[  V  -  u\,  and  that 
gained  by  M'  is  M\u  -V). 
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These  are  the  measures,  by  Art.  66,  of  the  entire  mutual 
forces  which  act  during  this  stage  of  the  collision ;  and,  by 
the  Third  Law  of  Motion,  they  must  be  equal  and  opposite. 

Hence,  we  have 

M{V-u)  =M'{u-  FO, 

MV+MT 
or  u=      ^^^,     .  (1) 

In  the  case  of  perfectly  non-elastic  bodies,  in  which  no 
forces  of  restitution  are  brought  into  play,  the  bodies  would 
proceed  after  collision  to  move  with  this  common  velocity. 

There  is  probably  no  case  in  nature  of  a  perfectly  non- 
elastic  solid.  All  solid  bodies  with  which  we  are  acquainted 
have  a  tendency  to  recover,  in  different  degrees,  their  original 
forms  after  being  compressed.  This  tendency  arises  from 
their  elasticity. 

Bodies  are  said  to  be  perfectly  elastic  when  the  forces  of 
restitution,  brought  into  play  during  the  second  stage,  are 
exactly  equal  to  the  forces  of  compression,  which  act  during 
the  first.  In  this  case  the  impinging  body  M  would  lose 
a  further  quantity  of  motion,  M{V -  u)^  equal  to  that  which 
it  lost  in  the  first  stage.  Therefore  its  velocity  v,  after  the 
shock,  will  be  equal  to  2w  -  V. 

In  like  manner  we  have  v'  =  2u  -  V'.  Thus  we  are  enabled 
to  determine  the  velocities,  ^?,  Vy  after  direct  collision,  in  the 
case  of  perfectly  elastic  bodies. 

Bodies  are  in  general,  however,  imperfectly  elastic ;  that 
is,  the  whole  force  of  restitution  is  less  than  that  of  compres- 
sion. The  Law  of  restitution,  as  derived  from  experiment,  is 
usually  stated  thus: — The  ratio  which  the  whole  force  of  resti- 
tution bears  to  the  force  of  compression  is  constant  ichile  the 
impinging  substances  remain  the  same.  This  ratio  is  usually 
represented  by  the  letter  6,  having  been  by  many  writers 
called  the  modulus  or  coefficient  of  elasticity ;  but  as  this  title 
is  now  employed  in  a  different  sense,  we  shall  follow  the 
current  usage  in  adopting  the  name,  coefficient  of  restitution. 

From  this  law  it  follows  that  the  quantity  of  motion  lost 
by  M  during  the  second  stage  of  the  impact  bears  a  constant 
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ratio  to  that  lost  during  the  first ;  and  similarly  for  the  quan- 
tity of  motion  gained  by  M\ 
Accordingly 

M{u  ~v)=eM{V-u),    My  ~  w)  =  eM'{u  -  F') . 

Hence  we  get 

v'-v  =  e{V-r),  (2) 

and  MV  +  M'V  =  Mv  +  M'v\  (3) 

These  equations  enable  us  to  determine  the  velocities, 
r,  v\  after  impact,  when  those  before  impact  are  given,  as 
also  the  masses  J/,  M\  and  the  coefficient  of  restitution. 

It  should  be  observed  that  equation  (3)  expresses  that  the 
total  quantity  of  motion  of  the  two  bodies  is  the  same  after 
impact  as  before.  This  result  is  a  particular  case  of  a  gene- 
ral principle  which  shall  be  subsequently  considered  {aee 
Art.  81). 

The  result  contained  in  (2)  may  be  stated  thus — In  direct 
collision*  of  two  spheres,  the  relative  velocity  after  collision  hears 
a  constant  ratio  to  the  relative  velocity  before  collision. 

This  law  was  established  by  Newton,  as  the  result  of  ex- 
periment (see  his  Leges  Motus,  scholium),  and  the  coefficients 
of  restitution  for  several  substances,  such  as  glass,  ivory, 
steel,  &c.,  were  determined  by  him. 

In  more  recent  times  a  number  of  careful  experiments 
were  undertaken  by  Mr.  Hodgkinson  on  the  laws  of  restitu- 
tion. The  results  are  to  be  found  in  the  Report  of  the  British 
Association,  1834,  and  also  in  the  Transactions  of  the  Eoyal 
Society.  His  conclusions  agree  in  the  main  with  the  law 
laid  down  by  Newton,  given  above. 

Some  of  the  more  important  results  of  Mr.  Hodgkinson 's 
experiments  may  be  briefly  stated  as  follows : — 

The   coefficient  of  restitution  diminishes  slowly  as  the 


*  This  result  is  by  some  writers  taken  as  the  basis  of  the  rational  theory  of 
collision.  However,  the  method  here  given  is  that  more  usually  adopted  ;  it  has 
the  great  advantage  of  connecting  the  problem  directly  with  the  consideration  of 
force,  and  of  illustrating  the  principle  (Art.  66)  that  impulsive  forces  must  be 
regarded  as  forces  of  great  intensity  whose  time  of  action  is  very  short. 
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velocity  of  impact  increases  ;  it  is  independent  of  the  relative 
magnitude  of  the  masses.  In  impact  between  bodies  differ- 
ing much  in  hardness,  the  coeflBcient  of  restitution  is  nearly 
equal  to  that  between  two  specimens  of  the  softer  body. 

No  perfectly  elastic  body  exists  in  nature :  glass,  however, 
may  be  regarded  as  nearly  so,  its  coefficient  being  -}-|,  approxi- 
mately, as  determined  by  Newton. 

If  the  mass  M'  be  supposed  at  rest,  and  very  great  in 
comparison  with  M,  v  becomes  very  small,  and  we  have  ap- 
proximately V  =  -  eV. 

Hence,  if  a  body  impinge  perpendicularly,  with  a  velocity 
Fi  upon  a  fixed  plane,  it  will  return  back  in  its  former  direc- 
tion of  motion  with  a  velocity  represented  by  e  V,  where  e  is 
the  coefficient  of  restitution. 

77.  Heiglit  of  Rebound. — If  a  body  fall  from  a  height 
A  on  a  fixed  horizontal  plane,  then  F,  the  velocity  with  which 

it  strikes  the  plane,  is  equal  to  y/2gh.  The  velocity  of  rebound 

is  equal  to  e  V,  or  e^2gh  :  hence,  if  //  be  the  height  to  which 
it  rebounds,  we  have 

y  2^'  =  e  y  2^, 

or  h'  =  e'h.  (4) 

In  all  cases  of  collision  the  student  should  be  careful  to 
give  the  proper  algebraic  signs  to  the  velocities.  The  velocity 
V  of  the  mass  M  is  usually  taken  as  positive ;  and  hence  the 
other  velocities  will  have  positive  or  negative  signs,  accord- 
ing as  they  take  place  in  the  same  or  the  opposite  direction 
to  that  of  F. 

Examples. 

1 .  If  a  mass  M  impinge  directly  on  another  mass  M\  at  rest ;  find  the  rela 
tion  between  them  when  the  impinging  mass  is  reduced  to  rest  by  the  collision. 

Ans.  M=eM'. 

2.  A  ball  of  6  lbs.  mass,  moving  at  the  rate  of  10  miles  an  hour,  overtakes 
another  of  4  lbs.  mass,  moving  at  5  miles  an  hour :  determine  their  velocities 
after  collision,  assuming  t  =  ^ — the  impact  being  supposed  direct. 

Ans.  v  =  7;  t'  =  9|. 

3.  Find  the  corresponding  velocities  in  the  case  when  the  balls  are  moving 
in  opposite  directions.  Ans.  t?  =  1,  v'  =  8}f. 

¥  2 
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4.  A  mass  of  60  lbs.,  moving  at  the  rate  of  10  feet  per  second,  overtakes 
another  mass  of  25  lbs.,  moving  at  the  rate  of  6  feet  per  second ;  if  both  masses 
be  perfectly  elastic,  find  their  velocities  after  the  shock. 

Ans.  v  =  7|;  v' =  11|. 

6.  A  sphere  impinges  directly  on  a  sphere  of  the  same  mass.  If  they  be 
both  perfectly  elastic,  prove  that  they  interchange  velocities,  after  collision. 

6.  A  mass  drops  from  a  height  of  25  feet  above  a  fixed  horizontal  plane,  and 
rebounds  to  a  height  of  9  feet ;  find  the  coefficient  of  restitution.  «  =  f. 

7.  A  mass  of  10  lbs.,  moving  with  a  velocity  of  10  feet  per  second,  impinges 
directly  on  another  of  5  lbs.,  supposed  at  rest.  If  the  coefficient  of  restitution 
be  f ,  and  the  duration  of  collision  be  xouth  part  of  a  second,  determine  the  tnean 
ralue  of  the  mutual  pressure  between  the  balls  duiing  the  collision. 

Here,  we  easily  find  v'  =  12.  Hence,  by  Art.  39,  we  find  tliat  the  pressure 
which,  acting  for  jooth  of  a  second,  would  generate  a  velocity  of  12  feet  per 
second,  in  a  body  of  5  lbs.  mass,  is  187^  lbs. 

8.  An  imperfectly  elastic  sphere  falls  from  a  given  altitude  above  a  hori- 
zontal plane,  and  rebounds  continually :  find  the  whole  space .  described  ;  and 
also  the  whole  time  before  it  is  brought  to  rest ;  neglecting  the  time  occupied  by 
the  series  of  impacts,  and  also  the  resistance  of  the  air. 

Let  a  denote  the  given  altitude,  and  s  the  whole  space  described. 

Then  the  height  of  the  first  rebound  is  ae^ ;  that  of  the  second  ae*,  &c. 

1  4  e'^ 

Therefore  s  =  a  +  2a<?'-  +  2ac^  +  &c.  =  a -. 

1  -  e^ 

Again,  if  V,  Fi,  F2,  &c.,  F„,  be  the  velocities  with  which  the  sphere 
strikes  the  plane,  at  the  different  impacts,  we  have 

Ti  =  tf r,    Vi  =  eFi=e^  F,   &e.,  V»  =  e» V. 

Also  let  t,  ti,  h,  &c.,  tn,  be  the  corresponding  intervals  of  time  ;  then 

^      F     ^       2T'i      2F  2F   ,    , 

c  =  — ,    fi  = =  — e,    t%  =  —  e^.  &c. 

9  9  9  9 

Hence,  the  entii-e  time  T  is  given  by  the  equation 

F  V\  A-  e 

T  =  -{1+  2e  +  2e^  +  &c.)  =  -  -^. 
9  '      g  l-e 

78.  Oblique  Collision. — We  now  proceed  to  the  case 
of  oblique  collision  ;  i.  e.  where  the  centres  of  the  spheres  are 
not  moving  in  the  same  right  line. 

We  shall  suppose  the  spheres  to  be  homogeneous,  and 
perfectly  smooth ;  so  that  their  entire  mutual  action  and  re- 
action has  place  along  the  common  normal  at  their  point  of 
contact,  which  is  the  line  connecting  the  centres  of  the  spheres ; 
and  that  the  lines  along  which  the  centres  of  the  spheres  are 
moving  before  collision  lie  in  the  same  plane. 


Oblique  Collision,  69 

Let  Vf  F'  be  the  velocities  at  the  instant  of  impact ;  and 
a,  a  the  angles  which  the  line  joining  the  centres,  at  the 
commencement  of  the  collision,  makes  with  the  respective 
directions  of  motion. 

Let  Vf  v;  /3,  (5'  be  the  corresponding  velocities  and  angles 
at  the  end  of  the  collision. 

Besolve  F  into  its  components,  Fcosa  and  Fsina,  re- 
spectively along  and  perpendicular  to  the  right  line  joining 
the  centres.  Make  a  similar  resolution  of  the  velocities 
after  collision.  Then,  since  the  forces  brought  into  play 
during  the  collision  act  along  the  line  joining  the  centres, 
the  velocities  perpendicular  to  that  line  are  unaffected  by  the 
collision. 

Hence  we  have 

Fsina  =  ^7sin|3,     F'sina'  =  t)'sin/3'.  (5) 

Again,  the  component  velocities  Fcosa,  &o.,  along  the 
line  joining  the  centres  of  the  spheres,  will,  by  the  Laws  of 
Motion,  be  subject  to  the  same  relations  (2),  (3),  as  those 
already  established  for  direct  collision — hence,  we  obtain  the 
two  additional  equations 

t?'cosj3'  -  «Jcosj3  =  e{  Fcos  a  -  F'cos  a').  (6) 

ilf  Fcos  a  +  M'  F'cosa  =  MvcoslS  +  M'vcob(5\     (7) 

These,  along  with  the  two  preceding  equations  (5),  are 
sufficient  for  the  determination  of  the  velocities  and  the  direc- 
tions of  motion  after  impact,  when  the  corresponding  velo- 
cities and  directions  before  impact  are  known;  as  also  the 
masses  and  the  coefficient  of  restitution. 

In  the  case  of  oblique  collision  of  a  sphere  against  a 
smooth  fixed  plane,  let  F  be  the  velocity  of  the  sphere  before 
collision,  and  a  the  angle  its  direction  of  motion  makes  with 
the  perpendicular  to  the  smooth  plane ;  then  Fcos  a  repre- 
sents the  velocity  perpendicular,  and  Fsin  a  that  parallel,  to 
the  fixed  plane. 

If  V  and  /3  represent  the  corresponding  velocity  and 
angle  after  collision,  since  the  velocity  parallel  to  the  smooth 
]^i^  is  unaltered  by  collision,  we  have 

'    ^    ''  rsin/3  =  Fsina.  (8) 
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Again,  the  velocity  perpendicular  to  the  plane  will  be  affected 
in  the  same  manner  as  in  direct  collision,  and  we  accordingly 
have 

rco8j3  =  eFcosa.  (9) 

Hence,  by  division,  we  get 

tana  =  etan/3,  (10) 

which  gives  the  direction  of  motion  after  impact. 

The  angles  a,  /3  are  sometimes  called  the  angles  of  inci- 
dence and  reflexion  ;  and  the  preceding  result  shows  that  the 
tangents  of  these  angles  are  to  each  other  in  the  constant  ratio 
of  the  coefficient  of  restitution  to  unity.  These  angles  are 
equal  in  the  case  of  perfectly  elastic  bodies. 

The   subsequent  motion  of  the  body   depends    on  the 
continuous    forces    which    act    on    it. 
Under    gravity    only    the    path    is    a 
parabola,  as  in  Art.  46 ;  and  the  para- 
bolic path  is  determined  from  the  initial    p\ 
velocity  v,  and  the  initial  direction  of       ^ 
motion,  j3. 

Examples. 

1.  If  the  mass  M'  be  at  rest  before  collision,  find  the  directions  of  motion 

after  coUision.  ^         .      ^     ^     „     M  -v  M' 

Ans.  /3  =  0  ;  tan/3  =  z.^ rj^tana. 

M-eM' 

2.  A  perfectly  elastic  ball  impinges  obliquely  on  another  of  equal  mass  at 
rest ;  prove  that  the  directions  of  their  motions  after  impact  are  at  right  angles 
to  one  another. 

3.  A  ball  impinges  on  another  at  rest ;  prove  that  if  the  coefficient  of  resti- 
tution be  equal  to  the  ratio  of  their  masses  the  balls  will  move  in  directions  at 
right  angles  to  each  other,  -whatever  be  the  direction  of  the  impact. 

4.  How  is  this  statement  to  be  modified  in  the  case  of  direct  collision  ? 
The  impinging  ball  is  brought  to  rest  by  the  collision. 

5.  A  ball  is  reflected  in  succession  by  two  fixed  smooth  planes  of  the  same 
substance,  wbich  are  at  right  angles  to  one  another ;  the  ball  moves  in  a  plane 
at  right  angles  to  the  intersection  of  the  fixed  planes.  Prove  that  the  direction 
of  motion  before  the  first  and  after  the  second  reflection  are  parallel. 

6.  A  projectile  strikes  a  perfectly  elastic  wall,  which  is  perpendicular  both 
to  the  horizon  and  to  the  plane  of  the  projectile's  flight :  find  the  horizontal 
range  of  the  reflected  projectile. 

Since  the  angles  of  incidence  and  reflection  are  equal  in  this  case,  as  also 
the  velocities  before  and  after  impact,  it  is  evident  that  the  parabolic  path  of  tho 
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projectile  after  striking  the  wall  is  equal  in  every  respect  to  that  whicli  it  -would 
have  continued  to  describe  if  there  had  been  no  wall  interposed.  Accordingly 
the  problem  is  solved  by  aid  of  Art.  48. 

7.  An  imperfectly  elastic  particle  is  projected  from  a  point  in  a  smooth  hori- 
zontal plane,  with  a  given  velocity  V,  and  in  a  given  direction  a,  and  proceeds 
to  describe  a  series  of  parabolic  paths  by  a  number  of  rebounds  from  the  plane : 
find  the  whole  time  elapsed  before  it  ceases  to  rebound  ;  and  also  its  subsequent 
motion. 

Resolve  the  velocity  of  projection  into  vertical  and  horizontal  components, 
Fsino  and  Fcoso. 

The  horizontal  component  Fcos  a  will  be  unaltered  by  the  successive  impacts, 
and  accordingly  remains  constant  throughout  the  motion  :  the  vertical  component 
Fsino  will  be  altered  at  each  impact  in  the  same  manner  as  in  direct  collision ; 
accordingly  it  may  be  treated  as  in  Ex.  8,  p.  68. 

Hence  if  The  the  entire  time  before  the  vertical  velocity  Fsino  is  destroyed, 
we  easily  get,  as  in  the  example  referred  to, 

^     2r8ino     1 


1  -e 


Again,  since  the  horizontal  velocity  is  constant,  and  equal  to  Fcosa,  the  whole 
range  before  the  vertical  velocity  ceases  is 

r2sin2a 

The  body  would  subsequently  move  along  the  plane  with  the  constant  velocity 
Fcoso. 

It  should  be  observed  that  the  particle,  in  this  problem,  describes  a  series  of 
parabolic  curves,  one  for  each  rebound. 

79.  Vis  Viva  of  a  iSysteiii. — If  any  mass  m  be  moving 
without  rotation,  and  if  v  denote,  at  any  instant,  the  velocity 
common  to  all  its  points,  then  the  quantity  represented  by 
mv^  is  called  the  vis  viva  of  the  mass  at  the  instant.  In  gene- 
ral, in  the  motion  of  any  system  of  masses,  if  each  element  of 
mass  be  multiplied  by  the  square  of  its  velocity  at  any  instant, 
and  the  sum  of  these  products  taken  for  the  entire  system, 
this  sum  is  called  the  vis  viva  of  the  system  at  that  instant.  It 
is  represented  by  the  expression 

S  {mv^) 

In  perfectly  elastic  Spheres  the  Vis  Viva  is  unaltered  by  Col- 
lision. 

Since  e=l  in  this  case,  equation  (2)  becomes  V-\v=  F'+t'; 

also,  we  have  M{  V-v)  =  M\v  -  V). 


72  Impact  and  Collision. 

Multiplying  we  get 

or  MV'^  M'  V  =  Mv'  +  Jf  V^  (1 1) 

Hence,  in  direct  collision,  the  total  ns  viva  is  the  same 
after  collision  as  before. 

It  can  be  easily  seen  that  the  same  principle  holds  in  the 
oblique  collision  of  perfectly  elastic  spheres.  For  the  preced- 
ing demonstration  holds  for  the  components  of  velocity  esti- 
mated along  the  line  joining  the  centres  of  the  spheres,  at  the 
instant  of  collision :  moreover,  the  tangential  components  of 
velocity  are  unaffected  by  collision ;  consequently  (since 
Y^=  F^sin^a+  F^cos^a,  &c.)  it  follows  that  the  total  vis  viva 
is  unaltered  by  collision,  in  the  case  of  perfect  elasticity. 

80.    Momentum  of  any  l§ystem  in  Motion. — Let 

{x,  2/,  2),  {x\  ;/,  s'),  (y,  ?/',  s''),  &c.,  at  any  instant,  denote 
the  coordinates  of  a  number  of  moving  particles,  ?/^,  m\  wl' 
&c.,  referred  to  a  fixed  system  of  rectangular  axes ;  then,  by 
Art.  12,  the  component  velocities  of  w,  at  the  instant,  parallel 
to  the  axes  of  x^  ?/,  z,  are  ^,  ^,  s,  respectively. 

Again,  resolving  the  quantity  of  motion  of  w,  in  the  same 
directions,  we  get  for  its  components,  the  expressions 

dx        dy        dz 

mx,  my,  mz,    or   m  — -,    m  — -,    m  — . 

at  dt         dt 

If  this  be  done  for  the  other  masses  m',  m",  &c.,  the  whole 
quantity  of  motion  or  momentum  of  the  systeyn,  at  the  instant, 
estimated  parallel  to  the  axis  of  x  is  represented  by  ^ttix. 

In  like  manner,  the  whole  momentum  parallel  to  the  axes 
of  y  and  z  are  ^my  and  S///z,  respectively. 

Again,  let  x,  y,  z  represent  the  coordinates  of  the  common 
centre  of  gravity  of  the  system  m,  m\  &c.,  at  the  same  in- 
stant, we  have,  denoting  the  sum  of  the  masses  by  M, 

Mx  =  ^mxy   My  =  ^my,   Mz  =  Sw^z. 
Moreover,    since   these   equations   hold   throughout   the 
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motion,  we  may  differentiate  them,  with  respect  to  the  time 
f,  and  thus  we  obtain  the  equations 

M-77  =  2w  — 


dt  dt 

^^dy      ^     dy 

^^dz       _     dz 


\.  (12) 


Hence  the  resolved  part  of  the  momentum  of  a  system,  in 
any  direction,  is  equal  to  the  whole  mass  of  the  system  mul- 
tiplied into  the  component  of  the  velocity  of  the  centre  of 
gravity,  in  the  same  direction. 

8.  Conservation  of  Ittonientani. — It  is  easily  seen 
that  the  Momentum  in  any  direction  of  any  system  of  bodies 
is  unaltered  by  their  mutual  collision.  For,  under  all  cir- 
cumstances of  collision,  the  actions  and  reactions  are  equal 
and  opposite  ;  and  as  these  forces  are  measured  by  the  quan- 
tities of  motion  which  they  generate  or  destroy,  it  follows,  if 
two  bodies  of  the  system  come  into  collision,  that  whatever 
momentum,  in  any  direction,  is  generated  by  the  impact  in 
one  of  the  impinging  bodies,  an  equal  momentum  in  the  same 
direction  must  be  destroyed  in  the  other.  So  that  the  entire 
momentum,  in  that  direction,  is  unaltered  by  the  collision. 
The  same  holds  whatever  number  of  collisions  be  supposed 
to  take  place  between  the  members  of  the  system. 

Hence,  we  infer  that  the  entire  momentum  of  the  system, 
resolved  in  any  direction,  is  unaifected  by  any  impacts  among 
the  parts  of  the  system. 

It  can  be  seen,  without  difficulty,  that  the  same  mode 
of  reasoning  applies  to  any  case  of  internal  mutual  action 
between  the  several  parts  of  the  system,  whether  arising 
from  attractions,  molecular  forces,  or  otherwise :  since,  in  all 
cases,  to  every  action  corresponds  an  equal  and  opposite  re- 
action. 

"We  accordingly  infer  that,  if  a  system  he  only  subjected  to 
the  internal  mutual  forces  hettveen  the  bodies  which  constitute  it, 
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the  total  resolved  momentum  in  any  direction  is  constant ;  i.  e. 
^mx,  ^m  y,  '2m  k,  have  constant  values  during  the  motion. 

82.  ConserYation'^  of  Motion  of  Centre  of  Crravity. 

— It  follows  from  (12)  that  -7-,  -:-,  —-,   i.e.  the  component 

at    at    at 

velocities  of  the  centre  of  gravity  of  a  system,  will  be  constant 

throughout  the  motion  whenever  the  quantities  of  motion 

^m  X,  Sw  2/j  2w  z,  are  constant. 

Hence,  from  the  preceding  Article,  it  follows  that  the 
velocity,  and  also  the  direction  of  motion  of  the  centre  of 
gravity  of  any  system,  are  constant,  whenever  the  system  is 
only  subject  to  the  mutual  actions  and  reactions  of  the  bodies 
which  constitute  it. 

This  is  a  generalization  of  the  principle  of  inertia  con- 
tained in  the  First  Law  of  Motion,  and  may  be  otherwise 
stated  thus : — A  system  of  bodies  cannot  by  their  mutual  actions 
and  reactions  alter  the  motion  of  their  common  centre  of  gravity. 

Hence,  in  such  a  system,  when  not  acted  on  by  any 
external  forces,  the  common  centre  of  gravity  must  either 
remain  at  rest  or  move  uniformly  in  a  right  line. 

83.  The  general  principle,  that  the  entire  quantity  of 
motion  of  two  or  more  bodies  is  unaltered  by  their  mutual 
actions  and  reactions,  furnishes  us  with  a  ready  method  of 
solving  some  elementary  problems. 

For  example,  suppose  two  masses,  m  and  m',  to  be  con- 
nected by  a  string,  and  laid  on  a  perfectly  smooth  horizontal 
table,  at  a  distance  from  each  other  less  than  the  length  of 
the  string.  Now,  let  a  given  impulse  be  applied  to  m  along 
the  line  which  joins  it  to  7n\  the  motion  which  ensues  after 
the  string  becomes  stretched,  can  be  easily  found  as  follows: 

Let  m  V  be  the  quantity  of  motion  communicated  to  m 
by  the  impulse,  then,  after  the  string  becomes  tight,  the 
bodies  must  move  with  a  common  velocity.  Let  Vx  denote 
this  common  velocity ;  then,  since  the  whole  quantity  of 
motion  of  the  two  bodies  remains  the  same,  we  have 

{m  +  m')vi  =  mV, 

*  This  proof  corresponds  in  the  main  with  that  given  by  Newton.  See 
Leges  Motus,  Cor.  iv. 
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Consequently  they  move  along  the  line  with  a  common 
velocity 

mV 

m  +  m'' 

In  this  prohlem  we  have  supposed  the  motion  one  of  pure 
sliding  ;  and  we  neglect  the  weight  of  the  string  in  it  as  also 
in  the  next  problem. 

84.  A  mass  M,  after  falling  through  a  height  A,  from  the 
edge  of  a  smooth  table,  commences  to  draw  by  an  inextensible 
string  another  mass  M\  tchich  rests  on  the  table ;  to  find  the 
velocity  communicated  to  M'  at  the  instant  that  the  string  be- 
comes tightened,  and  also  the  impulsive  tension  of  the  string. 

The  velocity  acquired  by  Jf,  in  consequence  of  its  fall,  is 

represented  by  ^y^gh  ;  and  since  at  the  end  of  the  impulsive 
strain  the  bodies  are  moving  with  equal  velocities,  and  also 
the  quantity  of  motion  is  unaltered  by  the  impulsive  action, 
we  must  have 


(M  +  M')  V,  =  MV  =  M  y2gh, 
M 


or  Vi  = 


M+M 


,  v/2^,  (13) 


where  e^i  denotes  the  common  velocity  at  the  instant  in  ques- 
tion. 

Again,  the  impulsive  tension  of  the  string  is  measured  by 
the  quantity  of  motion  communicated  to  M' ;  and  accordingly 
is  represented  by 

If  the  table  be  rough,  since  the  friction  of  the  table  is  pro- 
portional to  the  weight  of  M\  it  may  be  neglected  in  com- 
parison with  the  impulsive  force,  and  we  obtain  the  same 
value  for  Vx,  as  in  the  case  of  a  smooth  table. 

Again,  if  the  string  be  extensible,  equation  (2)  gives  the 
velocity  of  M'  at  the  instant  that  M  and  M'  are  moving  with 
the  same  velocity.  The  subsequent  motion  is  determined,  as 
in  Art.  72,  for  a  smooth,  and  Art.  74  for  a  rough,  table. 
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Examples. 


1.  A  sphere,  of  30  lbs.,  moving  with  a  velocity  of  45  feet  per  second,  over- 
takes another,  of  27  lbs.,  moving  32  feet  per  second ;  if  the  relative  coefficient 
of  elasticity  be  f ,  find  their  velocities  after  collision.  Ans.  Si\^,  43f  f^. 

2.  Two  spheres  meet  directly  with  equal  velocities  ;  find  the  ratio  of  theii- 
masses  that  one  of  them,  M,  should  be  reduced  to  rest  by  the  collision — (1)  when 
perfectly  elastic  ;  (2)  for  elasticity  e.      Ans.  (1)  M=  3i/',  (2)  M=  M'{l  +  2e). 

3.  If  two  equal  and  perfectly  elastic  spheres  be  dropped  at  the  same  instant 
from  different  heights,  h  and  h',  above  a  horizontal  plane  ;  determine  whether 
their  common  centre  of  gravity  will  ever  rise  to  its  original  height. 


J*,  is  a 


Ans.  No,  unless  ,*/  ,^  is  a  rational  quality. 

4.  A  10  lb.  shot  is'fired  from  a  gun  of  12  cwt.,  that  is  quite  free  to  move. 
The  velocity  with  which  the  shot  leaves  the  mouth  of  the  gun  is  1600  feet  per 
second  ;  find  the  velocity  of  the  gun's  recoil.  Ans.  11-9  feet  per  second. 

5.  Three  homogeneous  spherical  bodies,  »n,  m\  m",  are  placed  with  their 
centres  in  a  row.  If  m  be  projected  with  a  given  velocity  V  towards  m',  to 
find  the  magnitude  of  tn  in  order  that  the  velocity  communicated  to  m"  by  its 
intervention  shall  be  the  greatest  possible. 

Let  e,  e'  denote  the  relative  coefficients  of  restitution  between  m,  m',  and 
between  m',  in",  respectively.  Then,  if  v'  be  the  velocity  of  m'  after  the  first 
coUision,  we  get  from  (2),  (3)  Art.  76, 

,      m{l  +  e)V 

V  = — . 

tn  +  m 

In  like  manner,  if  v"  be  the  velocity  of  m"  after  the  second  collision,  we  hare 

„  _  m'{l+e')v'  _  mm'{l-\-e){l  +  e')V 
~     m'  +  m"     ~   (m  +  m')  {m'  +  m")  ' 

.         ,.     ,  m'  ^  -  .  (m  +  m')  (m'  +  m") 

Accordingly,  ;- ; —  must  be  a  maximum;  or -^ 

[tn  -\-  Tn  )  (tn  +  ♦»  )  tn 

,         „     tnm"  .  .  .  ,      tnm"  .  .  . 

IS  a  mmimum :  i.e.tn  +  tn  +  m    +  — ;—  is  a  mimmum,  or  tn  4-  — r~  is  a  mini- 

tn  tn 

mum :  hence,  m'  =  '^mm",  by  elementary  algebra,  consequently  the  masses  must 
be  in  geometrical  progression. 

This  reasoning  is  readily  extended  to  the  case  of  any  number  of  spheres 
placed  in  a  row  ;  and,  when  the  first  and  last  are  given,  the  masses  must  be  in 
geometrical  progression  in  order  that  the  velocity  communicated  to  the  laet 
should  be  the  greatest  possible. 
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6.  Two  particles  are  connected  by  a  string,  and  laid  on  a  uniformly  rough 
horizontal  table,  at  a  distance  from  each  other  less  than  the  length  of  the  string. 
One  of  the  particles  receives  a  given  impulse  along  the  line  joining  them:  deter- 
mine the  motion  which  ensues  after  the  tightening  of  the  string. 

7.  Find  an  expression  for  the  vis  viva  lost  in  the  direct  collision  of  two 
imperfectly  elastic  spheres. 

From  equations  (2),  (3),  Art.  76,  we  have 

{m  V  +  m'  V')^  =  {mv  +  m'v')^, 
and  mm'e^{V-Vy  =  ?nm'{v-v')''. 

This  latter  may  he  written 

mm'iV-  Vy  =  mm'{v  -  v')^  +  (1  -  e-)mm'{V-  Vf. 
Hence,  by  addition, 

(m  +  m'){mV^  +  m'V'^)  =  {m  +  m')  {mv^  +  in'v'~)  +  (1  -  e'^)7nm'{V-  V'f. 

Therefore     m  F^  +  m'  V"^  =  mv"^  +  m'v"^  +  (1  -  e^)     ^^^  ,  ( V  -  V'f. 

Accordingly,  the  vit  viva  lost  by  the  collision  is  represented  by 

mm 
^  '  wi  +  m  ' 

8.  Find  the  loss  of  vis  viva  caused  by  the  direct  impact  of  two  balls,  one 
weighing  10  lbs.  and  falling  from  a  height  of  20  feet,  the  other  at  rest  and 
weighing  30  lb. ;  assuming  the  coefficient  of  restitution  —  ^. 

Ans.  -j^th  of  the  original  vis  viva. 

9.  A  body,  after  sliding  down  a  smooth  inclined  plane  of  given  height,  re- 
bounds from  a  hard  horizontal  plane  ;  find  the  range  on  the  latter  plane. 

10.  A  mass  M,  after  falling  freely  through  h  feet,  begins  to  pull  up  a 
heavier  mass  M\  by  means  of  a  string  passing  over  a  pulley,  as  in  Atwood's 
machine ;  to  find  the  height  through  which  it  will  lift  it. 

Let  v\  be  the  velocity  communicated  to  M\  by  the  impulsive  action ;  then  by 

Hf 

Art.  84,  we  have  t'l  =  — 's/2qh. 

During  the  subsequent  motion,  as  in  Art.  71,  Mi  is  subject  to  a  uniform  re- 
.      ilf  1  -  JIf 
tardation  g;  accordingly,if  ^denote theheightthroughwhichilfi ascends 

before  it  is  brought  to  rest,  we  have 


2/      Mi^  -  Jf  2 

1 1 .  An  inelastic  particle  falls  from  rest  to  a  fixed  inclined  plane,  and  slides 
down  the  plane  to  a  fixed  point  in  it ;  show  that  the  locus  of  the  starting  point 
is  a  straight  line  when  the  time  to  the  fixed  point  is  constant.  (Camb.  Trip., 
1871.) 
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12.  Two  equal  balls  of  radius  a  are  in  contact  and  are  struck  simultaneously 
by  a  ball  of  radius  c  moving  in  the  direction  of  their  common  tangent ;  if  all  the 
balls  be  of  the  same  material,  the  coefficient  of  elasticity  being  e,  find  the  velo- 
cities of  the  balls  after  impact,  and  prove  that  the  impinging  ball  wlU  be  reduced 
to  rest  if 

^'=^^)-  (Camt.Trip.,im.) 

13.  Show  how  to  determine  the  motion  of  two  elastic  spheres  after  direct 
impact,  and  prove  that  the  relative  velocity  of  each  of  them  with  regard  to  the 
centre  of  mass  of  the  two  is,  after  the  impact,  reversed  in  direction  and  reduced 
in  the  ratio  e  ;  1,  e  being  the  coefficient  of  restitution. 

A  series  of  n  elastic  spheres  whose  masses  are  1,  e,  e^.  Sec,  are  at  rest,  sepa- 
rated by  intervals,  with  their  centres  on  a  straight  line.  The  first  is  made  to 
impinge  directly  on  the  second  with  velocity  u.  Prove  that  the  final  vis  viva  of 
the  system  is  (1  -  «  +  e'')u'^.  {Ibid.,  1876.) 

14.  An  elastic  ball  makes  a  series  of  reboimds  from  a  perfectly  smooth  inclined 
plane  :  to  investigate  its  motion. 

Let  i  be  the  inclination  of  the 
plane  to  the  horizon,  and  suppose 
the  ball  projected  from  the  point  0 
in  the  plane,  in  a  direction  which 
makes  tlie  angle  o  with  the  plane. 
Let  fi,  )8i,  &c.,  fin  be  the  angles  at 
which  the  ball  strikes  the  plane  at 
the  first,  second,  . . .  n*^  impacts ;  and 
oi,  02,  .  .  .  On,  the  angles  it  makes 
after  reboimding. 

Then  by  equation  9,  s.  54,  we  have 


cot  )3  =  cot  o  —  2  tan  i ; 


but  by  (10)  Art.  78, 


cot  )3  =  ^  cot  oi, 

.'.     e  cot  oi  =  cot  a  —  2  tan  i. 

Similarly  e  cot  02  =  cot  01  —  2  tan  i ; 

.-.     e^  cot  as  =  cot  a  -  2  (1  +  <?)  tan  i, 

and  it  is  easily  seen  that  we  have,  in  general, 

e"  cot  On  =  cot  a  -  2  (1  +  «  +  .  .  .  +  e**-^)  tan  i 

2(1 -^«) 

=  cot  o tan  t, 

1  —  e  . 

from  which  the  angle  after  the  w'^  rebound  can  be  found. 

Again,  the  ball  will  proceed  to  bound  up  the  plane  so  long  as  the  angles 
01,  02,  .  .  .  are  each  less  than  90''  —  i. 
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If  On  be  the  first  of  the  series  of  angles  which  exceeds  90°  -  i,  we  will  have 
cot  On  <  tan  i. 

If  cot  o  is  greater  than it  can  be  readily  shown  that  for  all  values  of  n, 

a«  is  less  than  90°  —  i  ;  and  in  this  case  accordingly  the  ball  would  proceed  to 
ascend  the  plane  by  an  indefinite  series  of  parabolic  paths. 

But  if  cot  a  be  less  than  — ,  after  a  certain  number  of  impacts,  the  body 

would  proceed  to  rebound  down  the  inclined  plane. 

2  tan  i 
In  the  particular  case  where  cot  o  =  — ,  or  2  tan  i  =  cot  o  (1  —  e),  we  have 

ecot  oi  =  ^cot  o ;     .'.  oi  =  o; 

hence  o  =  oi  =  02  =  .  •  .  =  on; 

or,  all  the  angles  of  rebound  are  equal  to  one  another ;  consequently  the  series 
of  parabolic  paths  in  this  case  are  similar,  and  the  particle  would  proceed  up  the 
plane  with  an  indefinite  number  of  rebounds. 

In  general,  let  h,  t^,  . . .  tn  be  the  times  of  flight  for  the  series  of  parabolic 
paths,  and  v\,  v-z,  .  . .  v„,  the  velocities  of  the  successive  rebounds,  then  by  equa- 
tion (5),  Art.  49,  we  have 

2v  sin  o  2v\  sin  01 

jjj  = r,     h=- r,  &c. 

g  cos  I  g  cos  t 

But  if  v'  be  the  velocity  with  which  the  ball  strikes  the  plane  at  the  first 
impact,  we  have 

r'  sin  )8  =  t?  sin  o ; 
but  by  Art.  78, 

v\  sin  01  =  ev'  sin  fi  =  ev  sin  o  ; 
consequently 

tz  =  eti ;  also  ^3  =  etz  =  e^h,  &c. 

Hence  the  times  of  flight  are  in  geometrical  progi-ession,  having  e  for  their 
common  ratio. 

If  the  intervals  of  time  occupied  by  the  successsive  impacts  be  neglected,  we 
get  for  the  time  T,  of  describing  the  first  n  parabolas, 

2v  sin  o  1  —  ^^ 
g cos i    I  —  e' 

Again,  let  JRi,  R2,  ...  Rn  denote  the  consecutive  ranges  on  the  inclined 
plane ;  then,  by  Art.  49,  we  have 

_       ,       ,cos(o  +  *)      1      o        . 

R\  =  -kgh^ : =  ?^'i  cos  I  (cot  o  -  tan  t). 

smo 

Similarly, 

^2,  =  ^gi-:?  cos  t  (cot  01  —  tan  i)  =  \gti^  cos  * (e-  cot  01  -  e^  tan  i) 
=  \gch^  cos  t  {cot  a  —  (2  +  e)  tan  i) . 
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And,  in  general, 
-K»  =  \gt,?  cos  t  (cot  om-1  -  tan  i) 

=  ^ge^'-^tx^ cos  i  {cot a-  (2  +  2<;  + .  . .  +  2^"-*  4-  e""^)  tan  < } 

(2  -  «'»-^  -  ^»»\ 
— j 

^                                1  4"  tf 
=  \9h^e**~^  cos  e  cot  a  -  ^ h^  sin  «  +  \9 e^""'^  h'  sin  i. 

Hence  the  sum  of  n  ranges  is  found  to  be 

=  2 r  :; <  COt  a  -  :; tan  t  > 

g    COS  tl  —  ^(  1— c  ; 


=  V  jT  sin  o  I  cot  o  — tan  i  \ . 

V  I-''  / 


2tani 


If  cot  a  be  greater  than we  get  the  entire  range  on  the  inclined  plane 

by  making  w  =  oo  ;  hence  the  entire  range  is,  in  this  case, 


vTsina 


(  tani) 


The  preceding  question  was  discussed  at  great  length  by  Bordoni,  Mem.  della 
Societa  Jtal.,  1816.     See  also  Walton's  Problems,  pp.  262,  263,  3rd  edition. 

15.  In  the  preceding  example  show  that  the  greatest  distances  of  the  body 
from  the  inclined  plane  in  the  successive  parabolic  paths  are  in  geometrical  pro- 
gression, having  e'^  as  their  common  ratio. 

16.  If  two  bodies,  of  the  same  elasticity,  be  projected  with  the  same  velocity 
from  a  point  on  an  inclined  plane,  and  if  the  directions  of  projection  make  equal 
angles  at  opposite  sides  of  the  perpendicular  to  the  plane,  prove  that  the  series 
of  parabolic  paths  described,  one  up,  the  other  down  the  plane,  will  be  described 
in  times  which  are  respectively  equal  in  pairs. 

W  17.  An  imperfectly  elastic  ball  falls  from  a  height,  h.  upon  an  inclined  plane  ; 
find  the  range  between  the  first  and  second  rebounds.  Ans.  4«Asini  (1  +  e). 

18.  Prove  that,  in  order  to  produce  the  greatest  deviation  in  the  direction  of 
a  smooth  billiard  ball  of  diameter  a  by  impact  on  another  equal  ball  at  rest,  the 

former  must  be  projected  in  a  direction  making  an  angle  sin*^  -    /- with  the 

line  (of  length  c)  joining  the  two  centres ;  e  being  the  coefficient  of  elasticity. 

Camb.  Trip.,  1873. 

19.  A  bucket  and  a  counterpoise,  connected  by  a  string  passing  over  a  pulley, 
just  balance  one  another,  and  an  elastic  ball  is  dropped  into  the  centre  of  the 
bucket  from  a  distance  A  above  it ;  find  the  time  that  elapses  before  the  ball 
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ceases  to  rebound,  and  prove  that  the  whole  descent  of  the  bucket  during  this 

interval  is  —^ -r, 77,  where  m.  M  are  the  masses  of  the  ball  and  the 

2M  +  m   (1  -  «)2' 

bucket,  and  e  is  the  coefficient  of  restitution.  Camb,  Trip.,  1875. 

Let  V  be  the  velocity  of  the  ball  just  before  the  first  impact.  The  relative 
velocity  after  the  first  impact  is  ev,  and  the  relative  acceleration  is  g,  since  the 
acceleration  of  the  bucket  is  zero. 

Therefore  the  time  during  which  the  ball  rebounds  is 

-{e  +  e^  +  e^+. .,)='-- =  2- J- • 

ff  g  ^- e         1-eM  g 

Let  Vi,  V2,  F3,  .  .  .  be  the  velocities  of  the  bucket  between  the  first,  second, 
third,  .  .  .  impacts. 

m(l+e)        ^^        ^,       m'l  +  c) 
Then  Vi  =  ^  ; ,  ,     ^  V,    Vi  =  Vi  +  wttt-   ^^'  ^^-^ 

2M  +  m  1M  +  m 

and  the  space  described  by  the  bucket  is 

2v  ,  ^^        ,  _        „  ^^  .  2me  v^  imh  e 

—  {eVi  +  e^V2-\-e^r3+..  .)  = 


g^  g  {2M  +  m)  {1  -  ey-      2M+m{l-ef 

(This  proof  is  taken  from  Greenhill's  solutions  of  Cambridge  Problems  and 
Riders  for  1875.) 

20.  A  particle  is  projected  with  a  velocity  F,  in  a  direction  making  an  angle 
a  with  the  horizon,  and  strikes  a  vertical  wall,  at  a  distance  a  from  the  point  of 
starting.  Find  when  and  where  it  will  strike  the  horizontal  plane  drawn  through 
its  initial  position. 

Ans.   T=  .     The  distance  from  the  wall  at  which  it  will  strike 

I  yi  sin  2o       \ 
the  ground  =  e  ( «  j ,  where  e  is  the  coefficient  of  restitution  for  the 

particle  and  the  wall. 

21.  A  large  number  of  equal  particles  are  fastened  at  unequal  intervals  to  a 
fine  string,  and  then  collected  into  u  heap  at  the  edge  of  a  smooth  horizontal 
table,  with  the  extreme  one  just  hanging  over  the  edge.  The  intervals  are  such 
that  the  times  between  successive  particles  being  carried  over  the  edge  are  equal : 
prove  that  if  c„  be  the  interval  between  the  «'^  and  the  (n  +1)'''  particle,  and 

Vn  the  velocity  just  after  the  (w  +  1)'^  particle  is  carried  over,  then  —  =  —  =  n. 

Professor  Wolstenholme,  Educ.  Times. 
If  V  be  the  velocity  acquired  by  the  first  particle  during  its  fall  through  the 
interval  <?i,  we  get  immediately,  from  the  conditions  of^the  problem,  the  two  series 
of  relations, 

V\  =  h'y      t'2  =  f  (fl  +  t')  =  f^'>      «'3  =  |{V2  4-t^)  =  fv,     &C. 

2gc-^  =  v'^,    2yc3  =  (vi  +  v)2-t?i2  =  2v2,    2gcz={v2  +  vY-V2'^  =  Zv''-,    &c. 
Hence 

vi:  V2:  V3:  &c.  :vn  =  ei:  cz'.cs:  &c.  :cn  =  l  :2:3:  &c.  :  n. 

G 


(     82     ) 


CHAPTEE   Y. 


CIRCULAR   MOTION. 


Section  I. — Harmonic  Motion. 

85.  Uniform  Circular  Motion. — If  a  point  P  describe  a 
circle  with  a  uniform  motion,  the  radius  of  the  circle  is  called 
the  amplitiide  of  the  motion,  and  the  time  of  making  one 
revolution  is  called  ii^  period.  If  the  arcs  are  measured  from 
a  fixed  point  A,  and  the  time  counted  from  the  instant  the 
moving  point  passed  through  a  fixed  point  E,  then  the  angle 
AOE  is  called  the  angle  of  epoch,  or  briefly,  the  epoch.  Also 
the  ratio  wt'ch  the  arc  PE,  at  any  instant,  bears  to  the  cir- 
cumference oj^:>e  circle  is  called  ih.e  phase  of  the  moving  point 
at  that  instant. 

The  arrowheads  on  the  figure  denote  the  direction  in  which 
the  motion  is  supposed  to  take  place, 
and  such  a  rotation  as  there  repre- 
sented, i.  e.  in  the  opposite  direction  to 
that  of  the  hands  of  a  clock,  is  con- 
sidered a  positive  rotation  :  that  in  the 
opposite  direction,  or  clockwise,  being 
considered  negative. 

Let  to  be  the  angular  velocity  of 
P,  or  the  circular  measure  of  the  arc 
described  in  one  second,  e  the  circular 
measure  of  the  epoch  A  OE,  and  Q  that 
of  AOP,  we  have    6  =  wt  +  e. 

Again,  if  T denote  the  period,  we  get  u)  =-=^  and  hence, 
if  desirable,  we  should  write  ^ 


but  the  form  6  =  wt  +  e 
shall  generally  employ. 


0--fi*^;  .  (1) 

,  being  more  compendious,  is  that  we 
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^Q.  Harmonic  motion. — If  PM  be  drawn  perpendi- 
cular to  the  diameter  AA\  then  as  P  moves  uniformly  round 
the  circle,  the  point  M  moves  backwards  and  forwards  along 
the  line  AA\  and  is  said  to  have  a  simple  harmonic  motion. 
The  amplitude,  period,  epoch,  and  phase  of  the  harmonic 
motion  are  the  same  as  those  of  the  corresponding  circular 
motion. 

If  OM  =  .2?,  then  the  position  of  M  at  any  instant  is  given 

by  the  equation  x  =  aao^  {dyt  +  e),  (2) 

where  a  represents  the  amplitude,  and  e  the  epoch  of  the 
motion.  The  angle  wi(  +  c  is  called  the  argument  of  the 
motion,  and  the  distance  x  is  said  to  be  a  simple  harmonic 
function  of  the  time. 

Again,  if  PN  be  perpendicular  to  OB,  and  y  =  OJY,  we 

have  f/  =  as>iii[(i)t  +  e)  =  aG08{o)t  +  c  -  ^tt). 

Hence  the  point  JV  has  also  a  harmonic  tuotion,  and  we 
infer  that  a  uniform  circular  motion  is  dvalent  to  two 
simultaneous  rectangular  harmonic  motions,  of  the  same 
amplitude  and  period,  but  differing  one-fourth  in  phase  : 
and  conversely. 

Again,  if  the  point  M  be  projected  on  any  line,  the  pro- 
jected point  plainly  has  a  harmonic  motion  of  the  same 
period  and  phase,  but  having  for  amplitude-  the  projection 
of  the  amplitude  of  If. 

If  we  differentiate  equation  (2)  we  get 

V  =  —  =  -au)  sin  {tot  +  e). 
az 

Consequently  the  velocity  of  a  point  which  has  a  simple  har- 
monic motion  is  a  simple  harmonic  function  of  the  time,  and 
its  maximum  value  is  equal  to  the  velocity  in  the  circle. 
Again,  the  acceleration/  is  given  by  the  equation 

f=  —  =  -(i)^aGOs{fjjt  +  s)=-(o^x. 
at 

Consequently  the  acceleration  at  any  instant  is  propor- 
tional to  the  distance  from  the  middle  point  of  the  motion, 
and  is  always  directed  towards  that  point.  The  acceleration 
at  either  extremity  of  the  motion  is  -  co'^a. 

g2 
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Any  number  of  harmonic  motions  of  equal  periods  in  the 
same  line  are  equivalent  to  a  single  harmonic  motion. 

For  let    X  =  a  oos(a)^  +  f)  +  «'cos  {lot  +  e')  +  &c. 

Then  x  =  A  cos  utt  -  B  sin  iot, 

where  A=^aQO&i,     and     ^=Sasin£. 

Hence     a?  =  (7cos(a)^  +  7),     where 

B 


C  =  ^A^  +  B",   and  tan 7  =  -:. 

A 

This  result  admits  also  of  a  simple  geometrical  demon- 
stration. 

87.  Elliptic  Harmoiiic  Motion. — If  a  circle  be  pro- 
jected orthogonally  on  any  plane  its  projection  is  an  ellipse, 
and  the  projection  of  any  point  which  moves  uniformly  on 
the  circle  is  said  to  have  an  elliptic  harmonic  motion. 

An  elliptic  harmonic  motion  may  be  resolved  into  two 
simple  harmonic  motions  of  the  same  period,  along  any  two 
conjugate  diameters  of  the  ellipse,  these  motions  differing 
one- fourth  in  phase.  This  follows  immediately  from  the 
property  that  rectangular  diameters  in  the  circle  are  projected 
into  conjugate  diameters  in  the  ellipse.  Conversely,  any  two 
simple  harmonic  motions,  in  different  lines,  of  the  same  period 
and  differing  one-fourth  in  phase,  compound  an  elliptic  har- 
monic motion,  having  the  lines  for  conjugate  diameters. 

Examples. 

1 .  If  two  harmonic  motions  in  the  same  line  have  eqnal  amplitude  {a)  and 
equal  periods,  but  different  epochs,  €,  e',  find  the  amplitude  of  their  resultant. 

Ans.  2a  cos|^  —  €^ 

2.  If  the  difference  of  phase  in  the  last  passes  continuously  from  0  to  2ir,  find 
the  mean  value  of  the  square  of  the  amplitude  of  the  resulting  vibration. 

Ans.  Icfi. 
The  mean  value  is  represented  by  the  definite  integral  {Int.  Calc,  Art.  221). 


8«2  r2 
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This  result  is  of  importance  in  the  Wave  Theory  of  Light,  as  it  shows  that  the 
intensity  of  light  ig  proportional  to  the  square  of  the  amplitude  of  the  vibration 
which  constitutes  the  light. 


Centrifugal  and  Centripetal  Force.  85 

3,  If  two  or  more  harmonic  motions  in  different  dii'ections  have  the  same 
periods  and  phases,  show  that  their  resultant  is  also  a  simple  harmonic  motion 
of  the  same  phase. 

4.  Prove  that  the  resultant  of  any  number  of  simple  harmonic  motions,  dif- 
fering in  directions  and  phases,  but  having  the  same  period,  is  an  elliptic  har- 
monic motion. 

6.  In  elliptic  harmonic  motion  prove  that  the  areal  velocity  of  the  moving 
point,  round  the  centre,  is  constant, 

6.  Prove  that  any  simple  harmonic  motion  is  equivalent  to  two  cii'cular 
vibrations,  in  opposite  directions. 

7.  A  horizontal  shelf  moves  vertically  with  simple  harmonic  motion,  the 
complete  period  being  one  second.  Find  the  greatest  amplitude  in  centimetres 
that  objects  resting  on  the  shelf  may  remain  in  contact  with  it  when  at  its 
highest  poiat :  assuming^  =  981.  Ans.  24*85. 

8.  In  elliptic  harmonic  motion,  being  given  the  difference  of  phase  and  the 
ratio  of  the  amplitudes  of  the  components  along  two  given  right  lines,  perpen- 
dicular to  each  other,  determine  the  position  and  the  ratio  of  the  axes  of  the  ellipse. 

If  k  be  the  ratio  of  amplitudes,  —  the  difference  of  phase,  yu  the  ratio  of  axes, 

Ztt 

and  o  the  angle  made  by  the  axis  major  with  the  direction  of  greater  amplitude, 

then 

,      I  +  Ti-  -  a/i  +  2A;2cos2e  +  A;"     ^      „        2/;cos6 

H^= — . ,   tan  20  =  - —' 

I  +  A;2  +  ^/ 1  +  2A2cos2€  +  A*  1  -  -^"^ 

9.  Show  that  two  simple  harmonic  motions,  in  rectangular  directions,  of  the 
same  epoch,  and  whose  periods  are  as  1  :  2,  compound  a  parabolic  vibration.  In 
this  case  the  motion  may  be  represented  by  the  equations 

X  =  a  cos  2  (at,    y  =  b  cos  o>t. 

00      2y2 
Hence,  eliminatmg  t,  we  get     -  =  -—  -  l . 

a       0" 

10.  In  the  same  case,  if  the  vibrations  differ  in  epoch,  show  that  the  har- 
monic motions  compound  a  curve  of  the  fourth  degree.  The  motion  is  repre- 
sented by  the  equations 

x  =  a  cos  [2 cat  —  e),     y  =  b  cos  <at. 

Hence,  eliminating  t,  we  get 


^2      4y2   /^2         \       2x  (         2yn 


cos  e  +  cos-  6  =  0. 


Section  II. — Centrifugal  Force. 

88.  Centrifugal  and  Centripetal  Force. — A  heavy 
particle  may  be  made  to  move  in  a  circle,  either  by  having 
it  attached  to  a  fixed  point  by  an  inextensible  string,  and 
made  to  move  on  a  plane  passing  through  the  fixed  point,  or 
by  its  being  constrained  to  move  in  a  fixed  circular  groove. 
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During  the  motion  in  tlie  former  case  the  string  sustains  a 

strain  or  tension :  in  the  latter,  the  moving  particle  presses 

outwardly  against  the  groove.      This  tension,  or  pressure, 

is  called  the  centrifugal  force  of  the  particle,  and  is  always 

directed  outwards  from  the  centre  of  the  circle  described. 

The  groove,  or  string,  exerts  at  the  same  instant  an  equal 

and  opposite  reaction,  inwards  on  the  particle.    This  latter  is 

called  the  centripetal  force  which  acts  on  the  particle.     If 

m  be  the  mass  of  the  particle,   and  V  its  velocity  at  any 

instant,  then,  by  Art.  25,  we  infer  that  the  centripetal  force 

F^  .  . 

is  represented  by  7n — ,  where  r  is  the  radius  of  the  circle. 

This  result  can  also  be  established  otherwise  in  the  fol- 
lowing manner.  Let  P  be  the  position  of  the 
particle  at  any  instant,  then  if  it  were  acted  on  by 
no  force  it  would  move  along  the  tangent  at  P 
with  the  velocity  F,  which  it  has  at  the  instant, 
and  at  the  end  of  the  time  A^  would  arrive  at  the 
point  N,  where  PN  =  F  x  A^ :  accordingly  QN 
denotes  the  space  through  which  it  has  moved, 
in  the  time  A^,  owing  to  the  centripetal  force. 
This  force  is  directed  towards  the  centre  of  the 
circle,  and  may  be  regarded  as  constant  in 
magnitude,  and  direction,  during  the  indefinitely  short  time 

Hence,  if/ denote  its  acceleration,  we  have,  by  Art.  35, 

But,  in  the  limit,     PN'-  =  2QN.PC, 
where  C  is  the  centre  of  the  circle ; 

.-.     F'(aO'  =  2QN.PC. 

Hence  f=^.  (1) 

Or,  the  centrifugal  acceleration  f  is  a  third  2^roportional  to  the 
radius  of  the  circle  and  the  velocity  of  the  particle. 

The  centrifugal  force  is  accordingly  represented  by  — ~, 
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If  it  be  required  to  calculate  the  pressure  in  pounds  due 

W 

to  the  centrifugal  force  we  substitute  —  for  m,  and  the  pre- 

WV         ^ 
ceding  expression  becomes . 

Since  the  centripetal  force  is  always  directed  to  the  centre 
of  the  circle,  and  consequently  at  right  angles  to  the  direction 
of  motion,  it  has  no  effect  in  altering  the  velocity  of  the  mov- 
ing particle.  Hence  if  no  other  force  act  on  the  particle  its 
velocity  will  be  constant  during  the  motion. 

Conversely,  if  a  particle  m  describe  a  circle  of  radius  r, 
with  a  uniform  velocity  F,  we  infer  that  the  resultant  of  all 
the  forces  which  act  on  it  passes  through  the  centre  of  the 

circle,  and  is  represented  by . 

Again,  as  the  velocity  in  the  circle  is  uniform,  if  T  denote 
the  number  of  seconds  in  which  the  circumference  is  described, 

we  have  V  =  -„-. 

Hence,  in  this  case,  we  have 

/=47r^f.  (2) 

Consequently,  in  uniform  circular  motion,  the  centrifugal 
force  varies  directly  as  the  radius  of  the  circle,  and  inversely 
as  the  square  of  the  time  of  revolution. 

Again,  if  w  be  the  angular  velocity  of  the  radius  OP,  we 

have  w  =  ~ :  accordingly,  in  terms  of  the  angular  velocity 

and  the  distance,  we  have 

/=  a,^r.  (3) 


Examples. 

1.  Calculate  the  centripetal  acceleration  of  a  particle  which  moves  in  a 
circle  of  5  feet  radius  with  a  velocity  of  10  feet  per  second.  Ans.  20. 

2.  A  particle  performs  20  revolutions  per  minute  in  a  circle  of  1  foot  cir- 
cumference: find  its  centrifugal  acceleration.  Ans.  -6981. 
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3.  A  body  of  lib.  mass  revolves,  in  a  horizontal  plane,  at  the  extremity  of 
a  string  10  feet  long,  so  as  to  make  a  complete  revolution  in  2  seconds  ;  find  the 

tension  of  the  string  in  pounds.  IOtt- 

Ans. . 

9 

4.  A  railway  carriage  of  1  ton  -weight  is  moving  at  the  rate  of  60  miles  an 
hour  round  a  curve  of  1210  feet  radius;  find  the  centrifugal  pressure  on  the 
rails.  Ans.  448  lbs. 

5.  In  the  last  example,  find  how  much  the  outer  rail  should  be  raised  in 
order  that  the  total  pressure  should  be  equally  distributed  between  both  the  rails, 
the  distance  between  the  rails  being  four  feet. 

Ans.  9J  inches,  approximately. 

89.  Circular  Orbits. — In  the  case  of  uniform  circular 

motion,  since  the  centrifugal  force  acting  on  the  particle  at 

each  instant  is  directed  from  the  centre  of  the  circle,  we  may 

suppose  the  particle  to  be  kept  in  its  circular  orbit  by  the 

action  of  an  attractive  force  always  directed  to  the  centre 

r 
of  the  circle,   and  whose   acceleration  is  47r^  — .      Hence, 

if  the  magnitude  of  the  acceleration  directed  to  a  fixed 
centre  of  force  be  known,  we  can  determine  the  conditions 
that  a  particle  should  describe  a  circle,  having  the  fixed 
point  as  its  centre.  For,  if  /  be  the  attraction  caused  by 
the  central  force  at  the  distance  r  of  the  particle,  we  must 

have/=  — ,  and  therefore  v  =  ^/r.  This  determines  the  velo- 
city at  each  point  in  the  circle. 

Conversely,  if  the  particle  be  projected  at  the  distance  r 
from  the  centre  of  force,  at  right  angles  to  the  radius  vector, 

with  a  velocity  v  =  ^fr,  it  will  proceed  to  describe  a  circle 

freely  round  the  centre  of  force. 

27rr 
Also,  the  time  T  of  describing  the  circle  will  be or 


For  example,  if  the  attractive  force  be  directly  propor- 
tional to  the  distance,  we  have  /  =  fxr,  where  /x  is  some  con- 
stant ;  and  consequently,  in  this  case, 

r=-^..  (4) 
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Hence,  for  this  law  of  attraction,  the  time  of  revolution 
in  a  circular  orbit  is  independent  of  the  distance ;  and  we 
infer  that  the  times  of  revolution  for  all  circular  orbits  round 
the  same  centre  of  force  are  equal. 

Again,  let  the  attraction  vary  inversely  as  the  square  of 

the  distance  from  the  centre,  that  is  to  say,  let/=  ^2- 


^y^r' 


In  this  case  the  velocity  in  the  circular  orbit  is  represented 

and  the  time  of  revolution  by  27r  J-.     Hence  we  see 

that  in  different  circular  orbits  round  the  same  centre  of 
force  (which  varies  as  the  inverse  square  of  the  distance),  the 
squares  of  the  periodic  times  vary  as  the  cubes  of  the  distances 
from  the  centre  of  force. 

This  establishes  Kepler's  Third  Law  for  circular  orbits. 

The  preceding  are  particular  cases  of  general  results,  con- 
nected with  the  problem  of  Central  Forces. 

90.    Centrifugal   Force    at  £artli's  C]quator. — We 

now  proceed  to  consider  the  centrifugal  force  arising  from 
the  rotation  of  the  Earth  on  its  axis. 

Let  r  be  the  number  of  feet  in  the  Earth's  radius ;  T  the 
number  of  seconds  in  the  time  of  a  complete  rotation  on  its 
axis ;  /  the  acceleration  due  to  centrifugal  force  at  the  Equa- 
tor, and  we  have 

r 


The  most  convenient  method  of  determining  /  is  by  compar- 
ing its  value  with  that  of  g  at  the  Equator  :  thus 

/     47rV 

Substituting  their  numerical  values  for  w,  r,  g,  and  T,  we 
find,  to  the  nearest  integer, 

g  =  288/ 
Again,  as  the  centrifugal  force,  in  this  case,  tends  to  diminish 
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the  action  of  gravity,  it  should  be  added  to  the  observed 
value  of  g^  to  obtain  the  true  acceleration  due  to  the  Earth's 
attraction  at  the  Equator. 

Hence  we  have      G  =  g  +f=  289/, 

or,  the  centrifugal  force  at  the  Equator  is  the  289th  part  of 
the  Earth's  attraction  at  the  same  place,  approximately. 

It  is  easy  from  this  result  to  determine  what  the  time  of 
the  Earth's  rotation  should  be  in  order  that  bodies  should 
have  no  weight  at  the  Equator. 

For  let  T'  be  the  time  required,  then  the  corresponding 

^TT'r 
centrifugal  acceleration  would  be 


/2   ' 


T 

hence  ^^=  ^  =  289.  ^^'5 

•••  T'  =  ^.  (7) 

Accordingly,  if  the  Earth  were  to  rotate  17  times  faster  than 
it  does,  bodies  would  lose  all  their  weight  at  the  Equator. 

Hence  also  we  infer  that  if  a  body  revolve  around  the 
Earth  in  a  circle,  near  its  surface,  and  subject  to  its  attrac- 
tion solely,  it  should  travel  round  the  circumference  of  its 
circular  orbit  in  the  17th  part  of  a  day. 

91.  Verification  of  the  I«aw  of  Attraction. — The 
last  result  can  be  applied  to  verify,  by  a  rough  calculation, 
the  fact  that  the  Moon  is  retained  in  her  orbit  by  the  attrac- 
tive force  of  the  Earth ;  the  law  of  force  being  the  inverse 
square  of  the  distance  from  the  Earth's  centre  ;  and  the 
Moon's  path  being  assumed  to  be  a  circle  having  the  centre 
of  the  Earth  as  its  centre. 

For  let  R  denote  the  distance  of  the  centre  of  the  Moon 
from  the  Earth's  centre ;  T  her  periodic  time  expressed  in 
days  ;  T'  that  of  a  body  revolving  round  the  Earth  close  to 
its  surface. 
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Then,  by  Art.  89,  we  have 

J2    .    rj^r^   ^  ^3 


(8) 


r=gy6o. 


Assuming  the  Moon's  distance  from  the  Earth's  centre  to- 
be  60  times  the  Earth's  radius,  as  found  approximately  by 
observation,  we  have  i2  =  60  r. 

Hence  T=r  60*  =  60 r  ^60  ; 

but,  by  the  last  Article,  T'  =  z—  (since  the  times  T,  T  are  ex- 
pressed in  days). 

Hence 

This,  when  calculated,  gives  approximately 

r=  27-3387  days. 

The  near  agreement  (within  24  minutes)  of  this  result  with 
the  mean  value  of  T  as  obtained  by  observation,  viz., 
27 '32 16  days,  affords  a  strong  confirmation  of  the  Law  of 
Gravitation.  When  more  accurate  values  are  substituted, 
and  all  the  circumstances  of  the  problem  taken  into  account, 
the  calculated  agrees  completely  with  the  observed  result. 

Example. 

Show,  roughly,  that  if  a  tower  were  built  near  the  Equator  so  high  that  a 
body  at  the  top  should  appear  weightless,  the  height  of  the  tower  would  be  less 
than,  ^th  and  greater  than  xoth  of  the  Moon's  distance  from  the  Earth. — Camb. 
Trip. 

92.  Tangential  and  IVornial  Components. — Let  O 

represent  any  place,  of  latitude  A,  on 
the  Earth's  surface,  supposed  spheri- 
cal: OiV  the  perpendicular  drawn  from 
0  to  the  Earth's  axis,  PF. 

Then  the  centrifugal  acceleration 
at  0  is  in  the  direction  NO  pro- 
duced ;  and  its  amount  is  represented 

by 

^ir\NO        47rVcosX      ^        , 

— Y^ — '  °^  ~'Y' —  =/^^s  ^^ 

where  /  denotes  the  centrifugal  acceleration  at  the  Equator. 
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The  centrifugal  force  along  NO  can  be  resolved  into  two 
components ;  one  along  CO  produced,  the  other  in  the  tan- 
gential direction. 

These  are  plainly  represented  by  /cos^A,  and /cos  X  sin  X, 

,.    ,           ,      (tcos^X      j  6^cosXsinA       ^,        «.    ,      p 
respectively  ;  or  by  ■  and ^r^ — - .      The  effect  of 

the  former  is  to  diminish  the  Earth's  attraction,  as  before. 

Hence  for  the  actual  value  of  g  at  any  latitude  X,  assum- 
ing the  Earth  an  exact  sphere,  we  get 

This  result  has  to  be  modified  when  the  spheroidal  form  of 
the  Earth  is  taken  into  account. 

The  tangential  component  of  the  centrifugal  force  vanishes, 
at  the  Equator  and  also  at  the  poles.  For  intermediate  places 
it  varies  as  sin2X,  and  has  its  greatest  value  at  45^^  latitude, 
where  it  is  equal  to  half  the  centrifugal  acceleration  at  the 
Equator. 

Examples. 

1 .  Calculate  the  diminution  of  gravity  due  to  centrifugal  force  at  a  latitude 
of  45". 

2.  Calculate  tte  tangential  component  for  the  same  case. 

3.  Calculate  the  centrifugal  acceleration  at  the  Equator  of  the  planet  Mer- 
cury, its  radius  being  1570  miles,  and  time  of  rerolution  24'»  5*".     Ans.  '0435. 

93.  Rotation  of  a  Rigid  Rody. — If  a  rigid  body  be 
conceived  to  turn  round  a  fixed  axis,  each  of  its  points  will 
describe  a  circle,  having  its  centre  on  the  axis  of  revolution. 
Also,  since  every  line  in  the  body  that  is  perpendicular  to  the 
axis  turns  through  the  same  angle,  the  angular  velocity  of 
each  point  of  the  rigid  body  will  be  the  same  at  any  instant. 
This  instantaneous  angular  velocity  is  called  the  angular 
velocity  of  the  body,  and  it  is  plainly  the  same  as  the  velocity 
of  any  point  in  the  body  which  is  at  the  unit  of  distance  from 
the  fixed  axis. 

If  the  angular  velocity  at  any  instant  be  represented  by 
w,  the  velocity  of  a  point  whose  distance  from  the  axis  is  p  is 
represented  by  pu). 
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94.  If  a  plane  lamina  rotate  about  a  fixed  axis,  at  right 
angles  to  its  plane,  the  centrifugal  forces  of  the  different  elements 
of  the  lamina  are  equivalent  to  a  single  force,  passing  through  its 
centre  of  mass,  and  ivhich  is  the 
same  as  if  the  entire  mass  were  con- 
centrated at  that  point. 

Let  the  plane  of  the  paper 
represent  that  of  the  lamina ;  and 
take  the  point  0,  in  which  the 
fixed  axis  meets  the  plane,  as  the 
origin  of  a  pair  of  fixed  rectangu- 
lar axes  OX  and  0  Y. 

Suppose  to  to  be  the  angular  velocity  of  the  lamina  at  any- 
instant  ;  then,  since  each  point  in  the  lamina  describes  a  circle 
round  0,  the  centrifugal  forces  for  all  its  elements  pass 
through  that  point ;  they  accordingly  are  equivalent  to  a 
single  force.  To  find  the  value  of  this  single  resultant ;  let 
OP  =  r,  and  let  dm  denote  the  mass  of  an  element  at  the 
point  P ;  then  the  centrifugal  force  of  the  element  is  lo^rdm, 
acting,  along  the  line  OP  produced.  This  force  can  be  de- 
composed into  two,  lo^xdni  and  (i)^yd?n,  parallel  to  the  axes  of 
X  and  y  respectively. 

Suppose  the  centrifugal  forces  of  the  other  elements  re- 
solved in  like  manner,  then  the  entire  system  is  equivalent  to 
the  forces  iv''2xdm  and  ixP'^ydm,  parallel  to  OX.  and  OY. 
But 

S  xdm  =  Mx,     S  ydm  =  My, 

where  x,  y  are  the  coordinates  of  the  centre  of  mass  of  the 
lamina. 

Hence  the  resultant  of  the  entire  system  of  centrifugal 
forces  is  the  same  as  that  of  the  two  forces 

(jj^Mx     and     (D^My; 

or  to  the  single  force  tS^Md,  where  d  denotes  the  distance  of 
the  centre  of  mass  of  the  lamina  from  the  fixed  axis. 

95.  A  similar  theorem  holds  for  any  uniform  rigid  body 
turning  round  a  fixed  axis,  provided  the  body  has  a  plane  oj 
symmetry  passing  through  the  axis. 

For  the  body  may  be  conceived  divided  into  a  number  of 


94 
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indefinitely  thin  parallel  plates,  by  planes  perpendicular  to 
the  fixed  axis,  and  the  preceding  theorem  holds  for  each  of 
these  plates  or  laminae. 

Again,  if  mx,  m^,  niz,  . . .  &c.,  denote  the  masses  of  the 
plates;  and 7^1,  jt?2,  jt?3,  . . .  &c.,  the  distances  of  their  respective 
centres  of  gravity  from  the  fixed  axis  ;  then  as  the  body  is 
supposed  uniform  and  symmetrical,  the  centres  of  mass  of 
each  of  the  plates  all  lie  in  the  plane  of  symmetry  ;  therefore 
the  forces  w^niipi,  (jj^mip^,  . .  •  form  a  system  of  parallel  forces. 
They  consequently  have  a  single  resultant,  equal  to  their 
sum,  or  to  w'Md,  where  M  denotes  the  mass  of  the  body,  and 
d  the  distance  of  its  centre  of  mass  from  the  axis  of  rotation. 

Hence,  the  sti^ess  on  the  fixed  axis  produced  by  the  cen- 
trifugal forces  is  in  this  case,  in  general,  represented  by  it^Md, 

If  the  fixed  axis  pass  through  the  centre  of  mass  the 
stress  on  the  axis  becomes  a  momental  stress  or  a  couple :  as 
will  be  shown  also  in  the  following  Article. 

96.  Next,  let  us  consider  the  case  of  any  rigid  body 
rotating  tound  a  fixed  axis.  Suppose  a  plane  drawn  through 
the  centre  of  mass,  perpendicu- 
lar to  the  fixed  axis,  and  meet- 
ing it  in  the  point  0.  Take  0 
as  the  origin,  the  fixed  axis  as 
that  of  s,  and  two  rectangular 
axes  as  those  of  x  and  3/,  respec- 
tively. Let  dm  denote  an  element 
of  mass  at  the  point  P,  whose  co- 
ordinates are  x,  y^  s ;  then,  by 
Art.  94,  the  centrifugal  force  for 
the  element  dm  is  equivalent  to 
the  forces,  w^xdm  and  M^ydm,  act- 
ing at  P,  parallel  to  OX  and  OY, 
respectively. 

Transferring  these  forces  to  the  point  iV,  they  are  equiva- 
lent to  the  forces  w'^xdm,  w'^t/din.  parallel  to  OX  and  OY; 
and  to  the  couples  (o^xzdjn,  tj^yzdm,  parallel  to  the  planes 
XZ  and  YZ,  respectively.  The  resultant  of  the  forces 
lo^xdm,  urydm,  acting  at  iV,  is  obviously  directed  to  0  ;  and 
consequently  if  it  be  transferred  to  0,  it  can  be  resolved  into 
w'xdm  and  tsy^ydm,  acting  along  OX  and  OY,  respectively. 
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If  each  of  the  centrifugal  forces  be  resolved  in  like 
manner,  the  whole  system  is  equivalent  to  the  forces 

o>^  Sa?  dm     and     w^  Sy  dm, 

or  to  w^Mx        and     w'^ify, 

acting  along  OX  and  OF,  respectively;  and  to  the  couples 
(jj'^^xzdm,  (i)'^'2yzdm,  acting  in  the  planes  of  XZ  and  YZy  re- 
spectively. 

If  the  fixed  axis  he  a  principal  axis  relative  to  the  point  0 
(Int.  Calc,  Art.  214),  we  have 

^xzdm  =  0,     and     ^yzdm  =  0. 

Hence,  in  this  case  the  strain  on  the  axis  produced  by  the 
rotation  is  the  same  as  if  the  entire  mass  was  concentrated  at 
the  centre  of  gravity  of  the  rigid  body. 

If,  further,  the  fixed  axis  be  one  of  the  principal  axes 
passing  through  the  centre  of  gravity  of  the  body,  the  cen- 
trifugal forces  arising  from  the  rotation  produce  no  strain  on 
the  fixed  axis.  And  accordingly,  if,  from  any  cause,  a  rigid 
body  commence  to  rotate  about  such  an  axis,  it  will  continue 
to  rotate  permanently  round  the  axis,  provided  the  only 
external  force  be  that  of  gravity. 

For  example,  if  we  suppose  a  homogeneous  sphere,  whose 
centre  is  fixed,  to  receive  any  impulse,  it  will  commence  to 
rotate  around  some  one  of  its  diameters  ;  and,  as  every  dia- 
meter is  in  this  case  a  principal  axis,  it  follows,  from  the 
preceding,  that  it  will  continue  to  revolve  permanently  round 
that  axis,  if  we  suppose  no  external  force  but  gravity  to  act 
on  it. 

On  account  of  the  property  established  above,  it  is  of  im- 
portance, in  order  that  any  machine  should  work  smoothly, 
that  the  centre  of  gravity  of  any  wheel,  or  portion  which 
rotates  rapidly,  should  lie  on  the  axis  of  rotation,  which  should 
be  a  principal  axis ;  for  otherwise  the  centrifugal  forces  would 
cause  strong  disturbing  vibrations. 

The  theorems  of  this  section  are  particular  cases  of  im- 
portant general  results  which  shall  be  discussed  subsequently. 
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Examples. 

1.  A  string  of  5  feet  length  is  just  capable  of  supporting  a  weiglit  of  10  lbs. ; 
find  the  greatest  number  of  revolutions  per  minute  that  a  weight  of  4  lbs.  attached 
to  the  extremity  of  the  string  is  capable  of  making  in  a  horizontal  plane  without 
breaking  the  string.  Ans.  38. 

2.  A  mass  of  8  lbs.  is  suspended  from  the  extremity  of  a  string  10  feet  long  ; 
find  the  least  velocity  that  should  be  given  to  it  ia  order  to  break  the  string,  if 
its  breaking  tension  be  12  lbs.  Ans.  12-64  feet  per  second. 

3.  Two  balls  weighing  6  lbs.  each  are  fixed  at  the  extremities  of  a  rod  of 
10  feet  length,  which  revolves  100  times  in  a  minute  around  a  central  vertical 
axis;  find  the  tension  of  the  connecting  rod.  Ans.  102  lbs. 

4.  If  two  equal  bodies  moving  on  a  rough  horizontal  plane  be  connected  by 
a  string  of  invariable  length  a,  but  without  weight ;  find  the  longest  time  that 
one  can  continue  to  move  after  the  other  has  been  stopped  by  friction.       /~ 

Am.  A — • 

5.  A  body  m  sliding  on  a  perfectly  smooth  horizontal  table  is  connected  by  a 
string  passing  through  a  smooth  hole  in  the  table,  with  another  body  m'  which 
hangs  freely  ;  find  the  condition  that  m'  should  remain  at  rest,  and  also  the  time 
of  revolution  of  m  in  its  cii'cular  path,  supposed  of  radius  a. 


Ans.  Velocity  of  m  should  be 


jm'ga 
^    m 


time  of  revolution  =  2ir 


m-g 


6.  If  a  body,  attached  at  its  centre  of  mass  to  one  end  of  a  string  of  length 
r,  the  other  end  of  which  is  attached  to  a  fixed  point  on  a  smooth  horizontal 
plane,  makes  n  revolutions  per  second ;  prove  that  the  tension  of  the  string  is  to 
the  pressiire  on  the  plane  as  ix^ti^r  to  g. 

Prove  that  at  the  Equator  a  shot  fired  westward  with  velocity  8333,  or  east- 
ward, with  velocity  7407  metres  per  second,  will,  if  uni'esisted,  move  horizon- 
tally round  the  Earth  in  one  hour  and  twenty  minutes,  and  one  hour  and  a-half 
respectively.  Camb.  Trip.,  1878. 

7.  A  rigid  body  of  any  form  revolves  freely  round  an  axis  in  space :  required 
the  conditions  xmder  which  the  centrifugal  forces  of  its  several  elements  will 
have — («)  no  resultant;  {b)  a  resultant  pair;  {c)  a  resultant  single  force;  {d)  a 
resultant  pair  and  single  force.  Lloyd  Exhib.,  1872. 

Section  III. — Motion  in  a  Vertical  Circle. 

97.  Velocity  in  a  iSmooth  Vertical  Curve. — Before 
the  discussion  of  motion  in  a  circle 
we  shall  consider  some  properties 
of  the  motion  of  a  particle,  under 
the  action  of  gravity,  on  any  ver- 
tical curve. 

Take  OX  a  horizontal,  and 
0  F  a  vertical  line  in  the  plane  as 
axes  of  coordinates ;  and  suppose 
or,  y  the  coordinates  of  P,  the  posi- 
tion of  the  particle  at  the  end  of 
any  time  t.     Let  A  be  its  position 
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when  t  =  0,  and  let  AP  =  s ;  then,  by  Art.  41,  the  accele- 
ration along  the  curve  at  P  is  represented  by 

.     .  dy 

d^s  du 

Hence  we  have  -n^  =  -  9-r'  (1) 

dt-'  ds  ^  ^ 

Multiply  by  2  ds,  and  integrate ;  then 

Let  ^0  =  AB,  and  v^^  =  velocity  at  A,  then 

^'o"  =  -  ^gi/o  +  const. ; 

therefore  v^  -  'Vo^  =  2g{t/o~  y)-  (2) 

Again,  if  AR  be  measured  upwards  =  h,  the  height  due 
to  the  velocity  Vq,  and  ItD  be  drawn  parallel  to  the  axis  of  x ; 
then 

v''  =  2g{h  +  yo-y)  =  2gPL,  (3) 

Consequently  the  velocity  at  any  point  P  is  the  same  as  that 
acquired  in  falling  from  the  horizontal  line  DU. 

This  is  an  extension  of  the  result  given  in  Art.  47,  and  is 
itself  a  case  of  the  general  principle  of  work  which  shall  be 
given  in  the  next  chapter  (see  Art.  128). 

98.  Motion  in  a  Vertical  Circle. — If  a  particle  be 
constrained  to  move  in  a  vertical  circle  under  the  action  of 
gravity,  its  velocity  at  any  point,  by  (2),  is  the  velocity  due  to 
falling  through  a  certain  height  from  a  certain  horizontal  line, 
or  level.  The  motion  will  be  one  of  complete  revolution  if 
this  right  line  lies  altogether  outside  the  circle.  If  the  line 
cut  the  circle  the  motion  will  be  oscillatory.  We  proceed  to 
consider  the  latter  case  in  the  first  instance.  In  this  case 
we  may  either  consider  the  particle  as  moving  in  a  smooth 
circular  tube,  or  as  attached  by  an  inextensible  string  to  a 
fixed  point  in  the  centre  of  the  circle,  the  weight  of  the  string 
being  neglected. 

H 
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When  the  arc  in  whicli  the  oscillation  has  place  is  but  a 
small  portion  of  the  circumference  we  get  what  is  called  a 
simple  pendulum.  From  this  statement  the  student  will 
see  that  a  simple  pendulum  can  only  be  approximately  repre- 
sented. However,  a  small  leaden  ball  suspended  from  a 
fixed  point  by  a  very  fine  wire  may  be  regarded  approxi- 
mately as  a  simple  pendulum. 

99.  I§imple  Pendulum. — Let  C  be  the  centre  of  the 
circle ;  0  its  lowest  point ;  A  the  point 
from  which  the  particle  may  be  sup- 
posed to  start ;  P  its  position  at  the  end 
of  any  time  t ;  v  the  corresponding  ve- 
locity ; 

e  =  LPCO,       a=^LACO, 

estimated  in  circular  measure, 

s  =  AP,     I  =  OC. 

Then,  since  the  velocity  at  P  is  that  due  to  falling  from 
a  horizontal  line  drawn  through  A,  we  have 


but 


therefore 


V  = 


v^  =  2gl  (cos  Q  -  cos  a) ; 

dt)         \dt 

dSy     2g ,      ^ 

di     =y(cos(?-cosa) 


=  '4C 


^^sm--sin^^ 


Consequently  '^^-^Jf  J™^^  ~ 


sm^-. 


Again,  since  in  the  motion  from  Aio  0,  B  diminishes  as 
t  increases,  —  is  negative.    Accordingly  we  have 


dt  SI 


sm=^|  -  sin'^-. 
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Hence  we  get       t   k=-{  '  ^>  (4) 

^^  Jo  o    /  •    ""  •    "^ 

\       2  2 

100.  Time  of  a  SImall  Oscillation. — The  preceding 
definite  integral  which  represents  the  time  of  describing  a 
circular  arc  cannot  be  expressed  in  finite  terms  by  means  of 
the  ordinary  algebraic  or  trigonometrical  functions ;  however 
when  the  amplitude  of  the  oscillation  is  small  we  can  easily 
get  an  approximate  value  for  t,  as  follows  : — When  a  is  so 
small,  that  we  may  neglect  powers  of  a  and  0  beyond  the 
second,  we  have 

4Csin^^-sin'^^')=a^-r-. 


Hence  (4)  becomes, 


I 


jt  =  - 


0    dd  je\' 

,  =  cos"M 


No  constant  is  added  as  0  =  a  when  ^  =  0.  Consequently 
we  have 

e  =  aoosj^jt.  (5) 

Accordingly  0  is  a  simple  harmonic  function  of  the  time 
(Art.  86). 

Again,  when  0  =  0,  we  have  Jj  ^  =  h  >  hence  the  time  of 

descent  to  the  lowest  point  is  represented  by  ^   /-. 

The  particle,  after  arriving  at  the  lowest  point,  plainly 
moves  up  the  other  side  of  the  arc,  and  if  the  whole  time  of 
a  small  oscillation,  expressed  in  seconds,  be  denoted  by  T,  we 
have 


So 


T  = 

Since  this  expression  is  independent  of  a,  it  follows  that 

H  2 
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the  time  of  a  small  oscillation  is  the  same  for  all  arcs  of  vibra- 
tion in  the  same  circle.  From  this  property  the  vibrations  of 
a  pendulum  are  said  to  be  isochronous.  Also  the  time  of  a 
small  oscillation  at  any  place  varies  as  the  square  root  of  the 
length  of  the  pendulum. 

101.  The  l§econds  Pendulum. — A  pendulum  which 
oscillates  once  in  every  second  is  called  a  seconds  pendulum. 
If  L  be  its  length,  since  the  corresponding  value  of  T  is 
unity,  we  have 

g  =  TT^Z.  (7) 

Hence  the  value  of  g  can  be  determined  for  any  place 
whenever  the  corresponding  value  of  L  is  obtained. 

This  gives  the  most  accurate  method  of  finding  the  value 
of  g  at  any  place,  since  that  of  L  can  be  determined  with 
great  accuracy  by  observation. 

Any  rigid  body  made  to  vibrate  about  a  fixed  horizontal 
axis  is  called  a  compound  pendulum.  It  will  be  shown  sub- 
sequently {see  Art.  133)  that  in  every  such  case  there  is  an 
equivalent  simple  pendulum  which  would  vibrate  in  the  same 
time  as  the  actual  pendulum  under  consideration.  This  cir- 
cumstance renders  the  consideration  of  the  ideal  pendulum 
above  discussed  of  the  utmost  practical  importance. 

The  length  of  a  seconds  pendulum  at  London  is  found  to 
be  39*1416  inches,  approximately,  and  hence  the  correspond- 
ing value  of  g  is  32*1908  feet. 

Pendulum  observations  furnish  the  most  accurate  proof  of 
the  fact  that  the  force  of  gravity  acts  with  equal  intensity 
on  all  substances ;  as  it  will  be  seen  that  the  length  of  the 
simple  pendulum  equivalent  to  any  compound  one  depends 
merely  on  the  shape  of  the  latter,  but  not  on  its  material, 
provided  it  be  homogeneous. 

Again,  if  T,  T  be  the  times  of  small  oscillations  of  two 
pendulums  of  different  lengths,  /  and  T;  and  if  n  and  n'  be 
the  number  of  their  respective  vibrations  in  the  same  time 
(a  day  suppose),  we  shall  have 

Hence,  if  the  length  /  of  any  simple  pendulum  be  known, 
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and  also  the  number  n  oi  its  vibrations  in  a  day,  the  length  L 
of  the  seconds  pendulum  at  the  place  can  be  calculated.  For, 
since  the  number  of  seconds  in  a  day  is  86400,  we  have,  from 
formula  (8), 

The  time  T  of  the  vibration  of  a  pendulum  varies  either, 
(1)  by  altering  the  length  /  of  the  pendulum,  or  (2)  by 
changing  the  place  of  vibration.  We  shall  consider  these 
causes  independently. 

102.  Change  of  I^engtb. — Adopting  the  same  notation 
as  before,  we  get 

n-       I 

¥'^  J' 

n'-n""      r-l  ,       n'^     V -I 

nence  — jr, —  =  — r—  ;     .*.  n  -n  = 7  — ; — . 

n  •  I  n  +  u      I 

When  the  change  in  length  is  a  very  small  fraction  of  the 
whole  length,  n  and  /^'  are  nearly  equal,  and  we  have,  approxi- 
mately. 

u  n 

n  +  n      "2' 
Accordingly,  in  this  case, 

where  A/  denotes  the  change  of  length  of  the  pendulum. 

If  the  pendulum  be  lengthened,  i.e.  if  A^  be  positive, 
w  -  w'  is  positive,  and  hence  the  number  of  vibrations  in  a 
given  time  is  diminished  when  the  length  of  the  pendulum  is 
increased,  as  is  also  otherwise  evident. 

In  the  case  of  a  seconds  pendulum  we  substitute  L  for  I 
in  the  preceding  ;  and  since  n  =  86400,  we  get  for  the  dimi- 
nution in  the  number  of  vibrations  in  a  day, 

43200  ^. 
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Hence  we  can  determine  the  number  of  seconds  gained  or 
lost  by  a  seconds  pendulum  in  a  day  when  its  length  is 
slightly  altered. 

As  bodies  in  general  expand  slightly  with  an  increase  of 
temperature,  an  ordinary  clock  should  go  slower  in  hot 
weatl^er,  and  faster  in  cold.  The  different  methods  of 
compensation  for  correcting  the  error  arising  from  this 
cause  will  be  found  in  practical  treatises  on  the  subject. 
The  amount  of  expansion  for  an  increase  of  temperature  for 
different  substances  has  been  accurately  determined,  and 
registered  in  Tables. 

If  Ai  denote  the  change  in  the  length  of  a  seconds  pen- 
dulum arising  from  this  cause,  the  corresponding  loss  or  gain 
can  be  determined  by  (10). 

"We  add  a  few  examples  for  illustration. 

Examples. 

1.  Calculate  the  length  of  a  pendulum  heating  seconds  in  London,  assuming 
.<7  =  32-19. 

2.  If  the  bob  of  a  seconds  pendulimi  be  screwed  up  one  turn,  the  screw 
being  32  threads  to  the  inch  ;  find  the  number  of  seconds  it  shoidd  gain  in  the 
day  in  consequence,  assuming  L  =  39-14  inches.  Ans.  34*7  seconds. 

3.  A  heavy  ball,  suspended  by  a  fi.ne  wire,  makes  885  oscillations  in  an 
hour.  Find  the  length  of  the  wire  approximately,  assuming  the  length  of  the 
seconds  pendulum  to  be  39-14  inches.  Ans.  54  feet. 

4.  Find  the  eiTor  in  one  day  produced  by  an  increase  of  15°  F.  of  tempera- 
tuie  in  a  steel  seconds  pendulum ;  assuming  that  —  for  1 0°  F  =  . 

Ans.  4-15  seconds. 

5.  A  seconds  pendulimi  is  lengthened  r^th  of  an  inch ;  find  the  number  of 
seconds  it  will  lose  in  one  day,  Ans.  110-4. 

103.  Change  of  Place. — The  acceleration  g  varies* 
from  place  to  place,  and  consequently  the  number  of  vibra- 

*  For  places  at  the  sea  level,  this  arises  from  tAvo  causes — one,  the  variation 
of  centrifugal  force  already  considered  (Art.  93) ;  the  other,  that  the  Earth  is 
not  an  exact  sphere,  but  is  more  nearly  an  oblate  spheroid  of  revolution  round 
its  axis  of  rotation.  From  each  of  these  it  arises  that  the  value  of  ^  diminishes 
in  proceeding  from  the  pole  to  the  equator.  It  was  from  the  observation  by 
Richer,  in  1672,  that  a  clock  lost  two  minutes  daily  when  taken  to  Cayenne, 
lat.  5°  N.,  and  that  when  the  corrected  pendulum  was  brought  back  to  Paris  it 
gained  an  equal  amount,  that  the  variation  of  the  force  of  gravity  on  the  Earth's 
surface  was  first  established.    The  explanation  is  due  to  Huygens. 
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tions  in  a  given  time  will  vary  with  the  place  for  the  same 
pendulum. 

Suppose  n  and  n'  to  represent  the  number  of  vibrations 
made  in  one  day  by  the  same  pendulum  at  two  places,  at 
which  g  and  /  are  the  corresponding  accelerations,  we  have 


n        1         \g  n"^      g 


n       1        \g  n'      g 

Hence,  as  before,  for  one  and  the  same  pendulum, 

«'-«  =  ^?y.  (11) 

From  this,  if  L  and  L'  be  the  lengths  of  the  seconds 
pendulum  at  the  two  places,  we  get 

w  -  w  =  ^  — ^.  (12) 

It  is  shown  by  theory,  and  verified  by  observation,  that 
the  variation  in  the  length  of  X,  and  consequently  in  g,  at 
the  sea  level,  is  proportional  to  the  square  of  the  sine  of 
the  latitude  (compare  Art.  92).  Thus,  if  L  denote  the  length 
of  the  seconds  pendulum  at  the  equator,  L'  that  at  latitude  A', 
we  have 

i'=Z  +  msin'^A'.  (13) 

Hence,  if  Li  be  the  length  of  the  seconds  pendulum  at  45° 

latitude,  we  have  ii  =  Z/  +  — . 


Eliminating  X,  we  get 


m 


L'=L,--Gos2X\  (14) 

Again,  if  L''  be  the  length  corresponding  to  the  latitude 
X\  and  /'  the  corresponding  value  of  g,  we  have 

?-^  =  ^,  (cos  2A"  -  cos  2 V) 
g  2L 

=  Y-sin(A'+  A")  sin  (A'-  A''),  approximately. 
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By  accurate  observation  of  the  number  of  vibrations  lost 
by  a  pendulum  which  beats  seconds  at  the  latitude  A,  when 

taken  to  a  latitude  X  the  value  of  -=-  can  be  determined. 

Such  observations  give   y-  =  --^,  approximately,  and 

Zi=  39-118  inches. 
Hence,  we  get, 

i:'=  39-118 -tV  cos  2A'. 

Again,  suppose  a  pendulum,  beating  seconds  at  any 
place,  taken  to  the  height  h  above  the  Earth's  surface  at  that 
place ;  and  let  g'  be  the  value  of  g  for  the  new  position ; 
then,  since  the  force  of  gravity  varies  as  the  inverse  square 
of  the  distance  from  the  Earth's  centre,  we  have 

r^  (       2h\ 

^' "  ^  (r  +  J?  "  ^  U  ~  7" )'  ^-PP^o^^^^^^ly' 

where  r  denotes  the  length  of  the  Earth's  radius ;  therefore 

g  r' 

Hence,  when  -  is  a  very  small  fraction,  the  number  of 
r 

seconds  lost  in  a  day  by  the  seconds  pendulum  is 

86400 -. 
r 

Suppose,  for  example,  h  =  1  mile,  and  r  =  3956  miles, 
then  the  number  of  seconds  lost  in  a  day  will  be  22,  approxi- 
mately. 

In  this  investigation  the  attraction  on  the  pendulimi  of 
the  part  of  the  Earth  above  the  sea  level  has  been  neglected. ' 

Examples. 

1.  If  a  pendulum,  beating  seconds  at  the  foot  of  a  mountain,  lose  10  seconds 
in  a  day  when  taken  to  its  summit  ;  find  approximately  the  height  of  the 
mountain,  assuming  the  radius  of  the  Earth  4000  miles,  and  neglecting  the 
attraction  of  the  mountain.  Ans.  2444  feet. 

2.  How  much  would  a  clock  gain  at  the  equator  in  24  hours  if  the  length  of 
the  day  were  doubled  ?  Ann.  112^  seconds,  approximately. 
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104.  il.iry's  Investigation  of  the  Mean  Density  of 
£arth. — A  series  of  important  pendulum  experiments  were 
undertaken  by  Sir  Gr.  B.  Airy,  in  the  Harton  coal  mine,  for 
tlie  purpose  of  determining  the  mean  density  of  the  Earth. 
He  found  that  a  pendulum  beating  seconds  at  the  surface 
gained  2\  seconds  a-day  when  taken  to  the  bottom  of  the 
mine,  1260  feet  deep.  The  calculations  employed  in  arriving 
at  this  result,  and  in  determining  from  it  the  Earth's  mean 
density,  are  very  intricate ;  they  will  be  found  in  the  Eoyal 
Society's  Transactions  for  the  year  1856. 

The  following  is  a  method  of  arriving,  approximately,  at 
the  result : — 

Let  g,  g'  denote  the  accelerations  due  to  gravity  at  the 
surface  and  at  the  bottom  of  the  mine ;  then,  by  equation  (11), 
we  have 

g'-g  ^  Ji_  ^  _J__ 

g         43200      19200* 

Again,  let  r  and  r'  denote  the  distances  of  the  upper 
and  lower  stations  from  the  centre  of  the  Earth,  supposed 
spherical. 

Suppose  a  concentric  sphere  described  through  the  lower 
station,  then  the  attraction  of  the  Earth  at  the  upper  station 
may  be  regarded  as  consisting  of  two  parts — one  due  to  the 
interior  sphere,  the  other  to  the  couche  or  shell,  bounded  by 
the  two  spheres.  Again,  if  we  suppose  this  shell  to  be  of 
uniform  density,  it  exercises  no  attraction  on  the  pendulum 
at  the  bottom  of  the  mine  (Minchin,  Statics,  p.  419).  Hence 
the  part  of  g  due  to  the  attraction  of  the  inner  sphere  is  re- 
presented by 

If  /  denote  the  acceleration  at  the  upper  station  due  to 
the  attraction  of  the  shell,  we  have 

Again,  let  h  represent  the  depth  of  the  mine,  then  r  =r-  h; 
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J      ,         h  ,                    .,          ,          r'^     ^     2h 
and,   since  -  is  very  small,  we  nave  -7  =  1 ,   approxi- 
mately.       ^                                             r             r 
Accordingly  we  get,  from  the  preceding  equation, 

•^  ~  ^  V  r       19200/ 

In  order  to  get  another  expression  for  /,  let  M,  F,  D  de- 
note respectively  the  mass,  volume,  and  mean  density  of  the 
Earth ;  and  m,  «;,  p  the  corresponding  quantities  for  the  shell. 
We  assume  that  the  Earth  and  the  shell  each  attract  as  if 
their  whole  mass  was  concentrated  at  their  common  centre  ; 
in  this  case  we  have,  approximately, 

TT  2h  I  hp 

Hence  Y^^r^  =  ^  -  T^- 

r      19200        r  D 

Substituting  3956  miles  for  r,  and  1260  feet  for  h,  we  get 

i)  =  2-625^.  (15) 

The  determination  of  the  mean  density  of  the  Earth  is 
thus  reduced  to  finding  the  value  of  p  ;  but  this  is  a  question 
of  extreme  practical  difficulty. 

From  an  accurate  examination  of  the  mineral  components 
of  the  stratum  of  the  Earth  in  the  neighbourhood  of  the 
mine,  p  was  calculated  by  Airy  to  be  24-  times  the  density  of 
water.  This  would  give  the  mean  density  of  the  Earth 
about  Q'QiQ,  assuming  that  of  water  as  unity. 

Professor  Haughton  calculated  2*059  as  the  value  of  p, 
{Phil.  Trans.,  July  1856),  adopting  as  his  basis  Humboldt's 
investigations  of  the  mean  heights  of  Continents  on  the  Earth's 
surface^  and  E-igault's,  on  the  relative  areas  of  land  and 
water.  This  would  give  5*405  as  the  value  of  the  mean 
density  of  the  Earth. 

105.  Time  of  Oscillation  in  Creneral. — The  ampli- 
tude of  the  vibration  has  hitherto  been  considered  so  small 
that  powers  of  a  higher  than  the  second  have  been  neglected. 
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We  now  proceed  to  find  a  general  expression  for  the  time  T 
of  vibration  for  any  amplitude. 

From  (4),  since -^T  represents  the  time  to  the  lowest  point 
on  the  circle,  we  get 

•^  n      /~. 2 


0 

sm'^j  -  sm'^ 


(16) 


.    0 


Now,  assuming*  sin  -  =  sin  ^  sin  ^,  we  get 


J 


sm^;r-  sin^T^     cos 


/l  -  sin"  -  sin^  ^ 


TT 


Also,  when  0  =  0,  we  have  ^  =  0 ;  and  when  0  =  a,  0  =  ^. 

d<^ 
9 


\l  'I 
Consequently      T=2j- 


Jl  -  sin'  I  si 


(17) 


sin*0 


Again,  substitute  k^  for  sin"  -,  then  since 

(1  -  F  sin^0)'^  =  1  +  ^  ^'  sin^^  +  ^  A;*sin*0 


13    5 


and  (/n^.  Ca/c,  Art.  93), 

rr 
■J 


we  get 


.  ,„^    ^       1.3.5...  {2m  -  1)  TT 
/^^"^'^  =  274767:: 


2w      2' 
1.3. 5V 


-"i'M^^-*mh.... 


k'  +  &c.\.  (18) 


*  This  assumption  is  obviously  a  legitimate  one,  because  the  value  of  9 
during  the  motion  can  never  be  greater  than  a. 
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If  h  be  the  vertical  height  of  the  point  from  which  the 
pendulum  commences  to  descend  above  the  lowest  point  in 
the  circle,  we  have 

,  „       .  „  a      1  -  cos  a      h 

and  the  preceding  result  becomes 

The  first  term  gives  the  value  already  arrived  at  for  a 
small  oscillation,  and  is  independent  of  the  amplitude. 

The  second  approximation,  which  is  the  one  commonly 
adopted  when  the  lowest  powers  of  the  amplitude  are  taken 
into  account, 

In  terms  of  the  semi-amplitude  a,  it  is 

in  which  a  is  taken  in  circular  measure. 

The  general  equation  (16)  is  immediately  integrable  in 
one  case,  viz.,  when  the  velocity  at  any  point  on  the  circle  is 
that  due  to  a  fall  from  its  highest  point ;  for  in  this  case  we 

have  a  =  TT,  and  therefore  sin  ^  =  1.     Equation  (4)  becomes 

in  this  case 


e     SI 

cos^- 
hence  we  get 

2\-t  =  log  tan  ( T  +  9 )  +  const. 

It  may  be  observed  that  in  this  case  the  particle  would 
take  an  infinite  time  to  reach  the  highest  point  on  the  circle. 
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Examples. 


1.  How  is  the  value  for  tlie  time  of  vibration  of  a  pendulum  to  be  corrected 
when  the  length  of  the  arc  of  vibration  is  taken  into  account  ? 

2.  Apply  to  the  case  where  the  amplitude  of  vibration  is  120°. 

Here    777  =  -r  .  we  have 
M      4 


3.  If  a  pendulum,  which  beats  seconds  for  veiy  small  oscillations,  be  made  to 
vibrate  through  an  arc  of  10°;  find,  approximately,  the  number  of  seconds  it 
should  lose  in  a  day.  Ans.  41. 

106.  Motion  in  a  Vertical  Cycloid, — Let  a  particle 
be  supposed  to  move  along  a  smooth  y 
cycloid,  having  its  vertex  0  at  its  lowest 
point,  and  its  axis  0  Y  vertical. 

Calling    OP  =  5,    PN  =  y,    and 
a  =  diameter  of  generating  circle. 

Then  [Diff.  Cal,  Art.  276),  we  have 

s^  =  4ay. 


or 


Also, 

from 

(1). 

(i's 
df 

j!' 
^ds' 

=  0. 

(22) 


d^x 


107.  Integration  of  —^  ±  fix  =  0. — As  differential  equa- 


dt 


d^x 


tions  of  the  form  -—^'±ilix  =  0  are  of  frequent  occurrence  in 
physical  problems,  we  proceed  to  consider  their  solution. 
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There  are  two  cases,  according  as  the  upper  or  lower  sign 
is  taken. 

1st. — Let  -r—  +  ax  =  0. 

dt^ 

Multiplying  by  2dx,  and  integrating,  we  get 


„  ,  +  ax'  =  const. 
dtj 

dx 
To  determine  the  constant,  suppose  x  =  a  when  ;77  =   0, 

then  the  constant  is  plainly  fxa^ ; 

w 

therefore  \iu\  ^  ^^^^^  ~  ^^^ ' 

Hence  J^_  =  y^at, 


X 


or  sin"^  -  =  >v//^  t  +  a, 

Cv 

where  a  denotes  an  arbitrary  constant.     Consequently, 

a;  =  «  sin  (y/ju^  +  a),  (23) 

where  a,  a  are  arbitrary  constants,  to  be  determined  in  each 
case  by  the  conditions  of  the  problem. 

It  may  be  observed  that  a;  is  a  simple  harmonic  function 
of  the  time  (Art.  86). 

The  preceding  solution  admits  of  being  also  written  in 
the  form 

X  =  (7  cos  v^/i  t+C  sin  y/jj,  t,  (24) 

where  C  and  C  are  two  arbitrary  constants.  Either  of  the 
latter  equations  may  be  regarded  as  the  complete  integral 
of  the  differential  equation 

d'x  _ 


Integration  of  --z  ±  jua?  =  0.  Ill 

at 

proceeding  as  before,  we  get 

in  which  a  is  an  arbitrary  constant, 

dx  ^     /- 

or  .^^^     dty^c; 

^y  x^  -  or 

therefore,   t^/Ji  +  a=  =  log  {x  +  ^x^  -  a^), 

J  ^x^  -  a^ 

in  which  a  is  an  arbitrary  constant. 

Hence  x  +  Votr"  -  a^  =  e'^^'^f^^  =  ^eV^, 

where  A  is  arbitrary. 
Again,  since 

{x  +  y/a?-  -  a'-)  (i»  -  y^ic'^  -  a^)  =  or. 


a" 


we  ffet  X  -  v/i^''  -  a^  =  —  e"^*^K 

A 

Adding,  we  obtain 

2 

2x  =  Ae'^^*+  -7e-^^\ 
A 

which  may  be  written  in  the  form 

X  =  Ce^'^  +  C'e-^\  (25) 

when  C  and  C  are  two  arbitrary  constants,  to  be  determined 
as  before,  by  the  conditions  of  the  problem  in  each  particular 
case. 
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108.  The  equation 

d'^x 

is  immediately  reducible  to  the  preceding,  for  it  may  be 
written 

d'^x        f       v\     ^ 

If  we  substitute  s  f or  a?  +  -,  this  becomes  y^  +  jus  =  0  ; 
consequently  we  have  ^  ^^^ 

x  =  —  +  C  cos  ^  v^  +  0'  sin  t  ^fj.. 
A* 

In  like  manner  the  solution  of 

d'x  . 

--^x^v  =  0 

is  a;  =  -  +  Ce^'~^  +  CV'^^. 

109.  Time  of  Oscillation  iu  Cycloid. — Eetuming 

a  *^ 

equation  (22),  Art.  106,  substituting  s  for  x,  and  ^  for  ^u,  in 

equation  (24),  we  find  for  its  integral 

s^coo.  Jit  ^c' sin  jfj.  (26) 

In  order  to  determine  the  constants  c  and  c',  suppose  the 
particle  to  start  from  rest,  at  the  distance  s'  from  the  ver- 
tex o  (measured   along  the  curve)  ;    then  we  have  s  =  s', 

dg  .  ^"^ 

and  —  =  0,  when  ^  =  0.     Making  these  substitutions  in  (26), 

at 

as  well  as  in  the  equation  derived  from  it  by  differentiation, 
we  get 

c  =  s%     and     c  =  0 ; 

therefore  s  =  s  cos  J~  t.  (27) 
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Again,  when  s  =  0,  we  get 


9_ 

2a 


IT  ,         TT 

2^  ""^=2 


2a_ 
9 


this  gives  the  time  of  descent  to  the  lowest  point.     If  T  de- 
note the  time  of  an  oscillation,  we  have 

T^.JI  (28) 

Since  this  result  is  independent  of  the  length  of  the  arc  of 
vibration,  it  follows  that  the  time  of  vibration  is  the  same  for 
all  arcs  of  the  cycloid,  and  the  property  of  tautochronism,  which 
in  the  circle  holds  only  for  very  small  arcs,  holds  in  all  cases 
for  the  cycloid  (compare  Art.  86). 

The  foregoing  value  of  T  is  the  same  as  that  for  a  small 
oscillation  in  a  vertical  circle  of  radius  2a.  Moreover,  as  2a 
is  the  radius  of  curvature  at  the  vertex  of  the  cycloid  {Biff. 
Calc,  Art.  276),  the  duration  of  an  oscillation  in  a  vertical 
cycloid..is  the  same  as  that  of  a  small  oscillation  in  the  circle 
which  osculates  it  at  its  lowest  point ;  as  is  manifest  also  from 
other  considerations. 

It  is  readily  seen  that  the  time  of  an  indefinitely  small 
oscillation  about  the  lowest  point  in  any  plane  vertical  curve  is 
the  same  as  that  in  the  osculating  circle  at  the  lowest  point ; 

and  its  duration  is  accordingly  represented  by  tt  I-,  where  p 

denotes  the  radius  of  curvature  at  the  point.  ^ 

110.  Conical  Pendulum. — Suppose  the  pendulum,  in- 
stead of  moving  in  a  vertical  plane,  to  describe 
a  right  cone  around  a  vertical  axis,  and  let 
P  be  the  position  of  the  revolving  particle  at 
any  instant;  0  the  point  of  suspension;  PiVthe 
perpendicular  let  fall  on  the  vertical  axis  ; 

op  =  i,   z.pojsr=d. 

Then  the  motion  of  P  may  be  considered  as  n 
taking  place  in  a  horizontal  circle,  whose  centre 
is  iV,  and  radius  PJV  or  /sin  0. 
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Now  in  order  that  this  motion  should  take  place  it  is 
necessary  that  the  resultant  of  the  tension  of  the  string  and 
the  weight  of  the  particle  should  act  along  PiV,  and  be  equal 
and  opposite  to  the  centrifugal  force ;  i.  e.  that  the  resultant  of 

the  weiffht  W,  and  the  centrifugal  force,  —  ,  .    ^,  should  act 
^  °  g    Isind 

in  the  line  OP.     This  gives 

W    v^ 
g  i&inu 

,^  =  glsme^=gl—^; 


therefore  v  =  sinO  /^.  (29) 

\  cos  a 

This  gives  the  velocity  in  terms  of  0  and  /. 

Again,  if  T  be  the  time  of  revolution,  we  have 


tJjlI^  =  2.J'-^^.  (30) 

This  determines  the  time  of  revolution  when  the  angle  0, 
which  the  pendulum  makes  during  the  motion  with  the  ver- 
tical, is  known.  It  is  evidently  the  same  as  that  of  a  double 
oscillation  in  a  simple  pendulum  of  length  /cos0  or  OJSf. 
The  tension  of  the  string  is  represented  by  WsecO.  The 
preceding  is  a  particular  case  of  the  motion  of  a  particle  on  a 
smooth  sphere,  which  will  be  considered  subsequently. 

111.  "Hyatt's  Crovernor. — The  principle  of  the  conical 
pendulum  was  employed  by  Watt  in  the  instrument  called  a 
governor,  for  the  purpose  of  regulating  the  supply  of  steam 
so  as  to  maintain,  approximately,  a  steady  motion  in  a  steam- 
engine.  Its  construction,  under  a  form  which  is  commonly 
employed,  is  as  follows : — 
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Let  AB  represent  a  vertical  spindle  rotating  with,  an 
angular  velocity,  whose  speed  is  so 
regulated  as  to  be  always  propor- 
tional to  that  of  the  machine.  CP 
and  CP'  are  rigid  rods,  jointed  at  C 
and  C  upon  the  revolving  spindle, 
and  having  massive  equal  balls  P  and 
P'  fixed  at  their  extremities.  FD  and 
F'D'  are  two  rods  also  jointed  at  D 
and  D'  to  the  rigid  rods,  and  jointed 
at  F  and  F'  to  a  collar,  moveable 
freely  on  the  spindle.  The  collar  at 
F,  sliding  freely  up  and  down  the 
spindle,  is  united  to  a  lever  which 
opens  or  closes  the  valve  that  regu- 
lates the  supply  of  steam  to  the 
cylinder  of  the  engine.  When  the  shaft  AB  turns  too  fast, 
the  balls  P  and  P'  fly  from  it,  raising  the  collar  P,  and 
thus  diminishing  the  supply  of  steam,  and  consequently  re- 
ducing the  speed.  For  a  more  complete  discussion  the 
student  is  referred  to  works  on  practical  mechanics. 

112.  Revolution  in  a  Vertical  Circle. — We  now  re- 
turn to  the  question  of  the  revolution  of  a  particle  in  a  vertical 
circle  under  the  action  of  gravity. 

Suppose  DB  to  be  the  horizontal  line 
to  the  distance  below  which  the  velocity 
at  any  point  is  due,  and  let  AD  =  h ;  then, 
by  Ait.  97,  the  velocity  at  any  point  P 
is  given  by  the  equation 

v^  =  2g[h  -AN]  =  2g{h  -  2a  sin'^l^), 
where  PCA  =  0. 


D 

R 

B 

^ 

\ 

C 

I 

?^ 

4 

^ 

/' 

Hence,  denoting  —  by  k"^,  and  substituting  (^"^  [-n]  for  v-. 


h 


we  get 


I  2 


4 
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therefore  -77  =  -  t  .  /  ~  a/1  -  ^'  sin^  ^0, 

dt         k\a  ^ 

in  which  k  is  less  than  unity. 

li  (p  =  /.  PBA  =  j:,  the  time  of  describing  any  arc  of  the 
circle  is  represented  by  the  definite  integral 

r-^^=.      (31) 

^j^  V^l  -F  sin^^ 

where  a  and  j3  are  the  values  of  ^  corresponding  to  the  ex- 
tremities of  the  arc. 

Comparing  the  result  here  given  with  Art.  104,  we  see 
that  the  time  of  describing  any  arc  of  a  circle  is  in  this  case 
in  a  constant  ratio  to  the  time  of  describing  a  corresponding 
arc  of  a  second  circle,  in  which  the  motion  is  oscillatory,  c  , 

The  time  of  describing  any  arc  of  the  circle  is,  in  general, 
an  elliptic  function.  There  is  one  case,  however,  in  which  it 
admits  of  a  simple  expression,  viz.,  where  BR  is  a  tangent  to 
the  circle,  as  in  Art.  105. 

In  this  case  we  have  A*  =  1,  and  the  definite  integral  be- 
comes 

=  log 


«cos^-    %an(^  +  §) 


The  time  of  motion  from  any  point  to  the  highest  point 
in  the  circle  becomes  infinite  in  this  case;  accordingly  the 
particle  would  continually  approach  the  highest  point  without 
ever  reaching  it. 

113.  Pressure  on  Curve. — If  m  denote  the  mass  of 
the  particle,  then  the  normal  pressure  R  on  the  circle  con- 
sists of  two  parts,  one  arising  from  the  centrifugal  pressure, 
the  other  from  the  weight ;  hence  we  get 

JK  =  w  —  +  wz^  cos  0 


where  CD  =  d. 


=  mg(^-^3cose\  (32) 
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At  the  lowest  point  this  becomes  mg{  —  +  3  J,  and  at  the 

highest  point  mg[ 3  ),  and  when  the  string  is  horizontal, 

2d  V«         / 

mg  -. 
a 

If  the  particle,  instead  of  moving  in  a  tube,  is  attached  by 
j  a  string,  of  length  a,  to  a  fixed  point  (7,  and  thus  constrained 
to  move  in  a  vertical  circle,  the  preceding  expression  gives 
the  tension  of  the  string  for  any  position.  As  long  as  the 
tension  is  positive  the  string  remains  stretched.  At  the  point 
where  jR  =  0  the  tension  vanishes,  and  the  particle  will  leave 
the  circle  and  proceed  to  describe  a  parabola.  It  is  immediately 
seen  that  the  distance  of  this  point  from  the  line  DR  is  one- 
third  of  CD  (see  fig.  of  last  Article). 

These  results  will  be  illustrated  by  the  following  ex- 
amples : — 

Examples. 

1 .  A  particle  slides  down  the  convex  side  of  a  vertical  circle  ;  determine  the 
point  at  which  it  will  leave  the  curve. 

Here,  since  the  velocity  at  the  highest  point  on  the  cii'cle  is  zero,  we  have 
^rc    <f— ^  ;  and  accordingly  the  point  at  which  i2  =  0  is  given  hy  the  equation 
cos  0  =  —  f .     The  geometrical  construction  is  evident. 

2.  A  particle  is  projected  from  the  lowest  point  along  the  inside  of  a  smooth 
vertical  circle ;  find  the  least  velocity  of  projection  in  order  that  the  particle 
should  make  a  complete  revolution  in  the  cii'cle.  Ans.  \lbaq. 

In  this  case  the  pressui-e  at  the  highest  point  is  zero,  and  at  every  other  point 
is  positive. 

3.  If  the  initial  velocity  he  less  than  that  in  the  preceding  example,  find 
the  point  P  at  which  the  particle  will  leave  the  circle,  and  where  it  will  strike 
it  again. 

The  construction  for  the  point  P  in  question  has  been  given  above. 
After  leaving  the  circle  the  particle  describes  a  parabola,  and  the  point  Q  in 
which  it  again  meets  the  circle  is  found  by  drawing  PQ,  making  with  the  ver- 
tical direction  an  angle  equal  to  that  which  the  tangent  at  P  makes  with  the 
vertical.  This  result  foUows  immediately  from  the  principle  that  the  vertical 
circle  osculates  the  parabolic  trajectory  at  P. 

4.  In  the  same  case  find  the  direction  of  motion  of  the  particle  at  the  instant 
it  retuins  to  the  circle. 

Ans.  tan  i8  =  |  tan  a,  where  ^  is  the  angle  the  required  direction  of  motion 
makes  with  the  vertical,  and  o  is  the  corresponding  angle  at  the 
point  P,  where  the  particle  leaves  the  circle. 
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0.  Find  the  velocity  of  projection  from  tlie  lowest  point  on  the  circle,  in 
order  that  the  particle  after  leaving  the  circle  should  meet  it  again  at  its  lowest 

6.  Show  that  the  solution  of  the  general  problem  of  finding  the  initial  velo- 
city, in  order  that  the  particle  after  leaving  the  circle  shall  meet  it  again  at  a 
given  point,  depends  on  the  trisection  of  an  arc. 

7.  A  material  particle  moves  in  a  circular  groove  on  a  smooth  inclined  plane  ; 
if  it  be  projected  fi-om  its  point  of  rest  with  a  velocity  just  sufiicient  to  cany  it 
to^the  highest  point  in  the  groove,  find  the  time  of  its  motion. 
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circle  touches  a  second  circle  at  0; 
and  PLj  QM  are  drawn  perpen- 
dicular to  the  radical  axis  of  the 
two  circles  :  to  prove  that 

PO'  :  QO'  =  PL  :  QM. 

Let  R  be  the  point  of  intersec- 
tion of  PQ  with  the  radical  axis ; 
then,  since  the  tangents  from  P  to 
the  circles  are  of  equal  length,  we 
have  EO^  =  PP.PQ; 


-A  chord  PQ  of  a 


therefore 


PQ:PO  =  PO:  PP. 


Consequently     QO  :  OP  =  PQ  :  RO, 

or  QO'' :  OP'  =  RQ'  iRQ.RP 

=  RQ:RP=  QM:  PL. 


(33) 


If  now  we  suppose  a  particle  to  describe  the  outer 
circle  with  a  velocity  due  to  the  level  LMy  and  P'Q'  be 
drawn  indefinitely  near  to  PQ,  touching  the  inner  circle, 
these  tangents  may  be  regarded  as  intersecting  in  0,  and  we 
accordingly  have 


PP^:  QQ'  =  PO  :  QO  =  yPL:  yQM. 

Again,  let  v,  v  be  the  velocities  of  the  particle  when  at  P 
and  Q  respectively;  then  v^  =  2gPL,    v'"  =  2gQM; 

therefore        v:v=  ^PL :  ^QM  =  PP' :  QQ\ 
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Hence  the  indefinitely  small  time  of  describing  PP"  is  the 
same  as  that  of  describing  QQ' ;  consequently  the  time  of 
motion  from  P  to  Q  is  the  same  as  that  from  P'  to  Q',  and 
hence  we  infer  that  the  time  is  the  same  for  the  description 
of  all  arcs  cut  off  by  tangents  drawn  to  the  inner  circle. 

Examples. 

1.  A  particle  is  moving  in  a  smooth  vertical  circle  under  the  action  of 
gravity  ;  the  time  of  description  of  a  variable  arc  of  the  circle  being  supposed 
constant,  show  that  the  envelope  of  its  chord  is  another  circle. 

2.  Show  that  if  the  time  of  motion  from  P  to  Q  be  the  same  as  that  from 
the  highest  to  the  lowest  point  on  the  circle,  the  line  FQ  always  passes  through 
a  fixed  point. 

3.  Two  particles  are  projected  from  the  same  point,  in  the  same  direction, . 
and  with  the  same  velocity,  but  at  different  instants,  in  a  smooth  circular  tube 
of  small  bore,  whose  plane  is  vertical.  Prove  that  the  line  joining  them  always 
touches  a  circle. 

4.  In  the  same  case,  if  the  particles  be  projected  in  opposite  directions,  the 
other  circumstances  being  unaltered,  prove  that  the  line  joining  their  positions 
always  touches  a  circle  ;  and  find  when  the  circle  becomes  a  fixed  point. 

5.  A  particle  is  moving  in  a  vertical  circle  under  the  actiop  of  gravity.  If 
three  points  X,  M,  N  be  taken  on  the  cii'cle,  find  a  fourth  point  P,  such  that  the 
time  of  motion  from  N  io  F  shall  be  equal  to  that  from  LtoM. 

6.  In  the  same  case  find  P  so  that  the  time  of  describing  NF  shall  be  double, 
or  any  given  midtiple  of  that  of  describing  L3f. 

7.  AB  is  the  vertical  diameter  of  a  fine  circular  tube  in  which  move  three 
equal  particles  P,  Q,  Qt  (modulus  of  restitution  =  1  for  any  pair) ;  F  starts  from 
A  and  Q,  Q\  in  opposite  senses  from  B  with  such  velocities  that  at  the  first 
impact  all  three  have  equal  velocities ;  prove  that  throughout  the  motion  the 
line  joining  any  pair  is  either  horizontal  or  passes  through  one  of  two  fixed 
points,  and  that  the  intervals  of  time  between  successive  impacts  are  all  equal. 

Camb.  Trip.,  1874. 

115.  Since  the  time  of  description,  under  the  action  of 
gravity,  of  any  arc  of  a  vertical  circle,  is  expressible  by  a  defi- 
nite integral  of  the  form 

[3  d(l) 


J  c 


^i  -  A'^  sin-<|) 

the  results  of  the  last  Article  have  important  applications  in 
the  theory  of  elliptic  functions.  For  example,  they  fui'nish 
us  with  simple  methods  for  the  addition,  subtraction,  and 
multiplication  of  such  functions,  depending  on  elementary 
properties  of  coaxal  circles.  This  connexion  was  first  pointed 
out  by  Jacobi  [Crelle's  Journal,  1828 ;  Liouville^s  Journal, 
1845). 
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Examples. 

1.  Prove  that  the  time  of  descending  any  small  arc  teiminated  at  the  lowest 
point  of  a  vertical  circle  is  to  the  time  down  its  chord  as  ir  :  4. 

2.  If  the  length  of  a  seconds  pendulum  be  39*14  inches;  find  the  con-e- 
sponding  value  of  g  to  two  places  of  decimals. 

3.  A  clock  loses  4  minutes  in  a  day ;  find  how  much  its  pendulum  should 
be  shortened  ia  order  that  it  may  keep  correct  time.         Ans.  Its  xioth  part. 

4.  Assuming  the  length  L  in  inches  of  a  seconds  pendulum  at  the  latitude  A. 
to  be  given  by  the  formula 

Z  =  39-118-1^0- cos  2a; 

find  the  ratio  of  the  difference  between  the  values  of  polar  and  equatorial  gravity 
to  equatorial  gravity.  Ans.  rair^re- 

5.  Find  the  correction  in  the  time  of  vibration  of  a  circular  pendulum  when 
the  amplitude  of  the  vibration  is  30°. 

6.  If  two  particles  be  connected  by  an  inextensiblc  string,  and  if  one  be 
made  to  move  as  if  imder  the  action  of  a  constant  force  ;  prove  that  the  relative 
motion  of  the  other  is  that  of  a  simple  pendulum. 

7.  A  series  of  smooth  circles  in  a  vertical  plane  have  a  common  highest 
point ;  a  particle  starting  at  this  point  slides  down  the  convex  side  of  each  circle; 
find  the  locus  of  the  points  where  the  particles  leave  the  circles. 

8.  A  mass  m,  after  sliding  down  the  inner  surface  of  a  smooth  hemispherical 
bowl,  strikes  a  mass  m'  placed  at  the  lowest  point  of  the  bowl.  If  both  bodies 
be  perfectly  elastic,  find  the  heights  to  which  they  respectively  ascend  after 
collision. 

9.  If  the  length  of  a  conical  pendulum  be  1  foot,  and  the  weight  attached 
to  its  extremity  be  lib.  ;  find  approximately  the  tension  of  the  connecting  wire 
when  the  time  of  its  revolution  is  one  second.  Find  also  approximately  the 
angle  which  the  revolving  wiie  makes  with  the  vertical  spindle. 

Ans.    Tension  =  — -  lb.  ;  cos0  =  -^. 
g         '  4Tr2 

10.  Investigate  the  motion  of  a  cycloidal  pendulum  when  acted  on  by  a 
constant  force/,  always  in  a  direction  opposite  to  that  of  its  motion,  in  addition 
to  the  force  of  gravity. 

Here  the  equation  of  motion  is 


and  we  get,  by  Art.  108, 


-  +  .cos^-^  +  o   sm^- 
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ds 
If,  wlien     t  =  0,     s  =  s'    and    ;^  =  0,     we  get 


2a 


2a 


J^  .  .  ...  /2a 

—  ^  =  TT ;  accordingly  the  time  of  an  oscillation  'is,  it  A  —  ; 

the  same  as  when  unresisted. 

11.  A  heavy  particle  is  connected  by  an  inextensible  string,  3  feet  long, 
to  a  fixed  point,  and  describes  a  cii'cle  in  a  vertical  plane  about  that  point, 
making  600  revolutions  per  minute ;  find,  approximately,  the  ratios  of  the  ten- 
sions of  the  string  when  the  particle  is  at  the  highest  -and  lowest  points,  and 
when  the  string  is  horizontal. 

12.  A  body  hangs  freely  from  a  fixed  point  by  an  inextensible  string  2  feet 
in  length.  It  is  projected  in  a  horizontal  direction  with  a  velocity  of  20  feet 
per  second.  Compare  the  tensions  at  the  highest  and  lowest  points  of  the  circle 
which  is  described,  assuming  g  =  32,  Ans.  29  :  5. 

13.  Show  that  the  time  of  a  small  oscillation  of  a  pendulum  which  vibrates 
in  the  air  is  unaffected  by  its  resistance. 

The  resistance  is  usually  assumed  to  vary  as  the  square  of  the  velocity.     It 

(dQ  \  ^ 
—  j  ,  where  /a  is  a  very 

small  fraction ;  hence  in  this  case  the  equation  of  motion  may  be  written 


d^e      g  (ddV' 


de  •     .  // 

Smce  /u  is  small,  as  also  — ,  we  get  as  a  fii'st  approximation  6  —  a  cos  a/j^, 

—  J  ,   in  accordance  with  the 
method  of  successive  approximations,  the  differential  equation  becomes 


^ 
m 


or 


+  f0  =  /*a2|:sin3(^^|^  =|^^«2(l-cos2^^^), 
+  I  (e  -  i;ua2)  =  -  iU  I  a'  ^o&  2t^^j. 


dH 

dF 

dd 
The  integral  of  this,  subject  to  the  condition  that  0  =  a,  and  —  =  0,  when 


<  =  0,  IS 


dt 


e  =  \tia^^{a-  f  ^a2)  cos  t  Jj  +  io^^cos  2tJ^. 
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^         It  =  -  Jf  '^'Jli'- ' ""'  +  *""' "'^ ' yjf) ■ 

do 
Hence,  since  ^-  =  0  at  the  end  of  one  vibration,  if  T  be  the  corresponding^ 
at 

value  of  i,  we  have  sin  T^j  =0,  or  T='ir  J-.  Accordingly  the  duration  of 
the  oscillation  is  not  ajffected  by  the  resistance.      Also,  since  we  have  in  this 

case,  cos  t  Jj  =  -  1,  the  corresponding  value  of  0is  —  (o  -  f /i«")  5  accordingly 

the  resistance  of  the  air  reduces  the  amplitude  of  the  oscillation  by  ^fxar.  The 
successive  angles  of  oscillation  diminish  according  to  the  same  law,  but  the  time 
of  oscillation  remains  the  same  for  earfi. 


(     123     ) 


CHAPTEE  VI. 


WORK     AND     ENERGY 


116.  l^ork. — In  all  cases  where  force  is  employed  in  over- 
coming resistance  so  as  to  produce  motion,  work  is  said  to  be 
performed.  Hence  the  conception  of  work  involves  both 
motion  and  resistance  ;  and  therefore  a  corresponding  effort 
or  force  to  overcome  the  resistance.  In  general,  work  may 
be  defined  as  the  act  of  producing  a  change  in  the  configu- 
ration of  a  system  in  opposition  to  forces  which  resist  that 
change.  We  proceed  to  consider  how  the  amount  of  work 
performed  in  any  case  is  to  be  estimated. 

117.  measure  of  l^ork. — The  simplest  idea  of  work 
is  derived  from  raising  a  weight  through  a  vertical  height ; 
in  which  case  the  attracting  force  of  the  Earth  is  the  resistance 
overcome.  The  amount  of  work  in  such  cases  evidently  in- 
creases in  proportion  to  the  weight  of  the  body  rai&ed  and  to 
the  height  to  which  it  is  raised.  For  example,  the  work  done 
in  raising  one  ton  through  a  height  of  10  feet  is  ten  times 
that  of  raising  it  one  foot,  or  twenty  times  that  of  raising  one 
cwt.  through  10  feet ;  and  so  on  in  all  cases.  Hence  it  is 
readily  seen  that  the  work  performed  in  such  cases  is  measured 
by  the  product  of  the  iveight  into  the  height,  i.e.  by  Wh,  where 
^represents  the  number  of  units  in  the  weight,  and  h  that 
in  the  height. 

In  general,  if  we  confine  our  attention  to  a  single  point 
which  is  moved  in  direct  opposition  to  a  constant  resisting 
force,  the  work  done  is  estimated  by  the  product  of  the  force 
and  the  distance  through  which  the  point  is  moved,  i.e.  by  Ppy 
where  P  represents  the  force,  which  overcomes  the  equal  and 
opposite  resisting  force,  and  p  the  distance  passed  over. 

118.  Crraviiation  Unit  of  l^^ork. — From  the  ordi- 
nary units  adopted  in  this  country  we  derive  the  unit  of 
work  called  a  foot-pound,  i.e.  the  work  performed  in  raising 
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one  pound  through  one  foot  in  height.  This  is  the  unit 
usually  adopted  in  practical  local  application  of  work,  and  is 
called  the  Grravitation  Unit  of  Work  (Art.  64).  The  corre- 
sponding unit  in  the  metric  system  is  called  the  Mlogram- 
metre,  or  kgm.  That  is  the  work  of  raising  a  kilogramme 
through  the  height  of  a  metre.  A  kilogrammetre  is  7 '233 
foot  pounds.  The  unit  of  work  in  this  system  varies  slightly 
from  place  to  place  with  the  value  of  g,  and  this  should  be 
remembered  if  numerical  or  scientific  accuracy  were  required 
(Art.  38). 

119.  Absolute  Unit  of  'H^ork. — In  the  absolute  sys- 
tem the  unit  of  resistance  is  that  ah-eady  adopted  (Art.  63) 
as  the  unit  of  force.  Thus,  if  we  take  a  poundal  as  the  unit 
of  force,  the  corresponding  unit  of  work  is  that  done  by  a 
poundal  acting  through  a  foot.  This  is  sometimes  called  the 
foot-poundal.  It  is  obvious  that  a  foot-pound  is  g  times  a 
f oot-poundal ;  accordingly  any  result  in  the  former  system  is 
reducible  to  the  latter  at  any  place,  by  multiplying  by  the 
corresponding  value  of  g. 

Again,  adopting  the  definition  of  a  dyne  given  in  Art.  63, 
the  work  done  by  a  dyne  in  icorking  through  a  centimetre  is 
called  an  erg-,  and  a  foot-poundal  is  421,394  ergs. 

In  such  measurements  as  are  required  in  electrical  and 
magnetic  investigations,  the  absolute  unit  of  work  is  always 
adopted,  and  the  erg  is  the  unit  usually  employed. 

120.  Horse-power. — Although  in  our  definition  of 
work  we  have  taken  no  account  of  the  time  occupied  in  its 
performance,  yet  time  becomes  a  necessary  element  when  we 
come  to  compare  the  efficiency  of  different  agents.  For  in- 
stance, if  one  agent  working  uniformly  performs  an  amount 
of  work  in  one  hour  which  it  requires  another  5  hours  to 
accomplish,  the  former  is  said  to  be  five  times  as  efficient. 
In  comparing  the  work  done  by  a  steam-engine  or  other 
agent  we  usually  adopt  as  our  unit  the  horse-power  defined 
by  Watt. 

Thus  an  engine  is  said  to  be  of  one-horse  power  when  it 
is  capable  of  performing  33,000  foot-pounds  of  work  in  one 
minute  of  time,  or  550  foot-pounds  in  one  second,  and  so  on 
in  proportion. 
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Continental  writers  employ  horse-power  as  75  kgm.  per 
second,  which  is  542*475  foot-pounds. 

121.  Again,  the  work  performed  in  raising  a  body  of 
weight  W  to  any  height  h  is  the  same  whether  the  body 
be  raised  vertically  up  or  brought  up  by  any  other  course. 
The  whole  work  is  still  represented  by  Wh,  where  h  is  the  space 
through  which  the  weight  has  been  moved,  estimated  in  the 
vertical  direction,  i.  e.  in  that  in  which  the  resistance  of 
gravity  acts.  And,  generally,  the  work  done  by  any  uniform 
effort  or  force,  acting  in  a  constant  direction  against  an  equal 
and  opposite  force  P,  is  measured  by  the  product  of  the  force 
into  the  space  through  which  its  point  of  application  is  moved, 
estimated  in  the  direction  in  which  the  force  acts. 

Thus,  if  a  force  P  be  supposed  to  act  at  Ay  and  to  move  its 
point  of  application  to  B ;  then  if  BM  ^6  g  p 

drawn  perpendicular  to   AP,   the  work 
done  is  estimated  by  Pp,  or  by  PAs  .  cos  0, 


where.j9  =  -4Jf,  As  =  ^P,  and0  =  zP^if.    ^     ^ 

The  work  done  is,  accordingly,  regarded  as  positive  or 
negative  according  as  the  angle  0,  which  the  direction  of  the 
force  makes  with  that  of  the  motion,  is  acute  or  obtuse. 

If  0  =  ^TT,  the  direction  of  the  motion  is  perpendicular  to 
that  of  the  force,  and  the  work  done  is  zero. 

If  two  or  more  forces  act  on  a  system,  the  whole  work 
done  is  the  sum  of  the  works  done  by  each  force  separately. 

If  any  number  of  forces  be  in  equilibrium,  the  total  work 
done  by  them  for  any  displacement  is  zero :  from  this  the 
statical  principle  of  virtual  velocities  can  be  readily  deduced. 


Examples. 

1.  Prove  that  the  whole  work  done  in  raising  a  system  of  heavy  bodies,  each 
through  a  different  height,  is  the  same  as  that  of  raising  the  sum  of  the  weights 
through  a  height  equal  to  that  through  which  their  centre  of  gravity  is  raised. 

2.  Find  the  work  performed  in  moving  a  ton  along  100  yards  on  a  uniformly 
rough  horizontal  road,  the  coefficient  of  friction  being  -^q. 

Ans.  67,200  foot-pounds. 

3.  Show  that  the  same  work  is  expended  in  drawing  a  body  up  an  inclined 
plane,  subject  to  friction,  as  would  be  expended  upon  drawing  it  first  along  the 
base  of  the  plane  (supposing  the  coefficient  of  friction  the  same),  and  then  raising 
it  up  the  height  of  the  plane. 


126  Work  and  Energy. 

4.  What  time  will  10  men  take  to  pump  the  hold  of  a  Bhip  which  contains 
30,000  cubic  feet  of  water  ;  the  centre  of  gravity  of  the  water  being  14  feet 
below  the  point  of  discharge,  and  each  man  being  supposed  to  perform  1 600  foot- 
pounds per  minute,  assxmiing  the  weight  of  a  cubic  foot  of  water  to  be  62J  lbs.  ? 

Ans.  29  hrs.  10  mins. 

122.  l^ork  done  by  a  Variable  Force. — If  the  force 
be  not  constant,  we  suppose  the  path  described  by  its  point  of 
application  divided  into  infinitely  small  portions,  through 
each  of  which  the  force  may  be  considered  constant.  Hence, 
if  the  force  P  act  constantly  in  the  direction  of  the  displace- 
ment ds  of  its  point  of  application,  Pds  is  the  corresponding 
element  of  work,  and  the  total  work  in  moving  through  any 

space  s  is  represented  by  the  definite  integral      Pds. 

If  the  direction  of  P  makes  an  angle  d  with  ds,  the  cor- 
responding element  of  work  isPcos0(/s,  and  the  total  work, 


P  COS  Bds. 


Again,  let  cc,  y,  s,  be  at  any  instant  the  coordinates  of  the 
point  of  application  of  the  force  P,  referred  to  a  system  of 
rectangular  axes ;  and  let  X,  Y,  Z,  be  the  components  of  P 
parallel  to  the  coordinate  axes  respectively  ;  then  we  have 

Pcos  Bda  =  Xdx  +  Tdy  +  Zdz. 

Hence  the  total  work  done  by  P  in  moving  its  point  of 
application  from  one  point  to  another  is  represented  by 

J  {Xdx  +  Ydy  +  Zd%) 

taken  between  the  two  points. 

If  the  expression  Xdx  +  Tdy  +  Zdz  be  an  exact  diffe- 
rential, /.  e.  if 

X.dx  -^  Ydy  +  Zdz  =  du, 

where  i«  is  a  function  of  x,  y,  z,  then  the  integral 

J  {Xdx  +  Ydy  +  Zdz), 

taken  between  any  two  points,  is  a  function  of  the  coordinates 
of  those  points ;  and  the  work  done  is  accordingly  a  function 


Forces  directed  to  Fixed  Centres,  127 

of  the  extreme  coordinates  solely.  When  this  is  so,  the 
mutual  forces  between  the  parts  of  a  system  always  perform 
or  always  consume  the  same  amount  of  work  during  any 
motion  whatever  by  which  it  can  pass  from  the  one  particular 
configuration  to  the  other ;  hence  such  a  system  is  called  a 
conservative  system  of  forces.  In  general,  for  any  system  of 
forces  acting  at  different  points,  the  total  work  done  for  any 
finite  displacements  is  represented  by 

SjP^i?,  or  ^\[Xdx  +  Ydy  +  Zdz), 

where  the  summation  extends  to  all  the  forces  of  the  system. 
123.  Forces    directed   to    Fixed     Centres. — If   we 

suppose  the  force  F  to  act  from  a  fixed  centre,  and  if  r  be  the 
distance  of  its  point  of  application  from  the  centre,  then  the 
corresponding  element  of  work  is  represented  by  Fdr ;  and 
the  total  work,  when  the  point  is  moved  from  a  distance  /  to 

,  Fdr. 

If  i^  be  a  function  of  r  represented  by  ^'(r),  then  the  value 
of  this  integral  will  be 

In  the  law  of  attraction  which  holds  in  nature  we  have 
F=  --^\  and  the  expression  ju(  —  — A  represents  the  corre- 


r*  \}^       r  ^ 

spending  work,  in  moving  from  the  distance  /  to  the  dis- 
tance r". 

Hence  the  work  done  in  motion  from  an  infinite  distance 

to  the  distance  r  is  represented  by  -.     The  function  S  —  in 

the  case  of  the  ordinary  law  of  gravitation  is  called  the  poten- 
tial of  the  system  of  attracting  masses  at  the  point  from 
which  the  distances  are  measured. 

Again,  if  a  number  of  forces  F,  F\  F'\  &c.,  be  directed 
to  fixed  centres,  and  if  r,  r\  r'\  &c.,  be  the  corresponding 
distances,  then  the  total  work  is  represented  by 

lFdr  +  \Fd/  ^iF'dr"  +  &(i., 

taken  between  the  limiting  positions. 
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If  the  forces  be  each  a  known  function  of  the  distance 
from  the  corresponding  centre  of  force,  the  result  can,  in  ge- 
neral, be  immediately  integrated,  and  the  work  is  a  function 
of  the  initial  and  final  positions  of  the  points  of  application 
solely.  Consequently  such  a  system  of  forces  is  always  a 
conservative  system. 

Example. 

If  m,  m'  be  the  masses  of  two  particles  attracting  each  other  "with  a  force 

fi — T-,  where  r  is  their  distance  apart,  show  that  the  work  done  when  they  hare 

moved  from  an  infinite  distance  apart  to  the  distance  r  is  /jl . 

f 

124.  l^ork  done  by  a  S»tress. — If  two  equal  and  oppo- 
site forces,  each  represented 

by  F,  act  respectively  at  the  ^^ B 

points  A  and  By  to  find  the 
element  of  work  for  a  small 
displacement.      Suppose  A' 

and  B'  to  be  the  new  positions  for  an  indefinitely  small  dis- 
placement, and  let  fall  the  perpendiculars  A'M  and  B'JV 
on  the  line  AB ;  then  the  elements  of  work  are  represented 
by  F.  AM  and  F.  BN.  Hence  their  sum  is  F{AM+  BN) 
=  F[A'B'  -  AB),  or  i^As,  where  As  denotes  the  indefinitely 
small  change  in  the  distance  between  the  points  of  application 
of  the  forces. 

Hence,  if  the  points  A  and  B  be  rigidly  connected,  as  the 
distance  AB  is  invariable,  the  total  work  done  by  the  forces 
for  any  displacement  is  zero. 

Also  the  point  of  application  of  a  force  may  be  transferred 
from  any  one  point  to  any  other  on  its  line  of  action  without 
altering  the  work  done,  provided  the  distance  between  the 
two  points  is  invariable. 

The  pair  of  equal  and  opposite  forces  that  two  bodies 
exert  on  one  another  in  accordance  with  the  general  prin- 
ciple of  action  and  reaction  is  called  in  modern  treatises  a 
stress.  "When  the  forces  act  away  from  each  other,  as  in  the 
figure,  the  stress  is  called  a  tension ;  when  they  act  towards 
each  other  it  is  called  a  pressure. 
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Hence  the  work  done  by  a  stress  is  positive  or  negative 
according  as  the  change  of  distance  between  the  points  of 
application  is  in  the  direction  of  the  mutual  action  of  the 
forces  or  in  the  opposite  direction. 

Also  in  the  case  of  a  rigid  body  it  follows  that  the  total 
work  done  by  the  internal  forces  of  stress  is  alxcays  zero. 

125.  Body  with  a  Fixed  Axis. — To  find  the  work 
done  by  a  force  acting  on  a  body  which  is  capable  of  turning 
round  a  fixed  axis. 

Suppose  the   force    resolved   into  two   components,  one 
parallel,   the  other  perpendicular   to   the 
fixed   axis.      The  former   does   no   work, 
since  it  is  perpendicular  to  the  direction 
of  motion  of  every  point  in  the  body. 

Let  the  latter  component  be  repre- 
sented by  P,  and  suppose  it  to  act  in  the 
plane  of  the  paper ;  the  fixed  axis  being 
perpendicular  to  that  plane,  and  meeting  it  in  the  point  0. 
Let  N  be  the  foot  of  the  perpendicular  drawn  from  0  to  the 
line  of  action  of  P,  then  by  the  last  Article  we  may  take  N  as 
the  point  of  application  of  P. 

Suppose  now  the  body  to  receive  a  small  angular  displace- 
ment A§  round  the  fixed  axis  in  the  direction  of  the  arrow  ; 
then,  if  ON  =  j»,  the  displacement  of  N  will  be  ^A0,  and  the 
corresponding  element  of  work  isPjoA^,  or  A0  multiplied 
by  the  moment  of  P  with  respect  to  the  fixed  axis. 

Again,  if  we  suppose  a  pair  of  equal,  parallel,  and  opposite 
forces  to  act  on  the  rigid  body ;  then,  provided  the  plane  of 
the  pair  is  perpendicular  to  the  fixed  axis,  the  work  done  by 
the  pair  is  evidently,  from  what  precedes,  represented  by  the 
moment  of  the  pair  multiplied  by  the  small  angle  of  rotation. 
And  if  the  pair  continue  to  act  on  the  body,  the  work  done  by 
it  during  any  rotation  is  represented  by  the  product  of  the 
moment  of  the  pair  by  the  angle  in  circular  measure,  through 
which  the  body  has  rotated. 

Example. 

A  pivot  or  screw  turns  round  a  central  axis  and  presses  against  a  rough. 
plane ;  find  an  expression  for  the  work  expended  on  the  friction  which  acts  on 
the  circular  end  of  the  pivot  in  one  revolution  round  its  axis. 

K 
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Let  Q  denote  the  entire  normal  pressure  between  the  pivot  and  the  plane, 
fj.  the  coefficient  of  friction,  supposed  constant,  a  the  radius  of  the  end  of  the 
pivot.  This  end  may  be  regarded  as  consisting  of  an  indefinitely  great  number 
of  concentric  circular  rings.  If  r  be  the  radius  of  one  of  the  rings,  dr  its 
breadth,  then  the  area  of  the  ring  is  2irrdr,  and  the  corresponding  friction, 

taken  over  the  entire  ring,  is  represented  by  -—-rdr.    Hence  the  corresponding 

(t 

.    4:fxir  Q  ^ 

work  for  one  revolution  is  — - —  r-  dr.  Integratmg,  we  get  %irfi  Qa  for  the  en- 
tire work  expended.  In  this  investigation  the  normal  pressure  Q  has  been  sup- 
posed to  be  unifoimly  distributed  over  the  end  of  the  pivot. 

126.  Energy. — Energy  is  the  capacity  of  doing  work. 
For  instance,  a  spring  when  bent  by  pressure  contains  a  cer- 
tain amount  of  energy  stored  up  in  it ;  thus  the  mainspring 
of  a  watch,  by  the  energy  which  it  possesses,  maintains  the 
motions  of  the  works  until  that  energy  has  been  expended. 
Again,  a  quantity  of  air,  when  compressed  into  a  smaller  vo- 
lume, possesses  energy,  and  can  perform  work  when  occasion 
requires  ;  for  example,  in  projecting  a  bullet  from  an  air-gun. 
Also  a  raised  weight  is  said  to  possess  energy  and  is  capable 
of  doing  work.  For  instance,  the  motion  of  a  clock  is  main- 
tained by  the  energy  of  its  descending  weights.  This  energy 
of  a  weight  W  raised  to  a  height  h  above  the  ground  is 
measured  by  TF7/,  that  is,  by  the  work  it  is  capable  of  perform- 
ing by  its  descent  to  the  ground.  In  general,  when  the 
configuration  of  a  system  is  altered,  it  has  a  tendency  to 
return  to  its  former  state,  and  in  effecting  this  return  is 
capable  of  doing  a  certain  amount  of  work.  This  capacity 
of  doing  work,  arising  from  change  of  configuration  or  of  re- 
lative position  in  a  system,  is  called  potential  energy;  the  work 
employed  in  producing  this  change  being  in  a  sense  accu- 
mulated. For  example,  if  two  bodies  which  attract  one 
another  are  separated,  they  have  a  tendency  to  rush  together, 
and  in  so  doing  are  capable  of  overcoming  a  certain  amount 
of  resistance. 

Again,  a  body  in  motion  possesses  a  certain  amount  of 
energy  which  is  measured  by  the  work  it  is  capable  of  per- 
forming before  being  brought  to  rest.  This  latter  is  called 
the  Kinetic  energy  of  the  body.  We  proceed  to  consider  how 
its  amount  is  measured. 

127.  Measure  of  Kinetic  Energy. — The  measure  of 
the  kinetic  energy  of  the  mass  7n  moving,  without  rotation, 
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with  the  velocity  ^,  is  easily  found.  For,  suppose  the  mass 
acted  on  by  a  uniform  resistance  R  in  the  direction  of  its 
motion,  and  let  R  =  mf\  then,  if  v  be  the  initial  velocity, 
and  s  the  space  described  before  coming  to  rest,  we  have,  by 
Art.  36,  v^  =  2/s;  hence  ^mv^  =  Rs. 

Accordingly,  the  work  which  a  mass  m  moving  with  the 
velocity  v  is  capable  of  performing  before  being  brought  to 
rest  is  |m  v^.  Hence  its  kinetic  energy  is  equal  to  half  its  vis  viva, 
and  is  represented  by  ^mv"-. 

Examples. 

1.  A  train  of  60  tons,  moving  at  the  rate  of  15  miles  an  hour  on  a  horizontal 
railway,  runs,  when  the  steam  is  shut  off  and  the  breaks  applied,  through  a 
quarter  of  a  mile  before  stopping.  Find  in  lbs.  the  mean  resistance,  and  its  time 
of  action.  Ans.  770  lbs.;  2  minutes. 

2.  The  breadth  of  a  river  at  a  certain  place  is  100  yards,  its  mean  depth  is 
8  feet,  and  its  mean  velocity  3  miles  an  hour.  Calculate  its  horse  power,  assuming 
a  cubic  foot  of  water  to  weigh  62J  lbs. 

Here  the  quantity  of  water  which  passes  per  minute  is  633,600  cubic  feet ; 
and  the  required  answer  is  easily  seen  to  be  363  horse-power. 

3.  A  shot  of  1000  lbs.,  moving  at  1600  feet  per  second,  strikes  a  fixed  target. 
How  far  will  the  shot  penetrate,  the  target  exerting  on  it  an  average  pressure 
equal  to  the  weight  of  12,000  tons?  Ans.  1^  ft.,  approximately. 

4.  Determine  in  ergs  the  kinetic  energy  of  a  mass  of  one  hundred  pounds 
moving  with  a  velocity  of  one  foot  per  minute.  Ans.  5853. 

5.  A  heavy  particle  resting  on  a  rough  inclined  plane,  and  attached  by  a 
string  to  a  fixed  point  on  the  plane,  is  projected  from  the  lowest  point  of  the 
circle  in  which  it  moves  in  the  direction  of  the  tangent ;  {a)  find  the  velocity 
necessary  to  carry  the  string  to  a  horiaiontal  position  ;  {b)  If  the  paiiiclo 
descending  from  this  position  reach  the  lowest  point  and  remain  there,  deter- 
mine the  coefficient  of  friction. 

6.  A  ball  moving  with  a  velocity  of  1000  feet  per  second  has  its  velocity 
reduced  by  100  feet  in  passing  through  a  plank.  Through  how  many  such 
planks  would  it  pass  before  being  stopped  ;  assuming  the  same  amount  of  work 
to  be  performed  in  overcoming  the  resistance  of  each  plank.  Ans.  5i%. 

128.  Energy  due  to  a  Variable  Force.— If  a  va- 
riable force  F  act  at  the  centre  of  gravity  of  a  mass  m,  in 
the  direction  of  its  motion,  we  have,  by  Art.  Q7, 

^        dv  dv 

F='m-—  =  mv-rj 
dt  ds 

or  Fds  =  mv  dv ; 

K  2 
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accordingly,  if  Vo  and  Vi  be  the  initial  and  final  velocities  of  m, 
we  have 


im{V^'-Vo')  =  {'Fds.  (1) 

Jo 


From  this  we  infer  that  if  a  variable  force  F  act  on  a 
mass  m,  in  the  direction  of  its  motion,  the  work  done  by  it  is 
measured  by  half  the  corresponding  change  in  the  vis  viva  of 
the  moving  body,  or  by  the  change  in  its  kinetic  energy. 

In  general,  let  X,  F,  Z,  as  before,  denote  the  components 

parallel  to  the  axes  of  or,  y,  s,  acting  on  the  mass  w,  then,  by 

Art.  67,  we  have 

^         d'^x       ^        d'^y        „        drz 
X=m—,     Y-m^,      Z=m^. 


Multiply  the  first  by  dx,  the  second  by  dy,  and  the  third  by 
dz,  and  add ;  then 

Xdx+  Ydy  +  Zdz  =  ^^{^dx  +  -^  dy  +  ^Jz\ 

^dt)      \dtj       \dt^ 
=  ^md[v'). 
Hence,  if  Vq  and  Vx  be  the  initial  and  final  velocities, 

iw2(F,'  -  Fo')  =  \{Xdx  +  Ydy  +  Zdz), 

the  integral  being  taken  from  the  initial  to  the  final  position 
of  the  point.  Hence  we  infer  that  in  this  case  also  the  work 
done  by  the  forces  during  any  motion  is  equal  to  half  the 
change  in  the  kinetic  energy  of  the  moving  mass. 

If  after  the  lapse  of  any  time  the  velocity  of  m  become 
equal  to  its  original  value,  the  work  done  in  that  interval  by 
the  forces  which  accelerate  the  motion  is  equal  to  that  done  by 
the  forces  which  retard  it. 

In  the  case  of  a  central  force,  represented,  as  in  Art.  123, 
by  ^'(r),  we  readily  obtain  the  equation 

im(^^-t;'=)  =  ^(r)-0(/),  (2) 

where  v  denotes  the  velocity  at  the  distance  r'  from  the  centre 
of force. 

Again,  in  any  conservative  system  of  forces  the  change  of 
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kinetic  energy  in  the  motion,  under  the  action  of  the  forces, 
from  any  one  point  to  any  other,  is  a  function  of  the  co- 
ordinates of  the  points,  and  is  independent  of  the  path 
described. 

129.  Equation  of  Energy. — In  general,  if  we  suppose 
any  free  rigid  body  acted  on  by  external  forces,  then  the  total 
work  done  by  the  external  forces  during  any  time  is  equal  to 
the  corresponding  change  of  the  kinetic  energy  of  the  body. 

For  each  particle  of  the  body  moves  in  the  same  man- 
ner as  if  it  were  free,  and  acted  on  by  forces  equal  to  those 
which  result  from  its  connexion  with  the  other  particles. 
Hence,  by  what  precedes,  the  change  in  the  kinetic  energy 
of  the  particle  is  equal  to  the  work  done  on  it  by  the 
external  forces,  together  with  the  work  due  to  the  action  of 
the  other  particles  of  the  body  on  it.  Accordingly,  the  total 
change  in  the  kinetic  energy  of  the  rigid  body  in  any  time  is 
measured  by  the  work  done  by  the  external  forces  in  that 
time,  since,  by  Art.  124,  the  internal  forces  in  this  case  do 
no  work,  and  equation  (2)  may  be  written  in  the  generalized 
form 

i  ^m{v'  -  Vo')  =  '2.l[Xdx  +  Ydy  +  Zdz),  (3) 

taken  between  proper  limits,  in  which  the  sign  of  summation, 
S,  is  extended  to  each  element  in  the  body. 

Examples. 

1.  A  locomotive  of  10  tons,  setting  out  from  rest,  acquires  a  velocity  of 
20  miles  an  hour  on  a  horizontal  railway,  after  running  through  a  mile  under 
the  action  of  a  constant  pressure.  Calculate  in  pounds  the  difference  hetween 
the  moving  and  retarding  forces,  approximately.  Ans.  57. 

2.  A  50  Ih.  hall,  after  traversing  the  harrel  of  a  gun  of  5  feet  length,  leaves 
it  with  a  velocity  of  600  feet  per  second.  Find  approximately  the  difference 
hetween  the  mean  explosive  force  of  the  powder  and  mean  resistance  which  acts 
on  it.  Ans.  39062-5  Ihs. 

3.  A  uniform  hlock  of  given  dimensions  stands,  with  one  face  perpendicular 
to  the  direction  of  motion,  on  a  railway  truck,  which  is  suddenly  stopped.  If 
the  block  he  prevented  sHding  upon  the  truck,  detennine  the  speed  of  the  train 
so  that  the  block  shall  be  just  overturned. 

Here  the  kinetic  energy  of  the  block  is  expended  in  raising  its  centre  of 
gravity  until  it  is  vertically  over  the  edge  round  which  the  block  turns.  Accord- 
ingly, if  a  be  the  height  of  the  block,  and  b  the  length  of  its  edge  which  lies  in 
the  direction  of  motion,  the  required  velocity  v  is  given  by  the  equation 

v2=^(Va2+  b"^  -  a). 
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4.  A  catapult  is  formed  by  fixing  the  ends  of  an  elastic  stiing  (natural  length 
2^)  at  points  Jk  and  A',  at  a  short  distance  apart  on  a  horizontal  plane.  A  bullet 
placed  at  the  middle  point  of  the  string,  is  di-awn  back  at  right  angles  to  AA' 
(stretched  length  =  21'),  and  let  go  when  the  string  is  on  the  point  of  breaking. 
Prove  that  the  velocity  V  of  the  bullet  when  it  leaves  the  string  is  independent 
of  the  distance  AA',  and  is  to  the  velocity  V  it  would  have  acquired  in  falling 
through  the  vertical  space  I'  —  I  in  the  sub-duplicate  ratio  of  the  greatest  strain 
W  the  string  can  bear  to  the  weight  W  of  the  buUet.  Mr.  Whitworth,  Educ. 
Times. 

Let  V  be  the  velocity  of  the  bullet,  and  2r  the  length  of  the  string  at  any 
instant  during  the  motion  ;  then  adopting  Hooke's  law,  that  the  tension  of  the 
stiing  varies  directly  as  its  extension,  the  equation  of  work  becomes 

W  fi'    W 

7  ^'  =  *  J,  ir:ri  ('•  -  0  ^'-  =  2  w  (r  -  /), 

or  WV'  =  2y  {V  -l)W'  =  W  V'-. 

5.  The  following  extension  of  the  last  question  is  given  by  Mr.  Townsend. 
If  in  place  of  a  single  cord  there  be  n  uniform  cords,  of  the  common  unextended 
length  21,  attached  to  as  many  pairs  of  diametrically  opposite  points  on  the  cir- 
cumference of  a  fixed  circle,  and  all  drawing  the  bullet  along  the  axis  of  the  cone 
of  which  the  circle  is  the  base,  and  the  bullet  at  the  vertex,  then  we  shall  have 

TFV^  =  2ng  W  {V  -  I)  =  W  V'% 

where  V  is  the  velocity  due  to  the  height  n{l'  -  t). 

130.  Energy  of  Rotation. — To  find  the  kinetic  energy 

of  a  rigid  body  revolving  round  a  fixed  axis  with  an  angular 

.    .,     dO 
velocity  —  or  w. 

Let  r  be  the  distance  from  the  fixed  axis  of  any  element 
dm  of  the  body  ;  then  rcj  will  be  the  velocity  of  dm,  and 
accordingly  the  entire  vis  viva  of  the  body, 

'Stv'^dm  =  u}^'2,r^dm  =  u)-I,  (4) 

where  I  represents  the  moment  of  inertia  of  the  rigid  body 
relative  to  the  fixed  axis  {Int.  Calc,  Art.  196).  Thus  the 
kinetic  energy  required  is  J/w^. 

Examples. 

1.  The  rim  of  a  fly-wheel,  sp.  gr.  7"25,  performing  6  revolutions  per 
minute,  is  6  inches  thick,  and  its  inner  and  outer  radii  are  4  and  5  feet. respec- 
tively :  calculate  its  kinetic  energy  in  foot  pounds. 

Here  «  =  r>  ^^^  ^y  ^^^  raa^^^  of  the  fly-wheel  =  7*25  x  f  x  %2\.  ir  .lbs. 

Also  {Int.  Calc,  Art.  201),  I  =  M{^^) ;  hence  the  required  answer  is  805  foot 
pounds,  approximately. 
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2.  A  rod  of  umform  density  can  turn  freely  round  one  end ;  it  is  let  fall 
from  a  horizontal  position  ;  find  its  angular  velocity  when  it  is  passing  through 

the  vertical  position.  ^  \Zg      ^  .     ■■     ,        ,     „  , 

Ans.      I  — ,  where  a  is  the  length  of  the  rod. 

3.  Two  masses  JIf  and  M'  are  connected  as  in  Atwood's  machine  (Art,  71)  ; 
find  the  acceleration  when  the  mass  fi  of  the  revolving  pulley  is  taken  into 
account.  If  v  he  the  common  velocity  of  M  and  M'  at  any  instant,  and  fxk^  the 
moment  of  inertia  of  the  pulley,  then  the  entire  vis  viva  of  the  system  is  repre- 
sented by  (M  +  M')  v^  +  fik-M-. 

Hence,  if  z  be  the  distance  fallen  through  from  rest,  we  have 

(Jf  +  M')  «;2  +  /iA;2«3  =  2g{M-  M')  z. 
Also  V  =  aa; 

.'.  vmM+  M')a^  +  fxk'^}  =  2ffa^M-  M')z. 

Again,  the  acceleration  /  =  -—  =  v  —  ; 

therefo.0  /=     ^"M^^-^r) 


sncous  c 
g{M-M') 


a 


If  the  pulley  be  supposed  a  homogeneous  cylinder,  k'^  =  — ,  and /becomes 


4.  Find  in  the  same  case  the  tensions  of  the  strings. 

•     IM'a^  +  AiF  2.T/a2  +  ^F 

For  a  homogeneous  pulley  these  become 

,^         4ilf'+/i  ,     ,^,  4if+/* 


2  (if  +  if')  +  ill'  ^  2{M ^- M') -t  yC 

b.  A  homogeneous  cylinder,  of  weight  W,  is  rotating  round  its  axis,  sup- 
posed horizontal,  with  an  angular  velocity  <a  ;  find  to  what  height  it  is  capable  of 
raising  a  given  weight  F,  before  coming  to  rest. 

Ans.  •  -— ,  where  r  is  the  radius  of  the  cylinder. 

131.  Vis  Viva  of  any  ISysteni. — If  x,  ?/,  z  be  the  co- 
ordinates of  the  centre  of  gravity  of  any  moving  system  of 
masses  at  any  instant,  x,  y^  z  the  coordinates  of  the  element 
dm  at  the  same  instant ;  also,  if  E,  Vy  K  ^^  the  coordinates 
of  dm  relative  to  a  system  of  parallel  axes  drawn  through  the 
centre  of  gravity  ;  then,  as  in  Art.  14,  we  have,  adopting 
Newton's  notation, 

ic  =  ^'  +  ^,    y  =  ~y  ^  r\.    s-s-^; 
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consequently 

^v'dm  =  '2dm{{x  +  t)'  +  [j/  +  vY  +  (^  +  t)'] . 

Again,  if  V  he  the  velocity  of  the  centre  of  gravity,  and 
v'  the  velocity  of  dm  relative  to  the  centre  of  gravity,  v^^e  have 

also 

^tdm  =  0,     St^c/w  =  0,     ^tdm  =  0. 
Hence  we  get 

^v'dm  =  F=  ^dm  +  ^v'^dm.  (5) 

Accordingly,  the  vis  viva  of  the  system  at  any  instant 
consists  of  two  parts,  one  of  which  is  the  vis  viva  of  the  entire 
mass  supposed  concentrated  at  the  centre  of  gravity ;  the  other 
is  the  vis  viva  of  the  system  relative  to  the  centre  of  gravity 
regarded  as  a  fixed  point. 

Examples. 

1.  A  homogeneous  cylinder  rolls,  without  slipping,  down  a  rough  inclined 
plane,  under  the  action  of  gravity ;  investigate  the  motion. 

Since  the  motion  is  one  of  pure  rolling,  the  line  of  contact  of  the  cylinder 
and  plane  at  any  instant  may  be  regarded  as  fixed;  accordingly  the  friction, 
acting  along  the  plane,  does  no  work.  Also,  by  Art.  130,  the  kinetic  energy 
at  any  instant  is  represented  by  ^  ui^I,  where  /  is  the  moment  of  inertia  of  "Cixe 
cylinder  with  respect  to  the  edge  in  contact  with  the  plane.  But  /=  M{a?'  +  k"^) , 
where  a  is  the  radius  of  the  cylinder,  and  Mk"^  its  moment  of  inertia  relative  to 
the  axis  through  its  centre.     Hence  the  equation  of  work  gives 

Jlf««(a2  +  a;2)  =  IgMs  sin  t, 
where  s  is  the  space  down  the  plane  described  from  rest.      Consequently, 


0,2  = 


2gs  sint  ds 


Also,  —  =  f  =  «w ; 


rt2  +  A'2  '  at 

2  s  sin  i 


hence  |  —  I    =  — -— 

\dt)  a2  + 

therefore,  by  differentiation, 


d^s      a^g  sin  i 
^^  <i2  +  /;2  • 
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This  determines  the  acceleration  down  the  plane  to  he  constant.  Hence  the 
velocity  acquii-ed  and  the  space  described  in  any  time  can  at  once  be  determined. 
If  the  cylinder  be  homogeneous,  we  have  k^  =  ^a^  {Int.  Caic,  Art.  201),  and 
the  acceleration  /  in  this  case  is  f  ^  sin  i.  This  shows  that  the  velocity  of  the 
centre  of  gravity  of  the  cylinder  is  f  that  acquired  by  a  particle,  in  the  same 
time,  in  sliding  down  a  smooth  inclined  plane  of  the  same  inclination.  If  the 
cylinder  be  hollow  k  =  a,  and  accordingly  f=\g  sin  i. 

2.  A  mass  M  draws  up  another,  M',  on  the  wheel  and  axle;  find  the  motion. 
Let  a  be  the  radius  of  the  wheel,  a'  that  of  the  axle ;  then,  as  in  Ex.  2, 
Art.  130,  it  is  easily  seen  that  we  get 

-  J    {Map'  +  M'  a'2  +  (xk"-)  =  2g  {Ma  -  M'a')  6  +  const. 

Hence,  by  differentiation, 

d^e  _      g{Ma-  M'a') 
d^  ~  Ma^  +  M'a"^  +  /*A;2' 

=  0,; 
through  in  the  time  t, 


Accordingly,  if  0  =  0,  and  —  =  0,  when  <  =  0,  we  get  for  the  angle  turned 

at 


^      ,     ,       Ma -M'a' 


Ma^  +  M'a'^  +  fik^' 

3.  Find  the  tensions  of  the  strings  in  the  same  case. 

M'a' {a  +  a')  +  /xF  Ma  {a  +  a')  +  fik"^ 

^''*'         ^^Jlfa2  +  JfV2+/xF»     ^  ^  Ma^  +  M'a'^  +  fik^' 

4.  Find  the  velocity  acquired  by  the  centre  of  a  hoop  in  rolling  down  an  in- 
clined plane  of  height  h.  Ans.  '^gh. 

132.  ^^ork  done  by  an  Impulse. — If  a  mass  M 
moving  with  a  velocity  F  receives  an  impulse  in  the  direction 
of  its  motion,  and  if  V'  be  its  velocity  after  the  impulse,  then 
the  change  in  its  kinetic  energy  is 

iM{r'-  v)  =  M{v' -  r).j(r+  v). 

But  M[  V  -  V)  measures  the  impulse.  Hence  the  work 
done  by  the  impulse  is  measured  by  the  product  of  the 
momentum,  which  measures  the  impulse,  by  half  the  sum  of 
the  velocities  before  and  after  the  impulse. 

For  example,  a  bullet  m  in  passing  through  a  plank  expe- 
riences a  definite  amount  of  resistance,  measured  by  the 
thickness  and  by  the  resisting  force,  but  this  equals  half  the 
loss  of  vis  viva  of  the  bullet,  or 

^m iy  -  v^)  =  m{v  -  v)  .\[v  +  r'), 
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where  v  and  v  are  the  velocities  with  which  it  meets  and 
leaves  the  plank.  Hence  the  momentum  m  {v  -  v')  commu- 
nicated to  the  plank  varies  inversely  d,^  v  -\-  v  :  consequently 
the  greater  the  velocity  of  impact  the  less  the  momentum 
imparted.  This  explains  how  a  bullet  with  a  high  velocity 
can  pass  through  a  door  without  moving  it  on  its  hinges. 

133.  Compound  Pendulum. — A  solid  body  oscillating 
under  the  action  of  gravity,  around 
a  fixed  horizontal  axis,  is  called  a 
cofnpound pendulum.  The  motion  of 
such  a  body  is  readily  reduced  to 
that  of  the  corresponding  simple 
pendulum,  as  follows : 

Let  the  plane  of  the  paper  re- 
present that  in  which  the  motion  of 
G,  the  centre  of  gravity  of  the  body, 
takes  place,  and  let  0  be  the  point 
in  which  the  fixed  axis  intersects 
that  plane.  Draw  OY  vertically 
downwards,  and  let  GO  =  a,  M  =  mass  of  the  body.  Also 
let  lGOY^Q. 

Suppose  the  pendulum  to  start  from  rest,  when  0  =  a, 
then,  in  the  time  ^,  the  point  G  will  have  descended  through 
the  vertical  height  «(cos  Q  -  cos  a).  Also  the  vis  viva  of  the 
body  at  the  same  instant  (Art.  130)  is  represented  by 

Hence,  by  the  principle  of  work.  Art.  129,  we  have 

/( —  j  =  2Mga  (cos  B  -  cos  a). 

If  the  moment  of  inertia  /  be  represented  by  MK^j  the 
latter  equation  becomes 


K^i  —  \  =  2ga  (cos  0  -  cos  a). 


(6) 


where  K  is  the  radius  of  gyration  of  the  body  {Int.  CalCy 
Art.  197),  relative  to  the  axis  of  suspension. 
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Hence,  by  differentiation, 


-—-  +  ^  sm  ^  =  0. 


Comparing  this  with  the  corresponding  equation  for  the 
motion  of  a  simple  pendulum  (Art.  99),  we  see  that  the 
motion  is  the  same  as  that  of  a  simple  pendulum  of  length 

a 
Again,  if  Mk^  be  the  moment  of  inertia  relative  to  an  axis 
through  the  centre  of  inertia  parallel  to  the  axis  of  suspension, 
we  have  [Int.  Calc,  Art.  196), 

hence  I  =  — =  a  +  —,  (8) 

a  a 

The  point  0  is  called  the  centre  of  suspension.  If  06^  be 
produced  until  OC  =  I,  since  the  body  moves  as  if  its  entire 
mass  were  concentrated  at  the  point  (7,  that  point  is  called 
the  centre  of  oscillation.  Again,  if  through  G  a  right  line 
be  drawn  parallel  to  the  axis  of  suspension,  all  the  points  of 
this  line  move  like  the  point  (7,  i.  e,  as  if  they  were  freely 
suspended  from  the  axis  of  rotation.  This  line  is  called  the 
axis  of  oscillation. 

Again,  since  OG .  GC  =  /r,  the  axes  of  suspension  and 
oscillation  are  interchangeable,  i.e.  the  time  T  of  an  oscilla- 
tion is  the  same  for  both,  viz.,  T  =  ir  / . 

By  varying  the  axis  of  suspension  the  time  of  a  small 
oscillation  will  also,  in  general,  vary. 

For  parallel  axes,  T  obviously  is  a  minimum  when  a  =  k, 

J '2k 
— . 

In  order  that  this  should  be  the  smallest  possible,  the 
axis  of  suspension  must  be  parallel  to  that  axis  round  which 
the  moment  of  inertia  is  least  (Int.  Calc,  Art.  217). 
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If  the  axis  of  suspension  of  a  compound  pendulum  be 
inclined  at  an  angle  a  to  the  vertical,  it  is  readily  seen  that 
the  preceding  investigation  holds  good,  provided  g  sin  a  be 
substituted  for  g  throughout. 

Again,  as  in  Art.  99,  the  time  of  any  motion  of  a  com- 
pound pendulum  is  represented  by  an  elliptic  integral. 

Also  if  a  solid  body  make  a  complete  revolution  round  a 
horizontal  axis,  the  time  of  revolving  through  any  angle 
can  be  reduced  to  that  for  the  corresponding  oscillatory 
motion  of  a  particle. 

Examples. 

1.  A  unifonn  circular  plate,  of  radius  a,  makes  small  oscillations  about  a  hori- 
zontal tangent;  find  the  length  of  the  eqmvalent  simple  pendulum.   Ans.  fa. 

2.  Find  the  position  of  the  axis  with  respect  to  which  a  uniform  circular 
plate  will  oscillate  in  the  shortest  time. 

Ans.  The  axis  is  at  a  distance  of  half  the  radius  from  the  centre.     Length  of 
the  equivalent  pendulum  =  a. 

3.  Find  the  centre  of  oscillation  of  a  homogeneous  sphere,  of  radius  a,  oscil- 
lating round  a  horizontal  tangent  to  its  surface. 

Ans.   At  a  point  f «  below  the  centre. 

4.  Find  the  ratio  of  the  times  of  oscillation  of  a  homogeneous  solid  sphere, 
and  of  a  spherical  shell  of  equal  diameter,  each  being  taken  with  reference  to 
a  horizontal  tangent.  Ans.   V21  :  5. 

5.  A  sphere  of  radius  a  is  suspended  by  a  fine  wire  from  a  fixed  point,  at  a 
distance  I  from  its  centre ;  prove  that  the  time  of  a  small  oscillation  is  repre- 

ibP  +  2a2 
sented  by  irJ — — (1  +  ^sin^^a),  where  o  represents  the  amplitude  of 

the  vibration. 

6.  If  the  semiaxes  of  a  uniform  elliptic  disc  be  2  feet  and  1  foot,  and  it  be 
suspended  from  an  axis  perpendicular  to  its  plane  through  one  of  its  foci,  find 
the  time  of  a  complete  oscillation  under  gravity 

'     2y: 


Ans. 


Z_     /17 


134.  Determination   of  the    Force   of  Crravity. — 

We  have  already  seen  (Art.  101),  that  the  value  of  g  at  any 
place  can  be  determined  from  the  length  of  the  seconds  pen- 
dulum at  the  place.     To  apply  this  it  is  necessary  to  know 

the  numerical  value  of  . 

a 

Two  methods  have  been  devised  for  this  purpose — one 

employed  by  Borda,  Arago,  Biot,  and  others ;  the  other  first 
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used  by  Bohnenberger,  and  afterwards  brought  to  great  per- 
fection by  Captain  Kater. 

In  the  first  method  the  compound  pendulum,  supposed 
made  of  a  material  of  uniform  density,  has  such  a  shape  that 
its  radius  of  gyration  can  be  calculated  mathematically,  as 
also  the  distance  of  its  centre  of  inertia  from  the  fixed  axis. 

The  second  method  depends  on  the  reciprocity  of  the 
centres  of  suspension  and  oscillation. 

Kater's  compound  pendulum  consisted  of  a  heavy  bar 
having  two  apertures  at  opposite  sides  of  the  centre  of  inertia, 
through  which  knife  edges  passed,  on  either  of  which  the 
body  could  be  supported.  On  the  bar  was  placed  a  ring 
capable  of  being  moved  up  or  down  by  means  of  a  screw. 
Kater  moved  the  ring  until  the  times  of  oscillation  round  the 
two  axes  were  equal ;  in  which  case,  by  the  preceding,  the 
distance  between  the  axes  is  equal  to  the  length  of  the  equi- 
valent simple  pendulum.  The  distance,  /,  between  the  axes 
having  been  accurately  measured,  the  value  of  g  was  calcu- 

lated  from  the  formula  g  =  -^j^,  where  T  denotes  the  time  of 
an  oscillation. 

Kater  published  an  account  of  his  observations  in  the 
Philosophical  Transactions,  1818,  1819.  For  a  more  detailed 
account  of  this  method  the  reader  is  referred  to  Eouth's  Rigid 
Dynamics,  Arts.  100-108. 

135.  Motion  of  a  Rigid  Body  round  a  Fixed  i%xis. 
— In  general,  let  a  force  F,  in  a  direction  which  is  at  right 
angles  to  the  fixed  axis  act  on  a  body,  then  for  a  small 
angular  motion  dd  the  work  done  by  F  is,  by  Art.  125,  re- 
presented by  FpdO.  Again,  as  this  work  is  equal  to  the 
corresponding  change  in  the  kinetic  energy  of  the  body,  we 
have 


Hence  we  get 

d^d      Fp      Moment  of  impressed  force 
dt^      Mk^  Moment  of  inertia 


(9) 
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Examples. 

1.  A  uniform  circular  plate  of  1  foot  radius  and  1  cwt.  revolves  round  its 
axis  5  times  per  second ;  calculate  its  kinetic  energy  in  foot  pounds. 

Ans.  863,  approximately. 

2.  A  bent  lever  ACB  rests  in  equilibrium  when  AC\%  inclined  at  the  angle  a 
to  the  horizontal  line ;  show  that  when  this  arm  is  raised  to  the  horizontal  posi- 
tion it  will  fall  through  the  angle  2o,  C  being  supposed  fixed. 

3.  A  homogeneous  cylinder,  of  mass  M,  and  radius  a,  turns  round  a  hori- 
zontal axis;  a  fine  thread  is  wiapped  round  it,  and  has  a  mass  Jl/'  attached  to  its 
extremity.     Find  the  angular  velocity  of  the  cylinder  when  M'  has  descended 

through  the  height  h.  ^  .  iM' ffh 

Ans.  0-^  — 


a2(J/4  2M'y 

4.  A  right  cone  oscillates  round  a  horizontal  axis,  passing  through  its  vertex 
and  perpendicular  to  the  axis  of  the  cone ;  find  the  length  of  the  equivalent 
simple  pendulum. 

Ans.  — -; — ,  where  h  is  the  height  of  the  cone,  and  b  the  radius  of  its  base. 
oh 

5.  If  in  the  last  example  the  cone  be  let  fall  from  the  position  in  which  its 
axis  is  horizontal,  find  its  angular  velocity  when  in  the  lowest  position. 

Ans.  co^  =  — — . 

4^2  +  b^ 

6.  In  the  same  case  find  the  pressure  on  the  fixed  axis,  at  the  lowest  posi- 
tion of  the  body,  arising  from  centrifugal  force  (Art.  95). 

Ans.  — -  W—r: -,  where  7F  represents  the  weight  of  the  cone. 

2       4A''  +  0- 

7.  A  thin  beam,  whose  mass  is  Jf  and  length  2a,  moves  freely  about  one  ex- 
tremity attached  to  a  fixed  point  whose  distance  from  a  smooth  plane  is  b,  (b  <  2a)  : 
the  other  extremity  rests  on  the  plane,  the  inclination  of  which  is  o.  If  the 
beam  be  slightly  displaced  from  its  position  of  equilibrium,  detennine  the  time 
of  its  small  oscillations.  /  4^2  _  ^2 

Ans.    TTyJ- : — . 

^  3  a^  sin  a 
Indian  Civil  Service  Exam.,  1860. 

In  this  case  the  beam  may  be  regarded  as  turning  round  the  perpendicular  on 
the  plane. 

8.  A  bullet  weighing  50  grammes  is  fired  into  the  centre  of  a  target  with 
a  velocity  of  600  metres  a  second.  The  target  is  supposed  to  weigh  a  kilo- 
gramme, and  to  be  free  to  move.  Find,  in  kilogrammetres,  the  loss  of  energy 
in  the  impact. 

Lond.  Univ.,  1880.  Ans.  635-6. 

9.  When  the  weight  P  of  the  pulley  is  taken  into  account,  show  that  equa- 
tion (9),  Art.  74,  becomes 

in  which  the  pulley  is  supposed  to  be  of  imifonn  density  and  thickness. 
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10.  If  the  motion  of  a  solid  body  acted  on  by  attracting  forces  be  a  pure 
rotation,  tlie  velocity  w  of  rotation  at  any  instant  will  be  given  by  the  equation 

i¥--^2(„2_„=)  =  2(F-  Fo), 

where  V  represents  the  potential  of  the  attracting  forces. 

11.  A  hollow  cylinder  roUs  down  a  perfectly  rough  inclined  plane  in  10  mi- 
nutes ;  find  the  time  a  uniform  soUd  cylinder  would  take  to  roll  down  the  same 

P-^^^®-  Ans.  sVs  minutes. 

12.  The  particles  composing  a  homogeneous  sphere  of  mass  M  and  radius  r 

were  originally  at  an  infinite  distance  from  each  other.     Prove  that  the  work 

.      .    3  Jf 2 
done  by  theu'  mutual  attraction  is . 

13.  Apply  the  principle  of  work  to  the  investigation  of  the  loss  of  kinetic 
energy  in  the  collision  of  imperfectly  elastic  bodies,  in  terms  of  their  moduli  of 
elasticity. 

When  the  mass  M  is  in  collision  with  M',  by  the  third  law  of  motion,  the 
pressures  developed  in  the  two  are  always  equal  and  opposite.     If  P  denote  this 

P         P 

pressure  at  any  instant,  the  changes  in  velocity  in  that  instant  are  —  and  — . 

As  this  is  true  for  each  instant,  the  total  change  of  velocity  in  one  body  during 

any  portion  of  the  collision  will  be  to  the  total  change  of  velocity  in  the  other 

inversely  as  the  masses.     Hence,  as  before  (Art.  76),  we  have  for  the  common 

V  —  u      M' 
velocity  u,  at  the  instant  of  greatest  compression,  —  =  -— .    Again,  for  the 

velocities  v,  v'  after  impact,  MV  +  M'F'  =  Mv  +  M'v'.  Supposing  the  bodies 
imperfectly  elastic,  the  impressions  made  by  the  impact  are  only  pailially  done 
away  with  afterwards,  and  so  a  part  of  the  work  expended  on  them  is  lost,  as 
regards  motion  of  the  bodies.  Call  this  loss  of  work  JF,  then  the  equation  of 
energy  is 

MV^  +  M'  r'2  =  ify2  +  M'v'^  +  2TF. 

Let  P  be  the  pressure  or  the  opposite  resistance  which  produces  the  change 
of  foi-m,  and  let  s,  s'  be  the  amounts  of  the  compressions  in  the  two  bodies  in 
the  direction  of  impact ;  then  the  amount  of  work  employed  in  the  compression, 
since  the  resistance  P  gradually  increases  from  0  to  P,  is  ^P{s  +  s'). 

Again,  ii  E,  E'  be  the  moduli  of  elasticity,  I,  V  the  lengths,  and  c,  tr'  the 

cross  sections  of  the  impinging  bodies  ;  then,  by  Hooke's  law,  we  may  write 

PI  PI' 

s  =  — -,     s'  =  -—-,  ;  hence  the  quantity  of  work  employed  in  the  compression  of 
(xE  <j  E 

the  bodies  is  iP^  |        +  —-^^  j .     ^t  this  stage  the  two  have  the  same  velocity, 
\  <sE      a  E  I 

MV  +  M'  V 
u  =  — — — — —  ;  thus  we  have  for  the  loss  of  kinetic  energy  up  to  this 

MM' 

^{MV^  +  M'F'^)  -hu^M  +  M')  =  i{V -  V'X'^     ^,. 
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Equating  this  to  the  work,  we  can  find  the  greatest  pressure  F  which,  produced 
by  the  collision,  effects  the  change  in  form  of  the  two  bodies 


=  {r-r)^ 


MM'  ffEa'E' 


M+  M''  Iff'E'  +  I'aE 

Now  suppose  in  the  second  stage  of  the  collision  that  M  recovers  the  frac- 
tion n,  and  M'  the  fraction  n\  of  the  work  employed  in  change  of  form,  then 
the  work  lost  is 

7r=iP{(i-n).+  (l-w>'}=ip3|L__L  +  i__Lj. 
Putting  in  its  value  for  P  we  get 

"^  '  M  +  M'  WE'+J'ffE 

Comparing  with  Ex.  7,  p.  77,  we  may  therefore  write 

2  _  nla'E'  +  n'l'ffE 
^  WE'^VaE   ' 

Thus  for  two  bodies  of  eq^ual  elasticity  n  =  n'=  e^. 
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CHAPTEE   YII. 

CENTRAL    FORCES. 

Section  I. — Rectilinear  Motion. 

136.  Centre  of  Force. — We  next  proceed  to  consider 
motion  under  the  action  of  a  force  whose  direction  always 
passes  through  a  fixed  point,  and  whose  intensity  is  a  func- 
tion of  the  distance  from  that  point.  The  fixed  point  is 
called  the  Centre  of  Force  ;  and  the  force  is  said  to  be 
attractive  or  repulsive  according  as  it  is  directed  towards  or 
from  the  centre. 

If  we  assume  that  two  particles  of  equal  mass  placed  at 
the  same  distance  from  a  centre  of  attractive  force  are  equally 
attracted  towards  the  centre,  when  they  are  conceived  placed 
together,  the  whole  force  acting  on  them — considered  as  one 
mass — will  be  double  that  which  acts  on  one  of  the  particles. 
Similarly,  if  any  number  {n)  of  equal  particles  be  placed 
together,  the  whole  force  will  be  n  times  that  which  acts  on 
a  single  particle.  Hence  it  follows  that  in  such  cases  the 
whole  attracting  force  is  proportional  to  the  number  of  par- 
ticles, i.e.  to  the  mass  of  the  attracted  body — provided  the 
attracted  mass  be  of  such  small  dimensions  that  the  lines 
drawn  from  its  several  points  to  the  centre  of  force  may  be 
regarded  as  equal  and  parallel.  Accordingly  the  force,  in  this 
case,  is  proportional  to  the  attracted  mass,  and  consequently 
the  acceleration  produced  by  it  is  independent  of  the  mass 
attracted,  and  is  a  function  of  the  distance  from  the  centre 
of  force  only. 

137.  Attraction. — The  acceleration  due  to  an  attractive 
force,  at  any  distance,  is  called  the  attraction  of  the  force, 
and  is,  as  we  have  seen,  independent  of  the  mass  of  the 
attracted  particle.  Consequently  the  measure  of  an  attractive 
force  at  any  distance  is  the  velocity  per  second  which  the 
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central  force  could  generate  in  one  second,  in  its  own  direc- 
tion, if  it  were  conceived  to  act  uniformly  during  that  time. 
For  instance,  g,  i.  e.  the  velocity  acquired  in  one  second  by 
a  falling  body  (Art.  36),  measures  the  attractive  force  of  the 
Earth,  at  any  place,  and  is,  as  already  stated,  the  same  for 
all  bodies  at  that  place. 

138.  R-ectilinear  Hotion. — If  the  particle  acted  on  be 
originally  at  rest,  or  be  projected  in  the  line  joining  its  posi- 
tion to  the  centre  of  force,  its  motion  will  take  place  in  that 
right  line. 

Taking  this  line  for  the  axis  of  .r,  and  the  fixed  centre  as 
origin,  we  have  for  the  equation  of  motion  (Art.  21), 

—  =-i^  fll 

where  -F  represents  the  attraction  at  the  distance  x,  which  is 
taken  with  the  negative  sign  because  it  tends  to  diminish  the 
velocity. 

We  shall  illustrate  equation  (1)  by  applying  it  to  a  few 
elementary  cases. 

139.  Force  ITarying  as  the  Distance. — If  the  force 
be  proportional  to  the  distance  from  the  fixed  centre,  we 
may  assume  F  =  jux;  then,  for  attractive  forces,  the  equation 
of  motion  becomes 

d^x  drx 

df=-^^  or  -  +  ^^  =  0.  (2) 

This  equation  has  been  already  considered  in  Art.  107, 
and  accordingly  we  have 


X 


=  C  coat y/ij,  +  C sin  t y^/x.  (3) 


The  constants  C  and  C  are  determined  from  the  initial 
circumstances  of  the  motion. 

For  example,  if  the  particle  start  from  rest,  at  the  distance 

a  from  the  centre  of  force ;  then,  when  ^  =  0,  we  have  a?  =  a, 

dx 
and  -77=^''  this  gives 

C  =  a,  and  C  =  0 ; 
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and  consequently  x  =  a  cos  t  y^/x.     This  determines  the  posi- 
tion  of  the  particle  at  any  instant. 

Again,  if  {f-  f)  ^/jul  =  27r,  it  is  evident  that  the  values  of  x 

dx 
and  of  -TT  are  the  same  at  the  end  of  the  time  f  as  at  the 
at 

time  t :  this  shows  that  the  motion  is  oscillatory,  and  that  the 
time  of  a  complete  vibration  is  — — .     (Compare  Art.  109.) 

For  a  repulsive  force  the  equation  of  motion  is 

df  =  ^'''  (^) 

Accordingly  (Art.  107),  we  have 

X  =  Ce^'^f^  +  C'e~*'^^, 

To  determine  the  constants:  suppose,  as  in  the  former 
case,  the  particle  starts  from  rest,  at  the  distance  a  ;  then 

a=^C+C',  and  C  -  C  =  0. 
Hence  x  =  ■i-«(e^^'*  +  e'^'i^).  (5) 

140.  Inrerse  Siquare  of  Distance. — In  the   case  of 
the  law  of  nature,  in  which  the  attractive  force  varies  as  the 

inverse  square  of  the  distance,  we  have  F=  —^;  and  the  dif- 

X 

ferential  equation  of  motion  is 

df      x' 

Multiplying  by  2dxj  and  integrating,  we  get 

dxV     2fx 

— -     — -  =  const. 

dt  J       X 

L  2 
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Hence,  if  the  particle  be  supposed  to  start  from  rest,  at 
the  distance  a, 

This  equation  determines  the  velocity  at  any  distance 
from  the  centre  of  force. 

Again,  extracting  the  square  root,  and  transforming,  we 
get 

^%xdt=-^^^.  (7) 


J--- 

\x      a 


The  negative  sign  is  taken  since  in  the  motion  towards 
the  centre  of  force,  x  diminishes  as  t  increases. 

To  integrate  this  equation,  assume  x  =  aoos'^O ;  then 

/z  _  _  =  — —,  and  dx  =  -2a  sin0  cosddO; 
yx      a       s/ a 

consequently  ^/2iuidt  =  2a^  cos^  9  dO ; 

hence  t  =   /—  {6+  ^  sin  20)  +  constant. 

Again,  the  constant  vanishes,  since  t  and  0  vanish,  when 
X  =  a ; 

•■•   ^  =  JJ(^+isin20).  (8) 

Hence  the  time  of  motion  from  the  distance  a  to  the 
distance  x  is 

Also  the  time  of  motion  to  the  centre  of  force  is 

TT    la^ 
2^2ix' 
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Again,  if  the  body  be  supposed  to  start  from  an  indefi- 
nitely great  distance  we  have,  making  «  =  go  in  (6), 

v"  =  ?^.  (10) 

X 

141.  Application    to    the    Earth. — For   the   law   of 

nature,  it  is  easily  proved  that  the  attraction  of  a  homo- 
geneous sphere  is  the  same  as  if  its  mass  were  concentrated 
at  its  centre  (Minchin's  Statics,  Art.  244).  This  property 
holds  also  for  heterogeneous  spheres,  provided  the  density  at 
each  point  is  a  function  of  its  distance  from  the  centre  solely ; 
for  the  spheres  can  be  supposed  divided  into  an  indefinite 
number  of  homogeneous  spherical  shells,  each  of  which 
attracts  as  if  its  mass  were  concentrated  at  its  centre. 
Hence,  the  results  of  the  last  Article  can  be  readily  applied 
to  the  motion  of  a  body  falling  from  any  height  above  the 
Earth's  surface,  all  resistance  of  the  atmosphere  being  neg- 
lected. 

In  this  case  g  measures  the  Earth's  attraction  at  its  sur- 
face ;  hence,  if  It  denote  the  Earth's  radius,  we  have  fj.  =  gB', 
and  if  this  value  be  substituted  for  ij,  we  can  readily  deter- 
mine the  velocity  and  time  of  motion  in  any  particular  case. 

For  instance,  the  velocity  V  with  which  a  body  falling 
from  the  height  h  would  reach  the  surface  of  the  Earth  is 
given  by  the  equation 

.     ^  =  2^^.-  (") 

Also,  by  (9),  the  time  of  motion  in  seconds  is 


iR  +  h  IB  +  h   .        I    h  jh) 


where  R  and  h  are  expressed  in  feet. 
li  E  =  nh,  this  becomes 


h  (1  +  n)  {1  +  n    .    ^        1  J 

73-  ^ ^  l^-^  BUT'       +  1  . 
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When  n  is  a  large  number  tins  becomes,  approximately, 

5^  (12) 


If  the  body  be  supposed  to  start  from  an  infinite  distance, 
the  velocity  with  which  it  would  reach  the  Earth  is  given  by 
the  equation 

e  =  2gR.  (13) 

142.  Comparison  of  Attraction  of  Different 
l^plierical  Bodies. — Let  M,  M'  denote  the  masses  of  two 
spheres ;  ^,  S'  their  mean  densities ;  r,  /  their  radii  ;  /,  /'  their 
attractions  at  their  surfaces,  respectively :  then  we  have 

For  example,  if  D  be  the  mean  density  of  the  Earth,  and 
R  its  radius,  then/,  the  attraction  at  the  surface  of  a  planet 
of  radius  r  and  mean  density  S,  is  given  by  the  equation 

If  the  mean  densities  be  the  same  for  both,  we  have 

.         r 

If  we  assume  the  mean  density  of  the  Sun  to  be  one- 
fourth  that  of  the  Earth,  and  its  radius  104  times  that  of  the 
Earth,  then  the  velocity  acquired  in  one  second  by  a  falling 
body  at  the  Sun's  surface  is  approximately  represented  by  26g, 

In  the  case  of  the  mutual  attraction  of  two  spheres  it  is 
often  convenient  to  assume  the  origin  at  their  common 
centre  of  gravity,  which  remains  a  fixed  point  during  the 
motion.  For  instance,  if  two  equal  spheres,  each  of  radius  r, 
be  placed  at  a  given  distance  apart,  and  left  to  their  mutual 
attraction,  to  find  the  time  they  would  take  to  come  together. 

Let  2a  be  the  initial  distance  between  their  centres,  and 
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assume  the  origin  0  at  the  middle  point  of  the  line  Joining 
the  centres.      If  x  be  the  distance  of  the  centre  of  either 

sphere  from  0  at  any  time ;  then  -r-^  represents   the  corre- 

HlX 

spending  attraction,  and  the  time  required  is,  by  (9),  repre- 
sented by  the  expression 

J^(«<'os-'J^+yK«-'-))       (15) 

where  ju  can  be  determined  by  the  equation 

^  =  /-=     A- 
r"     ^     ^  BR' 


Examples. 

1.  If  A  be  the  height  due  to  the  velocity  Fat  the  Earth's  surface,  supposing 
its  attraction  constant,  and  H  the  corresponding  height  when  the  variation  of 
gravity  is  taken  into  account,  prove  that 

h      H~li' 

2.  If  a  man  weigh  10  stone  on  the  Earth's  surface,  calculate,  approximately, 
his  weight  if  he  were  transferred  to  the  surface  of  the  Sun. 

Ans.  1  ton,  13  cwt. 

3.  Calculate,  approximately,  the  velocity  with  which  a  body  falling  from  an 
indefinitely  great  distance  would  reach  the  surface  of  the  Earth  ;  neglecting  all 
forces  besides  the  Earth's  attraction,  and  assuming  E  =  4000  miles. 

Ans.  7  miles  per  second. 

4.  Calculate  in  like  manner  the  velocity  with  which  a  body  falling  from  an 
indefinitely  great  distance  would  reach  the  surface  of  the  Sun. 

A71S.  364  miles. 

5.  In  a  work  erroneously  attributed  to  Sir  Isaac  Newton,  it  is  stated,  that  if 
two  spheres,  each  one  foot  in  diameter,  and  of  a  like  nature  to  the  Earth,  were 
distant  by  but  the  fourth  part  of  an  inch,  they  would  not,  even  in  spaces  void  of 
resistance,  come  together  by  the  force  of  their  mutual  attraction  in  less  than  a 
month's  time. 

Investigate  the  truth  of  this  statement.  Sck.  Ex.,  1883. 

Equation  (15)  gives  in  this  case  for  the  time,  in  seconds, 


_  (49  .     ./1\  1   ) 

70DVu{3e'"'-'(7J+873!' 


8V3^ 
This  gives  about  6  minutes  and  38  seconds. 
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If  the  question  be  solved  on  the  assumption  that  the  attraction  is  constant 
diu'ing  the  motion,  and  equal  to  that  when  the  spheres  are  touching,  the  time 

required  is  readily  found  to  be,  approximately  =  100  Vll  =  5  m.  32  sees. 

It  may  be  observed  that  the  former  result  follows  from  this  immediately 
by  application  of  formula  (12). 

6.  Show  that  if  a  sphere,  of  the  same  density  as  the  Earth,  attract  a  par- 
ticle placed  at  the  «"*  part  of  its  radius  from  its  siu'face,  the  time  of  motion  to 
the  surface  is  the  same  as  that  of  a  particle  moving  to  the  Earth  from  a  distance 
equal  to  the  n^^  part  of  its  radius. 

7.  What  is  meant  by  the  Astronomical  Unit  of  Mass  ?  The  astronomical 
unit  of  mass  is  that  mass  which  attracts  a  particle  placed  at  the  unit  of  distance 
so  as  to  produce  in  it  the  imit  of  acceleration  in  the  unit  of  time. 

8.  If  a  foot  and  a  second  be  taken  as  the  units  of  length  and  time,  calculate 
approximately  the  niunber  of  pounds  in  the  astronomical  unit  of  mass. 

Let  M  denote  the  mass  of  the  Earth,  and  m  that  of  the  astronomical  unit, 
then  we  have 

M  M 

—  :  m  =  ff  :  1,      or      m=  — r, 

where  r  is  the  radius  of  the  Earth  in  feet.  Now  assuming  D,  the  mean  density 
of  the  Earth,  to  be  5|  that  of  water,  the  mass  of  a  mean  cubic  foot  of  the  Earth 
is  344  lbs.  approximately.  If  we  assume  the  radius  of  the  Earth  to  be  4000  miles, 
we  get 

Jif      4  irr 

—  =  -  —  X  344  =  961,000,000  lbs.,  approximately. 

9.  Taking  the  value  of  gravity  as  981  in  centimetres  and  seconds,  and  the 
Earth's  radius  as  6 '37  x  10^  centimetres:  find  the  Earth's  mass  in  astrono- 
mical units.  Ans.  398  x  10^^. 

143.  Force  any  Function  of  Distance. — If  the  force 
be  attractive  and  vary  inversely  as  the  n*^  power  of  the  dis- 
tance, the  equation  of  motion  becomes 

df      of" 

Multiply,  as  before,  by  2dv,  and  integrate  ;  then 

V/^V        2ju     1 

+  const.. 


dt  j      71-1  a?""' 


.       2)u       1  , 

or  v^  =  — ^  — -:  +  const. 

n  -  1  ic""^ 
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If  the  attracted  particle  start  from  rest  at  the  distance  a, 
we  have 

This  determines  the  velocity  at  any  distance  from  the 
centre. 

In  general,  if  i^=  ii^\x),  we  have 

and,  proceeding  as  before,  we  get 

dxV' 

-—  J  +  2iuLJ(j/{x)  dx  =  const. 

If  V  denote  the  velocity  at  the  distance  a,  this  gives 

v'-V'=2fi[<l>{a)-<p{x)}.  (17) 

If  the  body  start  from  rest  at  the  distance  a,  its  velocity  at 
any  distance  x  is  given  by  the  equation 

v'  =  2^{,p{a)-^{^)}.  (18) 

144.  Elastic  IStrings. — We  next  proceed  to  consider  a 
few  simple  cases  of  rectilinear  motion  for  heavy  bodies  at- 
tached to  elastic  strings. 

We  assume  in  all  cases  Hooke's  law,  that  the  tension 
of  the  string  is  proportional  to  its  extension  beyond  its  natural 
lengthy  to  be  appHcable  throughout  the  motion ;  and  we  neglect 
the  iveight  of  the  string. 

Let  us  commence  with  the  following  example  : — 

One  end  of  an  elastic  string  is  attached  to  a  fixed  point  on 
a  smooth  horizontal  table,  and  the  other  end  to  a  particle, 
of  mass  m,  on  the  table.  If  the  string  be  extended  beyond 
its  natural  length,  and  then  let  go,  to  find  the  subsequent 
motion  of  the  particle. 

Let  a  be  the  natural  length  of  the  string,  x  its  length  at 
any  instant  during  the  motion;  then  x  -  a  represents  its 
extension  at  that  instant. 


154  Rectilinear  Motion. 

Again,  let  h  represent  the  extension  when  we  suppose  the 
string  to  hang  freely  supporting  the  given  particle  ;  then,  by 
Hooke's  law,  the  tension  T  of  the  string  for  the  extension 
X -a  i  srepresented  by 

T=mg''^.  (19) 

Accordingly,  the  equation  of  motion  of  the  particle  is 

5.|(.-a)  =  0.  (20) 

Integrating,  we  have 

X  =  a  +  C  GOQ   Kt  +  C  sin   \j  t. 

To  determine  the  constants,  let  a  denote  the  initial  length 
of  the  string ;  then 

a'  =  a  -\-  C,  i.e.  C  =  a'  -a) 

dx 
also,  since  -77=^  when  ^  =  0,  we  have 

Consequently  x  =  a  -^  [a  -  a)  cos   /^^.  (21) 

This  gives  the  position  of  the  particle  so  long  as  the  string 
is  stretched,  i.  e.  so  long  as  x  is  greater  than  a. 

The  velocity  at  any  instant  is  given  by  the  equation 


1  = -(«'-«)  J  sin  J|. 


The  length  x  becomes  equal  to  ^,  or  the  string  regains  its 
natural  length,  and  the  tension  ceases  to  act  at  the  end  of 


the  time  - 


Meanwhile  the   velocity  has  increased  from  zero   and 
attained  its  maximum  value 


at  the  same  instant. 


-K-«)Jf. 
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The  particle  will  now  continue  to  move  uniformly  along 
the  table  with  this  velocity  until  it  arrives  at  the  same  dis- 
tance a  on  the  opposite  side  of  the  fixed  extremity  of  the 
string,  when  it  becomes  again  acted  on  by  the  retarding 
tension  of  the  string  ;  and  the  same  motion  will  be  repeated. 

145.  V^eight  liuspended  by  an  Elastic  IString. — 
We  shall  next  consider  the  vertical  oscillations  of  a  body,  of 
weight  TF,  attached  to  the  end  of  an  elastic  string,  which 
hangs  freely  from  a  fixed  point.  Suppose  the  body  depressed 
below  the  position  of  equilibrium,  and  then  set  at  liberty,  to 
investigate  the  subsequent  motion. 

As  before,  let  h  be  the  extension  of  the  string  due  to  the 
weight  W  \  c  its  extension  at  the  commencement  of  the 
motion ;  x  its  extension  at  any  instant ;  T  the  corresponding 
tension  of  the  string  :  then,  by  Hooke's  law,  we  have 

T=W-,  (22) 

and  the  differential  equation  of  motion  is  obviously 

S  +  ?(^-^)=0.  (23) 


df      b 
The  integral  of  this  is 


x=b+  Ccos    ~t  +  C 


'^^Jp- 


b 
To  determine  the  constants,  we  have,  when 

^  =  0,  X  =  c,   and   -^  =  0  ; 
at 

therefore  C  =  c-  b,    and    C  =  0. 

Consequently     x  =  b  -^  {c  -  b)  cos  \j  t.  (^^) 

There  are  two  cases  to  be  considered,  according  as  c  is 
less  or  greater  than  2b. 

(1).  Let  c  <  2b.     In  this  case  the  extension  x,  and  con- 
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sequently  the  tension  T,  can  never  vanish ;  and  the  body  will 
oscillate  up  and  down  through  the  distance  c  -  6,  on  both  sides 
of  the  position  of  equilibrium ;  the  time  of  an  oscillation 
being  represented  by 


^V7 


y 

(2).  Next,  let  c  >  2b.     In  this  case  ac  vanishes,  and  con- 
sequently T  also,  when 

b+  (c-b)  coaMt  =  0. 
The  corresponding  velocity  is  easily  found  to  be 


J 


^gc{c-2b) 


As  the  tension  of  the  string  vanishes  at  this  instant, 
the  body  may  be  regarded  as  projected  upwards  with  the 
foregoing  velocity.  The  height,  A,  to  which  it  would  ascend 
is  given  by  the  equation 

/.  =  ^(o-2J).  (25) 

The  body  will  afterwards  fall  to  the  origin,  and  the  subse- 
quent motion  will  be  as  before. 

146.  1^  eight  Dropped  from  a  Height. — Next  sup- 
pose the  weight  attached  to  the  string,  and  dropped  from  a 
height  /i,  vertically  above  the  lower  extremity  of  the  string 
when  hanging  freely  and  unstretched.  The  solution  is  con- 
tained in  the  preceding  investigation  :  for  the  maximum 
extension  c  of  the  string  is  given  by  (25),  and  is  represented  by 


c  =  b  +  yb{b  +  2h).  (26) 

In  practice  it  is  found  that  Hooke's  law  does  not  hold 
beyond  certain  limits,  which  are  attained  Jong  before  the 
string  is  broken.  It  is  interesting  to  consider  whether  in  any 
particular  case  the  string  will  be  broken  or  not  by  the  fall, 
assuming  Hooke's  law  still  to  hold. 

A  given  string  is  capable  of  supporting  only  a  certain 
weight,  called  its  breaking  weight.     Denote  this  weight  by  B  ; 
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then  e,  the  corresponding  extension  of  the  string,  is  found,  by 
Hooke's  law,  from 

W 

B^^e,  (27) 

and  the  string  will  break  or  not  according  as  the  maximum 
extension,  given  by  the  preceding  analysis,  is  greater  or  less 

than  e ;  that  is,  according  as  6  +  ^/h  {h  +  2h)  is  greater  or 
less  than  e. 

Again,  if  h  and  e  be  both  given,  the  least  height  of  fall,  h, 
in  order  that  the  string  should  break,  is  got  by  substituting  e 
fore  in  (25),  and  is 

k-'-^.  (28) 

Suppose  the  weight  W  to  be  the  w*'*  part  of  B,  i.  e.  let 
e  =  nh,  and  we  have  h  =  e  {^n  -  1). 

Thus,  for  instance,  a  weight  \  of  the  breaking  weight, 
dropped  from  the  height  c,  should  suffice  to  break  the  string. 

The  preceding  analysis  applies  also  to  the  vertical  oscil- 
lations of  rods  supporting  heavy  weights ;  and  many  interest- 
ing practical  questions  are  explained  thereby — for  instance, 
the  danger  to  the  stability  of  a  suspension  bridge  arising  from 
the  steady  march  of  troops  over  it. — See  Poncelet,  Mecanique 
Industrielle,  Arts.  332-345. 

Examples. 

1 .  A  heavy  particle  attached  to  a  fixed  point  by  an  elastic  string  is  allowed 

to  fall  freely  from  this  point.     Show  that  the  elastic  force  at  the  lowest  point  is 

given  by  the  equation 

„ ,         total  fall 

JF=2JF : 

extension  of  string 

where  TFis  the  weight  of  the  particle. 

2.  A  heavy  particle  attached  to  a  fixed  point  by  an  elastic  string  hangs 
freely,  stretclung  the  string  by  a  quantity  e.  It  is  drawn  down  by  an  addi- 
tional distance  /;  determine  the  height  to  which  it  will  rise  if  f^  —  e^  =  4a^, 
a  being  the  unstretched  length  of  the  string.  Ans.  2a. 

3.  A  heavy  body  is  attached  to  a  fixed  point  by  an  elastic  string,  which 
passes  through  a  fixed  ring,  the  natural  length  of  the  string  being  equal  to  the 
distance  between  the  ring  and  the  fixed  point. 

(a)  If  the  body  receive  an  impulse  it  will  describe  an  ellipse  round  the  place 
it  would  occupy  if  suspended  freely. 

(b)  When  does  this  ellipse  become  a  right  line  ? 
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4.  A  particle  is  attached  by  a  straight  elastic  string  to  a  centre  of  repulsive 
force,  the  intensity  of  which  varies  as  the  distance  ;  the  string  is  at  first  at  its 
natural  length.  Find  the  greatest  distance  from  the  centre  of  force  to  which 
the  particle  will  proceed,  and  the  time  the  string  takes  to  return  to  its  natural 
length. 

5.  Two  bodies,  TFand  W,  hang  at  rest,  being  attached  to  the  lower  end  of  a 
fine  elastic  string,  whose  upper  end  is  fixed  ;  supposing  one  of  them,  W  to  drop 
off,  find  the  subsequent  motion  of  the  other. 

Let  a  be  the  natural  length  of  the  string  ;  b  its  extension  of  length  for  the 
weight  TV;  c  that  for  the  weight  W;  then,  at  the  end  of  any  time  <,  from  the 
commencement  of  the  motion  x,  the  depth  of  W  below  the  fixed  point  is  given  by 


the  equation    x  =  a  +  b  -\-  e  cos  t 


Ji 


6.  Two  particles,  connected  by  a  fine  elastic  stiiag,  are  moving  in  the  direc- 
tion of  the  line  joining  them  with  equal  velocities,  their  distance  being  the 
natural  length  of  the  string :  if  the  hinder  particle  be  suddenly  stopped,  find 
how  far  the  other  will  move  before  it  begins  to  return. 

Section  II. — Central  Orbits. 

147.  Plane  of  Orbit. — If  we  suppose  a  particle  acted 
on  by  a  force  directed  to  a  fixed  centre  to  be  projected  in  any 
direction,  it  is  easily  seen  that  its  subsequent  path  will  lie 
in  the  plane  passing  through  the  centre  of  force  and  the 
direction  of  its  projection.  For,  since  the  force  acts  towards 
the  fixed  centre,  it  has  no  tendency  to  withdraw  the  particle 
from  that  plane  at  the  first  instant,  nor  at  any  subsequent 
instant  during  the  motion  ;  because  the  motion  of  the  particle 
at  each  instant  is  got  by  compounding  its  previous  motion 
with  that  due  to  the  central  force. 

We  shall  accordingly  take  this  plane,  called  the  j9/«we  of 
the  orbit,  as  the  plane  of  rectangular  coordinate  axes ;  the 
fixed  centre  of  force  being  the  origin  0. 

148.  DiflTerential  Equations  of  Motion, — Suppose 
the   force   attractive,   and    P  the  y 

position  of  the   attracted   particle 
at  the  end  of  any  time  t. 
Let 

ON=x,  PN=y,  OP=r,  lXOP=^0. 

Suppose   F   to    represent    the  o 
acceleration  due  to  the  attractive  force ;  then,  by  Art.  67,  we 
have 
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df  r 


$  =  -i^sin0  =  -i^^ 


u 


>■  (1) 


The  complete  determination  of  the  motion  for  any  law  of 
force  depends  on  the  solution  of  these  simultaneous  equations. 

In  the  case  of  a  repulsive  force  it  is  necessary  to  change 
the  sign  of  F. 

The  path  described  is  evidently  always  concave  to  the 
centre  of  force  for  attractive  forces,  and  convex  for  repulsive. 

149.  liaiiv  of  Direct  Distance. — There  is  one  case 
in  which  the  differential  equations  can  be  immediately  inte- 
grated, viz.,  when  the  force  varies  directly  as  the  distance 
from  the  fixed  centre.  ■ 

Let  F  =  fxr  ;  then,  for  attractive  forces,  we  have 

The  integrals  of  these  equations,  by  Art.  107,  may  be 
written 

a;  =  ^  cos  ^  -y/ju  +  JB  sin  ^y^ju  \ 

y  =  ^'cos  t  y^/z  +  5' sin  ^  y^  / 

The  arbitrary  constants  in  this,  as  in  all  other  cases,  can 
be  found  from  knowing  the  position,  velocity,  and  direction 
of  motion  at  the  first  instant. 

150.  Equation  of  Orbit,  and  Periodic  Time. — If 

we  solve  the  preceding  equations  for  cos  t^/ fi  and  sin  ^  >\//u, 
and  add  the  squares  of  the  results,  we  get 

{Ay  -  Axf  +  {By  -  B'xf  =  {AB^  -  BAJ.       (4) 

This  equation  represents  an  ellipse,  whose  centre  is  at  the 
centre  of  force. 
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Again,  ii  2ir  +  t  ^fx  be  substituted  for  t  y^  in  equa- 
tions (3)  the  values  of  x  and  y  remain  unaltered ;  hence,  if 
{f  -  t)  yZ/i  =  27r,  the  body  will  occupy  the  same  position  at  the 
end  of  the  time  t'  which  it  occupied  at  the  time  t.  Accord- 
ingly it  makes  a  complete  revolution  in  its  orbit  in  the  time 

represented  by  — — . 

This  is  called  the  periodic  time,  and  is  the  same  for  all 
orbits  round  the  same  centre  of  force,  since  it  depends  only  on 
/Lt,  the  intensity  of  the  central  force,  i.e.  the  acceleration  at 
the  unit  of  distance,  and  not  on  the  initial  conditions  of  the 
motion. 

151.  Determiiiatioii  of  tbe  Arbitrary  Constants. — 

Let  a,  h  be  the  coordinates  of  the  particle  at  the  instant 
from  which  the  time  is  reckoned,  V  the  initial  velocity,  and 
a  the  angle  which  the  initial  direction  of  motion  makes  with 
the  axis  of  x ;  then,  making  ^  =  0  in  equations  (3),  we  get 

Again,  by  differentiation,  we  have 


dx 
dt 

dy 


=  B ^/fi  cos  t*y fx  -  A  *yfx  sin  t >v/iu, 

^  =  jB'  a/ju  cos  t^fx  -  A'  ^fx  sin  t  y/ju. 
at 

Hence  F  cos  a  =  B^^/Jx,     Fsin  a  =  B^^fx; 

Vcoaa  -\ 

consequently  x  =  acoa t^/fx  +      'y=~ sin  t^fx 

F  sin  a 
y  =  bcos  t^ix  +        7=^  sin  t^u 

thus  the  position  of  the  particle  at  any  instant  is  determined. 
152.  Repulsive  Force. — Next,  if  the  force  be  repulsive 
the  equations  of  motion  are 

d^x  d'^y 


(5) 
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x=Ae*'^~^-^Be-*'^^) 
Hence,  as  before,  _  >  •  (6) 

y  =^V^^  +  B'e-'^'^  ) 

If  we  solve  for  e^^**  and  e~*^i^,  and  multiply  the  resulting 
values,  we  get 

{A'x  -  Ay)  {By  -  B^x)  =  {A'B  -  B'A)\  (7) 

This  represents  a  hyperbola,  having  the  lines 

A'x  -Ay  =  0,    By  -  B^x  =  0 

for  its  asymptotes.  The  constants  A^  B,  A\  B'  can  be  easily 
determined,  as  in  the  former  case,  whenever  the  initial  posi- 
tion, velocity,  and  direction  of  motion  are  given. 

Conversely  to  the  preceding  Articles,  it  can  be  readily 
shown  that  if  a  particle  describe  a  conic  under  the  action  of 
a  force  directed  to  its  centre,  the  force  varies  directly  as  the 
distance ;  and  is  attractive  for  an  ellipse,  and  repulsive  for  a 
hyperbola. 

153.  Several  Centres  of  Force. — The  results  arrived 
at  above  hold  for  the  motion  of  a  body  acted  on  by  any 
number  of  centres  of  force,  each  varying  directly  as  the  dis- 
tance. For  it  is  readily  seen  that,  in  this  case,  the  forces  are 
equivalent  to  a  single  force,  directed  to  the  centre  of  mean 
position  of  the  different  centres  of  force,  whose  intensity  or 
absolute  force  is  equal  to  the  sum  of  the  intensities  of  the  dif- 
ferent centres  of  force  (see  Minchin's  Statics,  Art.  17). 

In  like  manner,  if  we  suppose  each  particle  of  a  body  to 
attract  according  to  the  law  of  direct  distance,  its  total  at- 
traction is  the  same  as  if  its  entire  mass  were  concentrated 
at  its  centre  of  inertia. 

Hence  it  follows  that  if  two  bodies  mutually  attract, 
according  to  this  law,  they  will  describe  ellipses,  in  the  same 
periodic  time,  round  their  common  centre  of  inertia.  The 
same  holds  for  any  number  of  mutually  attracting  bodies. 

Examples. 

1.  Prove  ttat  the  yelocity  at  any  point  in  a  central  elliptic  orbit  varies 
directly  as  the  diameter  drawn  parallel  to  the  tangent  at  the  point. 

M 
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2.  In  the  case  of  a  repulsive  force,  varying  as  the  distance,  find  the  arbi- 
trary constants,  the  initial  conditions  being  supposed  the  same  as  in  Art.  151. 

Making  ^  =  0  in  equations  (6),  we  get    a  =  A  -V  B,     b  =  A'  +  B'. 

Again,  by  differentiation,  on  making  ^  =  0,  we  get 

rcosa=(^-^)ViI,      rsixia={A'  -B')'s/'^. 
Hence, 

3.  Find  the  condition  that  the  orbit  in  the  preceding  should  be  an  equilateral 
hyperbola.  Ans.   V^  =  {a^  +  i')/*. 

4.  A  particle  is  acted  on  by  four  equal  masses,  attracting  directly  as  the 
distance ;  find  its  orbit,  and  show  that  its  periodic  time  is  one-half  of  that  of 
a  particle  acted  on  by  one  of  the  masses  alone. 

5.  A  particle  is  attracted  to  one  fixed  centre,  and  repelled  by  another,  of 
equal  intensity,  each  varying  directly  at  the  distance.     Find  its  path. 

Ans.  A  parabola. 

6.  In  the  ellipse  described  freely  by  a  material  particle,  under  the  action  of  a 
central  force  varying  directly  as  the  distance,  determine  the  relation  connecting 
the  eccentric  angle  of  position  with  the  time  of  passage  through  any  point  on  the 
curve. 

7.  A  number  of  bodies,  which  describe  ellipses  about  the  centre  offeree  as 
centre  in  the  same  periodic  time,  are  projected  from  a  given  point  with  a  given 
velocity  in  different  directions  in  a  plane.  Prove  that  their  paths  will  all 
touch  a  fixed  ellipse  with  the  given  point  as  focus.     Camb.  Math.  Trip.  1876. 

8.  Being  given  the  centre  of  force,  a  point  in  the  orbit,  and  the  velocity  and 
direction  of  motion  at  that  point,  give  a  geometrical  construction  for  the  lengths 
and  positions  of  the  axes  major  and  minor  of  the  orbit. 

We  now  return  to  the  general  equations  of  motion  under 
Central  Forces. 

154.  Equable  Description  of  Areas. — In  equations  (1) 
if  the  first  be  multiplied  by  y,  and  the  second  by  x,  we  get  by 
subtraction 

cPy        d'x       -  d  f   dy         dx\ 

Hence  jA-y't^h, 

where  h  is  a  constant  independent  of  the  time. 
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Again  (Art.  105,  Diff.  Calc),  we  have 

dy        dx      ^dd 
^'di~'^'dt^^''~di'' 

therefore  r'  -—  =  h.  (8) 

dt  ^  ^ 

Hence,  if  A  denote  the  area  described  in  the  time  t  by  the 
radius  vector  r  drawn  to  the  particle,  we  have 

dt   "^V   dt)~  ^^'' 
therefore  A^lijit).  (9) 

No  constant  is  added  since  we  suppose  A  and  t  to  vanish 
together. 

If  we  suppose  ^  =  1,  we  infer  that  h  is  double  the  area 
described  by  the  radius  vector  in  the  unit  of  time. 

Conversely,  if  a  particle  move  in  a  plane,  and  describe 
equal  areas  in  equal  times  around  a  fixed  point  in  the  plane, 
then  the  entire  force  acting  on  it  at  each  instant  passes  through 
the  fixed  point  (compare  Art.  28). 

155.  Telocity  at  any  Point.— Again  (Art.  183,  Diff. 
Calc),  we  have 

ds  _    ^de 

^  dt  ~  ''  TV 

where  ds  denotes  the  element  of  the  path  described  in  the 
time  dt,  and  p  is  the  length  of  the  perpendicular  from  the 
centre  of  force  on  the  tangent  at  the  point.     Hence 

ds      ^     .    ,  ds 

where  v  denotes  the  velocity  at  the  instant ;  therefore 

V  =  -.  (10) 

P 

Accordingly  the  velocity  varies  inversely  as  the  perpen- 
dicular p. 

M  2 
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The  constant  h  can  be  determined  from  (10)  whenever  the 
velocity  V,  the  distance  R,  and  the  direction  of  motion  at  any 
point  of  the  path  of  the  particle,  are  known. 

For,  let  0  denote  the  angle  which  the  direction  of  motion, 
at  the  instant,  makes  with  the  radius  vector  R  ;  then  the  per- 
pendicular on  the  tangent  =  R  sin  <}!),  and  hence 

h=  VRsmtp,  (11) 

Equation  (10)  admits  of  another  form ;  for,  squaring,  it 
becomes 

v  =  —; 
P 

therefore  v'  =  h'  \t('  +  (^'\ ,  (12) 

where  w  =  -  [JDif.  Calc,  Art.  183). 

156.  UTewton's  Proof. — On  account  of  the  importance 
of  the  preceding  results  we  shall  give  the  method  by  which 
the  equable  description  of  areas  was  originally  established  by 
Newton. 

Let  the  whole  time  be  divided  into  a  number  of  equal  in- 
tervals. Then,  supposing 
no  force  to  act  on  the  body 
during  the  first  interval, 
it  would  describe  a  right 
line  ABf  uniformly,  in 
that  interval.  Likewise 
during  the  next  interval, 
if  no  force  act  on  it,  it 
would  describe  the  right  ^ 
line  Be,  in  the  direction  of, 
and  equal  to,  AB.  But  when  the  body  arrives  at  B,  suppose 
a  force  directed  to  S  to  act  on  it,  with  a  single  sudden  and 
great  imjmlse,  so  as  to  cause  the  body  to  deviate  from  the  right 
line  Be  J  and  to  proceed  along  the  line  BC.  To  find  the 
position  of  the  body  at  the  end  of  the  second  interval,  we 
draw  from  c  the  line  cC  parallel  to  BS  (the  direction  of  the 
force),  and  meeting  jBC  in  C ;  then  the  body  will  be  found  at 
C  at  the  end  of  this  interval.     Join  SO  and  Sc ;  then,  since 
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SB  and  Cc  are  parallel,  the  triangle  SBCis,  equal  to  SBc,  and 
therefore  equal  to  the  triangle  SAB.  In  like  manner  i),-E,  &c., 
the  positions  at  the  end  of  the  next  intervals,  can  be  deter- 
mined. Also  it  is  obvious  that  the  right  lines  AB,  BC^  CD^  &c., 
all  lie  in  the  same  plane,  and  the  triangles  SCD,  SDE,  &c., 
will  be  each  equal  to  SAB. 

Therefore  equal  areas  round  S  are  described  in  equal 
intervals  of  time ;  and,  componendo,  the  sum  of  the  areas 
described  are  proportional  to  the  time  of  their  description. 

If  now  we  suppose  the  number  of  intervals  of  time  in- 
creased, and  their  length  diminished  indefinitely,  the  path 
described  becomes  a  curved  line  ;  the  centripetal  force  by 
which  the  body  is  perpetually  deflected  from  the  tangent 
to  the  curve  will  act  continuously ;  and  the  areas  described 
round  S,  being  always  proportional  to  the  time  of  their  de- 
scription, will  be  so  in  this  case  also. 

The  other  results  of  the  preceding  Article  follow  likewise 
(Newton,  Lib.  I.,  Sec.  ii.,  Prop,  i.,  Principia). 

157.  Velocity  at  any  Distance. — In  equations  (1) 
if  we  multiply  the  first  by  2dx,  and  the  second  by  2dy, 
and  add,  we  get 

3^ rf«  +  2 ^ rfj,  =  _  2i^^-^^±i^  =  _  2Fdr. 
df  dt-  r 

Integrating,  we  gQt 

or  «;-  =  -2Ji^c^r  + const.  (13) 

By  aid  of  this  equation,  when  the  law  of  force  is  given, 
the  velocity  at  any  point  in  the  orbit  can  be  determined. 

Thus,  let  the  acceleration  F  be  any  function  of  the  dis- 
tance represented  by  ti<^\r),  then 

v^  =  -2^\ <p\r)  dr  +  const.  =  -  2jx<lt{r)  +  const. 

Again,  let  V  be  the  velocity  at  the  distance  B,  and  we 
get 

F^  =  -  2in(p{R)  +  const. ; 

therefore         r  -  F  =     2fi[<p{R)  -  <p (r) ) .  (14) 
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For  instance,  for  tlie  law  of  nature,  we  have 

^-r  =  2^(i-i).  (15) 

Hence  we  see  that  the  velocity  at  any  distance  from  the 
centre  of  force  is  independent  of  the  path  described,  and  is 
the  same  as  if  the  body  had  been  projected,  with  the  initial 
velocity,  directly  towards  the  centre  of  force  (compare  Art 
128). 

Again,  if  i^  =  -^,  we  have 

If  F  =  0,  when  M  =  co  ,  i.e.  if  the  velocity  at  any  point  in 
the  path  is  that  which  the  body  would  acquire  in  moving  from 
rest  from  an  infinitely  great  distance  towards  the  centre  of 
force,  we  have 

_2^    1 

n-l  r"-^  ^     ' 

For  instance,  if  the  force  vary  as  the  inverse  square  of  the 
distance,  we  have  in  this  case 

v'  =  ?^.  (18) 

r 

Again,  if  the  force  be  repulsive,  and  vary  directly  as  the 
n*^''  power  of  the  distance,  we  have  F=  -  fj.r'^,  and  (14)  be- 
comes 

^,2_^2  =  _?^  (r«^^-JK'^+n.  (19) 

n+1 ^  '  ^     ' 

If  P"  =  0  when  jR  =  0,  i.  e.  if  the  velocity  at  any  point  be  the 
same  as  that  acquired  in  moving  from  the  centre  of  force, 

v'  =  -^  r'''\  (20) 

n  +  1  ^     ' 
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7  2     /I 

158.  To  prove  the  relation  F=—^-^.  (21) 

p^  ar  ' 

Equation  (13)  gives,  by  differentiation, 

^    dr  ^     dr  \p~J     p"^  dr 

This  result  admits  of  a  useful  transformation  ;  for,  if  y 
denote  the  semichord  of  curvature  drawn  through  the  centre 
of  force,  we  have 

Hence  the  previous  equation  becomes 

F=-.  (22) 

7 

This  result  can  also  be  readily  deduced  from  the  consider- 

ation  that  the  centrifugal  acceleration,  — ,  at  any  point  in  the 

P 
orbit,  must  be  equal  and  opposite  to  the  component  of  the  cen- 
tral acceleration  taken  in  the  normal  direction  (Arts.  25,  87). 


Examples. 

1 .  Prove  that  the  velocity  at  any  point  in  a  central  orbit  is  the  same  as  that 
acquired  in  moving  from  rest  along  one-fourth  the  chord  of  curvature  at  the 
point,  under  the  action  of  a  constant  force,  equal  in  intensity  to  that  of  the 
central  force  at  the  point. 

2.  A  particle  describes  a  circle  freely  under  the  action  of  a  force  whose 
direction  is  constant :  determine  the  law  of  force. 

Taking  the  centre  of  the  circle  as  origin  of  rectangular  axes,  the  axis  of  y 
being  parallel  to  the  constant  direction  of  the  force,  we  have 

_=r,     -=0,     :c^  +  y^  =  a^; 

die  dx         dy 

.  dy  X 

hence  —  =  -  a  -  ; 

dt  y 
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.  _      d^i/       a   I    dy        dx\  o'a^ 

nence  T  =  — —  =  —  [x-^  —  v  —  1  = . 

df^      2/2  \   dt      ^  dt)  y^ 

3.  Apply  equation  (21)  to  find  the  law  of  force  directed  to  a  focua  in  an 
ellipse.     In  this  case  we  have 


i?«      b-^\r       7' 


\  dp       a  \  .  ^      ah^ 

•*•      "i:r=M^5  hence  J'=-—;. 

4.  Find  the  law  of  force  in  the  curve 

»•»>  =  a»»  cos  mu). 
Here  we  have  {Dif,  Calc,  Art.  190),    r'^+i  =  a»*p. 

(m  +  1)A2«2»» 


Hence  F  = 


y.2m<3 


5.  Prove  that  the  force  under  whose  action  a  hody  F  revolves  in  any  orbit 
about  a  centre  of  force  S  is  to  the  force  under  whose  action  the  same  body  F 
can  revolve  in  the  same  orbit,  in  the  same  time,  round  another  centre  of  force  jR, 
as  SF .  RP"^  :  SG'^,  where  SG  is  the  straight  Une  di-awn  from  S  parallel  to  RF, 
meeting  in  G  the  tangent  at  P  to  the  orbit.  Frincipia^  Sect,  ii.,  Prop,  vii.,  Cor.  3. 

d'^u  F 

159.  To  prove  the  Equation  -— -  +  m  = 


In  the  equation 

dr 
if  we  regard  r  as  a  function  of  0,  we  have 

C.J.      dQ  tr   d(v') . 

dr^  du    dd 

dd  dS 

Moreover,  from  (12),  we  have 

dCv"^)      ^,^duf        d'u 
=  ZIr  -t;  Uf  + 


dQ  dOK        dO' J 
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Substituting  in  the  preceding,  we  get 

dhi  F 

^  +  ^  =  ^.  (23) 

This  important  result  can  also  be  proved  as  follows  : — 
Substituting  -i^for  P,  in  equation  (9),  Art.  28,  we  get 

but  r(2J  =  A^«^Sby(8); 

. ,  dr     dr  dO      ,  „dr  .  du 

c?V         ,  d  fdu\        ^  dO  d'^u         „  ^dhi 
—A  -r..  \  =  -  h  —  -TT^  =  -  h^u^ 


' '  df         ^  dt  \d9j       '"  dt  dO'        '"  "'  dO'' 
consequently  F  =  h^ii^  i  -j^^  +  u). 

The  discussion  of  central  orbits  comprises  two  distinct 
classes  of  questions.  In  the  one  it  is  required  to  find  the 
equation  of  the  orbit  when  the  law  of  force  is  known  :  in  the 
other  the  orbit  described  is  given,  and  the  law  of  force, 
directed  to  a  fixed  point,  is  required. 

In  the  latter  case,  if  the  origin  be  taken  at   the  fixed 

centre  of  force,  the  equation  of  the  orbit  can,  in  general,  be 

d^u 
expressed  in  terms  of  u  and  6,  from  which  the  value  of  -tt, 

du^ 

can  be  determined ;  if  this  be  substituted  in  the  equation 

the  resulting  value  of  F  determines  the  required  law  of 
force. 
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160.  Application  to  Ellipse. — For  example,  to  find 
the  law  of  force  which  will  cause  a  particle  to  describe  an 
ellipse  round  a  centre  of  force  situated  in  one  of  its  foci. 

Here  the  equation  of  the  orbit  is 


1  +  e  cos  0 

where  L  is 

the  semi  latus-rectum. 

Hence 

d^u        e  cos 
dd^          L 

therefore 

d'u 

1 

and  consequently 

fJ'''\ 

K" 

a{l-  e)r'' 


(24) 


Accordingly  the  force  varies  inversely  as  the  square  of  the 
distance  from  the  centre  of  force. 


Examples. 

Find  the  law  of  force,  directed  to  the  origin,  in  the  following  curves  : — 
1.     r  =  aeo^.  2,     tc  =  ae<^  +  bcraS.  3.     r  =  aeoB  -f  he'<^6. 


Ans,     1.  and  2.  — .         Z.  F  =  -.{ ~ 


161.   Case    w^here  the  I^a^v   of  Force  is  Criven. — 

When  the  law  of  force  is  given,  the  determination  of  the  orbit 
depends  on  the  solution  of  a  differential  equation ;  for,  if 
F  =  ju0(t^),  equation  (23)  becomes 


d'^U  _    fJL  (}i{u) 


+  «^  =  £  ^-  (25) 
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This  equation  admits  of  being  completely  integrated  for  a  few 
laws  of  force  only.  We  shall  commence  with  the  most  im- 
portant case,  namely  the  law  of  nature,  for  which  the  attraction 
varies  as  the  inverse  square  of  the  distance. 

162.  TiSL^v  of  Inverse  iSquare. — Let  jP=  ^  =  fxu^,  then 

the  equation  becomes 

The  integral  of  this,  by  Art.  108,  is 

u  =  ^  +  Aco8{e-a).  (26) 

This  is  the  equation  of  a  conic  having  the  centre  of  force 
at  one  of  its  foci. 

The  orbit  is  an  ellipse,  parabola,  or  hyperbola,  according 
to  the  values  of  the  constants  A  and  a.  These  constants  are, 
as  in  all  other  cases,  determined  from  the  initial  circumstances 
of  the  motion. 

We  commence  with  the  case  in  which  the  orbit  is  an 
ellipse. 

The  equation  of  an  ellipse  referred  to  a  focus  as  origin, 
and  to  any  line  drawn  through  it  as  prime  vector,  may  be 
written 

1      1  +  e  cos  (9  -  a) 

r  a  {1  -  r) 

Comparing  with  (26)  we  get 


/^ 

1 

a 

/r 

a[l  - 

-e^) 

b'' 

^- 

=  txL. 

or  ^'  =  f  -  =  fL.  1(27) 

Hence,  in  different  orbits  round  the  same  centre  of  force,  h 
varies  as  the  square  root  of  the  latus  rectum. 

Again,  let  T  denote  the  periodic  time,  i.  e.  the  time  in 
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which  the  body  makes  a  complete  revolution  in  the  orbit ; 
then,  since  h  represents  double  the  area  described  in  the 
unit  of  time,  we  have 

,      double  area  of  ellipse      27r  ab 

h ^ ---T-- 

Hence,  from  (27), 

If  a  second  particle  be  supposed  to  describe  an  ellipse 
round  the  centre  of  force,  and  if  the  absolute  force  fx  be  the 
same  in  both  cases,  we  have 

where  a\  T'  are  the  semi-axis  and  the  periodic  time  in  its  orbit. 
Hence,  eliminating  /i,  we  get 

(29) 


r)   \a: 

That  is,  the  squares  of  the  periodic  times  are  to  one  another  in 
the  sajne  ratio  as  the  cubes  of  the  semi-axes  major. 

163.  The  preceding  results  have  been  deduced  for  the 
motion  of  a  material  particle,  but  they  also  hold,  approxi- 
mately, for  the  motion  of  the  centre  of  inertia  of  a  body 
of  finite  dimensions,  each  of  whose  elements  is  attracted 
towards  a  fixed  centre,  provided  the  dimensions  of  the 
body  are  small  in  comparison  with  its  distance  from  the 
centre  of  force.  For  in  this  case  the  attractions  on  the  several 
elementary  particles  of  the  body  may  be,  approximately,  re- 
garded as  a  system  of  equal  and  parallel  accelerations;  and, 
consequently,  the  motion  of  the  body  will  (Art.  33)  be  the 
same  as  if  it  were  concentrated  at  its  centre  of  inertia.  Also, 
as  already  stated  in  Art.  141,  if  a  sphere  consist  of  homo- 
geneous spherical  strata,  its  entire  attraction  is  the  same  as  if 
its  entire  mass  were  concentrated  at  its  centre.  Accordingly, 
if  one  such  sphere  be  attracted  by  another  supposed  at  rest, 
its  centre  will  describe  an  ellipse,  having  the  centre  of  the 
attracted  sphere  for  a  focus. 
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164.  Kepler's  I^a^vvs. — By  comparing  the  results  of  a 
large  series  of  observations  of  the  planets,  chiefly  of  Mars, 
made  by  Tycho  Brahe,  Kepler  arrived  at  the  following  laws 
concerning  the  planetary  orbits  : — 

(1)  That  the  right  line  drawn  from  the  Sun  to  any  planet 
describes  equal  areas  in  equal  times. 

(2)  That  the  orbits  are  ellipses,  having  the  Sun  in  a  focus. 

(3)  That  the  squares  of  the  periodic  times  for  any  two 
planets  are  to  each  other  in  the  same  proportion  as  the  cubes 
of  their  mean  distances  from  the  Sun. 

From  the  first  of  these  laws  Newton  deduced  (Art.  154) 
that  each  of  the  planets  is  kept  in  its  orbit  by  the  action  of  a 
central  force  directed  to  the  Sun. 

From  the  second  he  proved  that  the  attractive  force  for 
each  planet,  in  its  different  positions,  varies  as  the  inverse 
square  of  the  distance  from  the  Sun  (Art.  160). 

For  Newton's  demonstrations  the  student  is  referred  to 
the  Principia,  Lib.  I.,  Sect,  iii.,  Prop.  xi. 

From  the  third  law  he  deduced  that  the  absolute  force 
(jit)  is  the  same  for  all  the  planets  (Art.  162)  ;  and 
hence  that  it  is  one  and  the  same  force,  directed  to  the 
Sun,  by  which  all  the  planets  are  retained  in  their  orbits. 
These  laws  are  only  approximate  when  we  take  account  of 
the  mutual  actions  of  the  planets  on  each  other  and  on  the 
Sun. 

From  the  foregoing  we  infer  that  the  results  arrived  at 
for  the  motion  of  a  particle,  for  the  law  of  inverse  square  of 
the  distance,  are  applicable,  approximately,  to  the  planetary 
motions.  It  has  also  been  verified  by  observation  that  a  satel- 
lite belonging  to  any  planet  revolves  round  it  according  to 
the  same  laws  that  the  planets  revolve  round  the  Sun. 

165.  liaw  of  Crravitation. — We  have  in  the  last  Ar- 
ticle given  a  brief  outline  of  the  process  by  which  Newton 
established  the  great  fundamental  law  of  attraction  of  matter, 
which  we  refer  to  as  the  law  of  nature,  and  which  may  be 
stated  as  follows : — Every  particle  of  matter  in  the  solar  system, 
consisting  of  the  Sun,  the  planets,  comets,  8fc.,  exercises  on  every 
other  particle  an  attractive  force,  which  varies  directly  as  the 
product  of  the  masses  of  the  particles,  and  inversely  as  the 
square  of  their  mutual  distance. 
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We  assume  that  this  is  a  general  property  of  matter,  and 
applies  to  all  matter  wherever  existing  in  the  universe.  This 
assumption  has  been  verified  by  observations  on  the  motion  of 
the  double  stars. 

166.  £iLpressioii  for  Telocity  at  any  point  in  a 
Focal  Orbit. — We  commence  with  an  elliptic  orbit. 

In  this  case  we  have 

."-=^  =  ^^,   by  (27), 
p"     ap^ 

where        p  =  SN. 

Again,  let  H  be  the  second 
focus  of  the  orbit,  SN,  HN[  per- 
pendiculars on  the  tangent  at  P, 
the  position  of  the  particle. 

Suppose  UN'  =  p\  HP  =  / ;  then,  from  well-known 
elementary  properties  of  the  ellipse,  we  have 

p       r 
r  +  /  =  2a,    pp'  =lr,     —  =  — . 

p      r 

..  ^.*/      ..  ^'      ..  »/ 
Hence 


fl  pp' 

fl  p'     ju  /      fl  (2a  -  r 

a  p" 

a  p      a  r       a\     r 

o       2;x      fl 

r       a 

therefore  v-  = .  (30) 

r      a 

In  the  parabola  a  becomes  infinite,  and  we  have 

v"  =  ?^,  (31) 

a  result  which  can  be  readily  established  independently. 

In  the  case  of  a  hyperbolic  path  we  have  /  =  2a  +  r,  and 
the  formula  becomes 

v'  =  ^  +  '^.  (32) 

r       a 

Hence  we  infer  that  if  a  body  be  projected  with  a  velocity  F, 
at  a  distance  R  from  the  centre  of  force,  the  orbit  described 
will  be   an   ellipse,   parabola,   or  hyperbola,   according  as 

K  ^  IS  <  =  or  >  -^. 
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This  result  may  be  exhibited  in  another  form  by  aid  of 
equation  (18),  as  follows: — 

The  velocity  at  any  point  in  an  ellipse  is  less,  in  a  para- 
bola equal  to,  and  in  a  hyperbola  greater  than,  the  velocity 
which  the  body  would  acquire  in  moving  to  the  point  from 
an  infinitely  great  distance,  under  the  action  of  the  central 
force. 

167.  Construction  of  Orbit. — The  preceding  equation 
shows  how  to  construct  the  orbit 
when  we  are  given  the  absolute 
force,  the  initial  velocity,  position, 
and  direction  of  motion.  For, 
suppose  P  the  initial  position,  PT 
the  direction  of  motion,  and  8  the 
centre  of  force  :  let  F  =  velocity  of 

projection,  SP  =  R ;    then  (1)  if   V^  <  -^  the  orbit  is   an 

ellipse  whose  semi-axis  a  is  given  by  the  equation 

1  _  2  _  F^ 

a      It       fj,' 

Again,  draw  PR,  making   the  angle  T'PH=  l8PT, 

then  the  second  focus  Jff  lies  on  this  line,  and  its  position  JS 

is  found  by  taking  PS  =  2a  -  P.     Consequently,  as  the  two 

foci  and  the  axis  major  are  known,  the  ellipse  is  completely 

determined. 

o 

(2)  When  ^  =  F'  the  orbit  is  a  parabola,  which  can  be 

easily  determined  by  drawing  SJSF  perpendicular  to  the  direc- 
tion   of   motion  at   P,   inflecting 
ST  =  SP,  and  dropping  NA  per-  i 

pendicular  to  ST.  i 

The  parabola  described  with  S  N^ 

for  focus,  and  A  for  vertex,  will  be 
the  required  orbit. 

(3)  When  F'>  %  the  orbit  is  rf ± — ^g 

a  hyperbola,  whose  semi-axis  a  is  given  by  the  equation 

1  _  F'^  _  2 
a       fx       P' 
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The  second  focus,  H,  can  be  easily  constructed,  as  in  tlie 
first  case,  but  lies  on  the  opposite  side  of  the  direction  of 
motion  from  the  centre  of  force  8. 

Again,  as  the  value  of  the  semi-axis  a  is  independent  of 
the  direction  of  projection,  we  infer  that  if  a  number  of 
bodies  be  projected  from  a  poiut  with  the  same  velocity,  in 
different  directions,  and  be  attracted  by  a  common  centre  of 
force,  the  mean  distances,  and  consequently  the  periodic 
times,  will  be  the  same  for  all  the  orbits. 

It  may  be  remarked  that  the  orbit  will  be  a  circle  pro- 
vided the  angle  SPTis  right,  and  F^  =  -^  (compare  Art.  89). 

The  formulae  in  this  and  the  preceding  Article  are  of 
importance  in  the  discussion  of  focal  orbits.  We  add  a  few 
elementary  applications. 

EXA3CPLES. 

1.  Calculate,  approximately,  the  periodic  time  of  a  planet  if  its  mean 
distance  from  the  Sun  is  double  that  of  the  Earth.  Ans.  1033  days. 

2.  If  a  body  be  projected  with  a  given  velocity  about  a  centre  of  force 
which  varies  as  the  inverse  square  of  distance,  find  the  locus  of  the  centre  of  the 
orbit  described. 

Here,  since  the  locus  of  the  empty  focus  is  a  circle,  the  locus  of  the  centre 
is  also  a  circle. 

3.  In  the  same  case  show  that  the  length  of  the  axis-minor  varies  diiectly 
as  the  perpendicular  drawn  from  the  centre  of  force  to  the  direction  of  projec- 
tion. 

Since  r  and  r'  are  each  constant,  jt?  isto^'  in  a  constant  ratio;  consequently  b 
varies  as  p. 

4.  Show  that  there  are  two  directions  in  which  a  body  may  be  projected 
from  a  given  point  A,  with  a  given  velocity  F,  so  as  to  pass  through  an- 
other given  point  B. 

Since  the  axis-major  2a  is  given,  the  position  of  the  second  focus  is  deter- 
mined by  the  intersection  of  two  circles,  with  A  and  B  for  centres.  Hence  there 
are  two  solutions — one  for  each  point  of  intersection  of  the  circles. 

5.  Prove  that  the  time  of  describing  an  arc  of  a  parabolic  orbit,  boimded  by  a 

,  3 

focal  chord  of  length  c,  vanes  as  c^. 

168.  Effect  of  a  Sudden  Change  in  Absolute 
Force. — A  body  is  revolving  in  a  focal  orbit;  if  when  it 
arrives  at  any  position  the  absolute  force  fi  be  suddenly 
altered,  to  determine  the  subsequent  path. 
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Let  R  and  V  represent  the  distance  and  velocity  at  the 
instant  in  question,  and  let  fx  be  the  new  value  of  the 
absolute  force,  and  a  the  semi-axis  major  of  the  new  orbit ; 
then,  as  the  velocity  receives  no  sudden  or  instantaneous 
change,  we  have,  by  (30), 

2fx     II     2f/     fi  . 

The  value  of  a,  and  consequently  the  position  of  the  new 
orbit,  can  be  immediately  determined  from  this  equation. 

For  example,  suppose  the  original  orbit  a  parabola,  and 
the  central  force  suddenly  doubled  in  intensity. 

Here  jul  =  2/z,  and  our  equation  becomes 

2/z     4/i      2ju 
E^^~  V' 

hence  d  =  R\  and,  consequently,  the  new  orbit  is  an  ellipse 
having  the  extremity  of  its  axis  major  at  the  point. 

If  the  change  in  ju  be  very  small,  and  represented  by  A/x, 
and  the  corresponding  change  in  a  by  A«,  it  is  plain  that  we 
have 


^«  =  ._^^|___|.  (34) 

Hence  if  the  central  force  (or  the  attracting  mass)  be  in- 
creased slightly,  the  axis  major  will  be  diminished ;  also,  if 
the  force  be  diminished  the  axis  major  is  increased. 

The  corresponding  change  in  the  periodic  time  is  readily 
found;  for,  by  (28),  we  have 

2  log  r  +  log  ju  =  2  log  27r  +  3  log  a  ; 

2Ar     3Aa      Aju 

hence  _=____; 

therefore  ^^?=_^^g_l).  (35) 

Again,  if  the  centre  of  force  be  supposed  suddenly  trans- 
ferred to  a  new  position,  the  subsequent  path  can  be  readily 
constructed,  as  in  Art.  167. 

N 
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Examples. 

1.  A  number  of  bodies  are  projected  from  a  point  with  tbe  same  velocity,  but 
in  different  directions ;  prove  that  the  centres  of  their  orbits  are  situated  on  the 
surface  of  a  sphere. 

2.  A  body  is  describing  a  circle  under  a  central  force  in  its  centre ;  if  the 
force  be  suddenly  reduced  to  one-half,  find  the  subsequent  path  of  the  body. 

Ans.Sk  parabola. 

3.  In  the  same  case  if  the  central  force  be  suddenly  increased  in  the  ratio  of 
m :  1,  find  the  eccentricity  of  the  subsequent  path.  m  —  \ 

m 

4.  Two  equal  perfectly  elastic  particles  describe  the  same  ellipse  in  the  same 
period,  in  opposite  dii'ections,  one  about  each  focus  ;  prove  that  the  major  axis 
of  the  orbit  is  a  harmonic  mean  between  those  of  the  orbits  they  will  describe 
after  impact. 

This  result  follows  immediately  since  the  vis  viva  is  the  same  after  collision 
as  before  {see  Art.  82). 

5.  Prove  that  there  are  two  initial  directions  for  the  projection  of  a  particle 
with  a  given  velocity,  so  that  the  axis  major  of  its  orbit  may  coincide  in  direc- 
tion wiSi  a  given  line. 

6.  If,  when  the  Earth  is  at  an  end  of  the  minor  axis  of  its  elliptic  orbit,  a 

meteor  were  to  fall  into  the  Sun,  whose  mass  is  the  ni'^  part  of  that  of  the  Sun ; 

find  the  resulting  change  in  the  Eeaith's  mean  distance,  and  also  in  the  length  of 

the  year.  .  a  ^       2T 

^  Am.   A«  = ,      Ar= . 

m  m 

169.  Application  of  Method  of  llodograph. — The 

method  of  the  hodograph  (Art. 
26)  furnishes  a  simple  mode  of 
determining  the  law  of  force 
in  a  focal  ellipse.  For,  since 
the  velocity  at  any  point  P 
varies  inversely  as  the  perpen- 
dicular SLy  it  varies  directly  a' 
as  the  perpendicular  jETiV drawn 
from  the  second  focus  ;  since  SL  x  H]^  =  b"^. 

Consequently  the  hodograph  is  similar  to  the  locus  of  iV, 
when  turned  through  a  right  angle.  But  the  semicircle  de- 
scribed on  the  axis  major  as  diameter  passes  through  JV,  con- 
sequently the  hodograph  is  a  circle. 

Again,  to  find  the  law  of  force,  let  Pi  denote  the  position 
of  the  moveable  at  the  end  of  an  indefinitely  small  time  At, 
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and  Nx  the  corresponding  position  of  iV;   then  (Art.  26) 
— 7^  is  proportional  to  the  central  attractive  force. 

Join  the  centre  Cio  N  and  to  Nx ;  then,  by  an  elementary 
property  of  the  ellipse,  CN  is  parallel  to  SP,  and  CNx  to 
SPx. 

Let    8P  =  r,  Z  CSP  =  0,     SL  =  p,    EN  =  p' ; 

then  Z  NCNx  =  Z  PSPx  =  AO. 


NNx^    AS     ah 
At    ~^  At  ~  r 


Also  (by  8),         -T7-'  =  «^,  -    ,. 


Hence  the  force  varies  inversely  as  the  square  of  the  dis- 
tance. 

Again,  since  v  =-  =  j-^p',  we  have 

j^_hNNx_}^   1 
Ir    At    "   b"  '  r^' 

Consequently,  if  /m  represent  the  absolute  force,  i.e.  the 
force  at  unit  of  distance,  we  get 

h'^a 

as  in  (27) . 

Again,  since  the  velocity  at  P  is  proportional,  and  per- 
pendicular to  HN;  and  CN,  CH  are  constants,  it  follows 
that  the  velocity  at  P  can  be  resolved  into  two  constant  velo- 
cities— one  perpendicular  to  the  radius  vector,  the  other  to  the  axis 

h 
major.    Also,  since  the  velocity  at  P  is  represented  by  j-^  EN, 

the  component  velocity  perpendicular  to  SP  is  represented  by 

v^,  and  that  perpendicular  to  the  axis  mapr  by  —  :  i.e.  by 

J  and  |e,  or  hy  Jy  and  J^  ^j  respectively. 

N  2 
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Example. 

A  particle  moving  in  an  ellipse  under  tlie  action  of  a  force  directed  to  a  focus 

has  a  small  velocity  n  -  impressed  on  it  in  the  direction  of  the  focus ;  find  the 

h 
corresponding  changes  in  the  eccentricity,  and  position  of  the  apse. 

170.  liambert's  Theorem. — In  Art.  140,  Int,  Calc,  it 
has  been  shown  that  the  area 
of  the  elliptic  sector  PSQ  is 
represented  by 


^«&  {«^  -  <^' -  (sin  0  -  sin  9') )  > 

A-  S 

where  ^  and  0'  are  given  by  the  equations 

2" 


sini^  =  i ,  sin  i0'=-i 


in  which  SP  =  ri,  SQ  =  r.,  and  PQ  =  c. 

Accordingly,  if  t  represent  the  time  of  describing  the  arc 
PQ,  we  have 

2areaP>SfQ      /a^\i  ,     ,.  .      ,,^ 

t  = 7 =    -     {0  -  <^  -  (sin  0  -  sm  f )).         (36) 


h  \fi  J 

This  shows  that  the  time  of  moving  from  any  point  P  to 
any  point  Q,  can  be  expressed  in  teims  of  the  sides  of  the  tri- 
angle SPQ,  and  of  the  axis  major  of  the  orbit. 

Again,  if  we  regard  a  as  becoming  infinitely  great  in  (36), 

we  get  for  t,  the  time  of  moving  from  P  to  Q  in  a  parabolic 

orbit, 

■,  33. 

t  =  — p  { (n  +  rz  +  cf  -  (ri  +  r,  -  c) ' } .           (37) 
For  in  this  case  we  may  substitute  -^l— j    for 

1       /f,    -f-     fn    —    C  \  2^ 

^  -  sin  <pf  and  -x  f 1  for  <p'  -  sin  ^'. 
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Examples. 

1.  A  comet,  describing  a  parabolic  orbit,  being  supposed  to  cross  the  path  of 
the  Earth ;  determine  the  points  of  ingress  and  egress  for  which  the  time  the 
comet  continues  within  the  Earth's  orbit  is  a  maximum. 

Am.  The  extremities  of  the  axis  major. 

2.  Find  an  expression  for  the  time  in  the  preceding  question. 

2E 


Ztjh 

Ans.    —,  where  E  represents  the  length  of  the  year. 
Stt 

3.  Two  planets,  describing  elliptic  orbits  in  a  common  period  round  the  Sun, 
being  supposed  to  pass  in  every  revolution  through  two  common  points  ;  prove 
that  the  intervals  between  the  times  of  their  passage  through  the  points  are 
equal. 

171.  Modification  livbeii  Mutual  Attraction  is 
taken  account  of. — The  preceding  investigations  are  based 
on  the  assumption  that  the  centre  of  force  is  fixed ;  accord- 
ingly they  can  be  applied  to  the  planetary  motions  only  on 
that  hypothesis.  However,  from  the  principle  of  the  equality 
of  action  and  reaction,  each  of  the  planets  exerts  on  the  Sun 
an  equal  and  opposite  attractive  force  to  that  which  the  Sun 
exerts  on  it.  We  proceed  to  consider  how  far  our  results 
must  be  modified  when  this  is  taken  into  account. 

We  have  seen,  in  Art.  13,  that  the  relative  motion  of  two 
bodies  is  unaltered  if  equal  and  parallel  velocities  be  given  to 
both.  We  accordingly  suppose  an  acceleration  applied  at 
each  instant  to  the  Sun,  equal  and  opposite  to  that  which  the 
planet  exerts  on  it ;  and  an  equal  and  parallel  acceleration 
applied  to  the  planet.  This  assumption  will  not  alter  their 
relative  positions,  while  it  reduces  the  position  of  the  Sun  to 
one  of  relative  rest.  Consequently  the  relative  motion  of  the 
planet  takes  place  in  the  same  manner  as  if  the  Sun  were  a 
fixed  centre  of  force,  and  the  planet  at  each  instant  were 
acted  on  by  the  sum  of  the  accelerations  that  the  Sun  exerts 
on  it,  and  that  it  exerts  on  the  Sun  ;  since  these  accelerations 
take  place  in  opposite  directions  along  the  same  right  line. 

Again,  let  S  and  P  denote  the  masses  of  the  Sun  and 
planet  respectively  :  then  their  attractions  (being  proportional 

S  P 

to  their  masses)  may  be  represented  by  f-^  and  /- ,  where  r 

represents  their  mutual  distance. 
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Accordingly  the  total  acceleration  on  tlie  ]  planet  towards 
the  Sun,  considered  as  a  fixed  centre,  is  represented  by 

,.(S+_P) 

•^  2  • 

Consequently  in  our  preceding  investigations  we  must 
regard  the  absolute  force,  /x,  as  proportional  to  8  +  F  instead 
of  S ;  and  we  may,  by  proper  assumption  of  units,  take 

iU=/(^+P). 

172.  Modification  in  Kepler's  Tliird  liaw. — From 
what  has  been  just  established  it  follows  that  Kepler's  third 
law  is  only  approximate.  To  determine  a  more  exact  result 
we  must  substitute  f{S  +  P)  instead  of  /u,  in  (28),  for  one 
planet,  and  f(S  +  F")  in  the  corresponding  formula  for  the 
other  planet,  when  we  have,  by  division, 


s  +  p  _fayfTy 


(38) 


As  observation  shows  that  Kepler's  third  law  is  very 
nearly  exact  for  all  the  planets,  we  conclude  that  the  mass  of 
the  Sun  is  very  great  in  comparison  with  that  of  any  of  the 
planets.  In  fact  the  mass  of  Jupiter,  which  is  the  largest  of 
them,  is  less  than  a  thousandth  part  of  that  of  the  Sun. 

This  conclusion  will  appear  more  clearly  from  the  follow- 
ing method  of  comparing  the  mass  of  the  Sun  with  that  of  a 
planet  where  the  planet  has  a  satellite : — 

173.  Comparison  of  masses  of  ISun  and  Planet. — 
Let  S  denote  the  mass  of  the  satellite,  S  its  distance  from  the 
planet,  t  its  periodic  time ;  then,  since  the  satellite  revolves 
round  the  planet  we  have,  as  in  last  Article, 


P^_f^(T\ 
8  +  P~\a)  \t 


(39) 


When  the  calculations  are  made  it  is  found  that  in    ll 

/g\3  fX\'    .  .  P^ 

cases  (  -  )  f  —  I  is  a  very  small  fraction ;  and  hence  also  — . 
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If  2  be  supposed  very  small  in  comparison  with  P,  as  P 
in  comparison  with  S,  we  can,  by  (39),  obtain  the  ratio  of  the 
planet's  mass  to  that  of  the  Sun,  approximately. 

174.  Mass  of  Sun. — When  applied  to  the  Earth  and 
its  satellite  the  Moon,  the  preceding  formula  gives  a  means  of 
comparing  the  mass  of  the  Sun  with  that  of  the  Earth. 

Let  S,  M,  represent  the  masses  of  the  Earth,  and  the 
Moon,  r  their  distance,  then  equation  (39)  becomes 

E  +  M     fry/T^^ 


S+  E      \aj  \t 

r        1 

Now,   as  a  rough  approximation,   we   assume  -  =  ^ttt  » 

i.e.  that  the  Sun's  distance  from  us  is  400  times  that  of  the 

T 

Moon.     Also  we  take  -  =  13-4,  or  that  the  year  is,  approxi- 

mately,  13*4  times  the  periodic  time  of  the  Moon. 
This  gives 

8  +  E     64,000,000      ....  .^n  •      +i 

T^ — ^  =  — TT^TT^T^ —  =  356,420  approximately. 
E+M        179-56  ^^  "^ 

E 

Moreover,  as  determined  by  tidal  calculations,  if  =  — -  ; 

hence  we  get 

I  =  361,473. 
E 

This  result  represents  very  closely  the  ratio  of  the  Sun's 
and  Earth's  mass  as  determined  by  more  exact  investiga- 
tions. 

The  foregoing  calculation  shows  the  enormous  mass  of  the 
Sun  in  comparison  with  that  of  the  Earth.  In  like  manner 
the  relative  masses  of  Jupiter,  Saturn,  and  other  planets 
which  have  satellites  can  be  found,  approximately. 

175.  mean  Density  of  Sun. — The  ratio  of  the  mean 
density  of  the  Sun  to  that  of  the  Earth  can  be  determined,  as 
follows : — 

Erom  (39)  we  have,  approximately. 
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Again,  let  p,  pi  denote  the  radii  of  the  Sun  and  Earth, 
and  <T  the  ratio  of  their  mean  densities  ;  then,  assuming  them 
spherical  bodies,  we  have 


Hence 


<T  = 


Pi 

pj\r)\T 


or  -  =  [?)%]>  (40) 


aJ\T 

where  a  denotes  the  Sun's  mean  apparent  semi-diameter,  and  P 
the  Moon's  ?nea7i  horizontal  parallax. 

If  we  substitute  16'  for  a  and  57'  for  P,  and  take  ;=  as 

before,  we  get  <r  =  0'23,  i.e.  the  Sun's  mean  density  is  about 
one-fourth  that  of  the  Earth. 

It  should  be  observed  that  this  result  does  not  require  a 
knowledge  of  the  Sun's  distance ;  and,  as  the  constants  in 
(40)  can  be  obtained  with  great  accuracy,  the  ratio  of  the 
mean  densities  of  the  Sun  and  Earth  can  be  determined  with 
great  precision. 

176.  Planetary  Perturbations. — The  previous  deduc- 
tions respecting  the  planetary  motions  are  only  approximate 
for  another  and  a  more  important  reason,  namely,  that  in  them 
we  have  neglected  the  mutual  actions  of  the  planets  on  each 
other. 

However,  since  the  Sun's  mass  is  very  great  in  comparison 
with  that  of  all  of  the  planets,  their  attractions  on  any 
member  of  the  solar  system  may  be  regarded  as  small 
disturbing  forces,  and  the  planetary  orbits  as  approximately 
ellipses. 

The  usual  method  of  treatment,  accordingly,  is  to  regard 
each  planet  as  moving  in  an  ellipse,  in  which  the  elements* 

*  The  elements  by  which  a  planet's  path  is  determined  are — (1)  its  mean  dis- 
tance from  the  Sim  ;  (2)  its  eccentricity ;  (3)  the  longitude  of  its  perihelion;  (4)the 
inclination  of  its  plane  to  a  fixed  plane ;  (5)  the  angle  which  the  intersection  of 
these  planes  makes  with  a  fixed  line ;  (6)  its  epoch,  or  the  instant  of  the  planet's 
being  in  perihelion. 
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are  subject  to  very  slow  clfanges,  arising  from  tlie  perturba- 
tions or  disturbing  effects  of  the  other  planets. 

In  this  manner  the  problem  has  been  discussed  by 
Lagrange,  Laplace,  and  other  great  writers  on  Physical 
Astronomy.  We  shall  not  enter  into  this  discussion,  as  it 
is  beyond  the  limits  contemplated  in  this  treatise.  There 
is,  however,  one  mode  of  considering  the  effects  of  a  disturb- 
ing force,  which  may  be  here  introduced.  This  consists  in  sup- 
posing the  disturbing  force  resolved  into  two  components*, 
one  along  the  tangent,  the  other  along  the  normal  to  the 
orbit,  and  in  treating  their  effects  separately. 

177.  Tangential  Disturbing  Force. — Suppose  P  the 
position  of  a  planet,  moving  in  the  ellipse  BPA,  in  which  8  and 
M  are  the  foci ;  then,  since  a  tan- 
gential disturbing  force  alters  the         ^^P^^rr:^;^^ 
velocity,  but  produces  no  effect  on        T/' ^^\.        i^ 

the  direction  of  motion,  it  is  easy    a'/_ /         ^^\Jh    ^ 

to  find  the  corresponding  changes    ^C      s ~--r^,  /  ^ 

in  the  elements  of  the  path.     For        \^^  \^ 

the  new  position,  H\  of  the  second  ^ —^u 

focus  will  still  lie  on  the  line  PH. 

Again,  if  v  denote  the  velocity  at  P,  we  have,  as  before, 

2         2jU         )U 

r       a 

When  the  change  in  v^^  caused  by  the  tangential  disturb- 
ing force,  is  known,  the  corresponding  change  in  a  can  be 
found ;  and  hence  the  position  of  K\  and  consequently  that 
of  the  pew  axis  major. 

Thus  if  ^v  be  the  small  change  in  v^  due  to  the  disturbing 
force,  we  have 

a^ 
.-.    la  =  —vlv\        .-.    HE'  =  2^a  =  --v^v.        (41) 

*  There  is  in  general  a  third  component,  perpendicular  to  the  plane  of  the 
orbit.  It  is  not  proposed  to  consider  the  effects  of  this  component  here.  This 
method  of  treating  the  disturbing  forces  is  discussed  in  a  masterly  and  lucid 
manner  by  Sir  Johm  Herschel,  in  his  Outlines  of  Astronomy ,  ch.  12  and  13 
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If  tlie  tangential  force  act  in  the  direction  of  the  motion, 
and  consequently  increase  the  velocity,  a  will  also  be  in- 
creased, and  the  perihelion  A'  will  consequently  move 
towards  P. 

Again,  the  eccentricity  e  will  be  increased  when  SH'  is 
greater  than  SH,  i.e.  when  P  is  between  the  perihelion  A 
and  the  extremity  of  the  latus-recfiim  drawn  through  jff. 

178.  UTormal  Disturbing  Force. — Next,  if  a  normal 
disturbing  force  act  inwardly,  at  P,  it  does  not  alter  the  velo- 
city, but  it  changes  the  direc-  t' 
tion  of  motion,  through  a  small            ^____2r::::i^,^^^  ^i 
angle  S^.     As  the  velocity  is      ^-^^"""'^         ^^^^^^^^^^-^ 
unchanged,  the  length  of  the  ^f       ^'^:^'^^^l-——-^^r^'^ 
semi- axis  major  a  is  unaltered,  aIt^^  s  ^  J 
while  the  angle  BPT  is  altered      \^^  ")^ 

by  the  quantity  ^^.     Therefore         ^ -^^^^  * 

the  angle  HPH',  between  PH  and  the  corresponding  line 
PH'  in  the  new  orbit,  is  2^^  ;  also  PH  =  PH\  In  this 
manner  the  position  of  H'  is  found  when  the  angle  §0  is 
known.  Again,  join  SH\  and  produce  it  at  both  sides,  then 
the  line  A' B  will  represent  the  direction  of  the  axis  major 
of  the  new  orbit. 

Through  H  draw  DB'  perpendicular  to  SH.  The  points 
B  and  B'  are  called  the  quadratures  of  the  orbit.  When  P 
lies  between  B  and  A,  the  perihelion,  the  line  AB^  called  the 
line  of  apsides  {see  next  Article),  moves  in  the  same  direction 
as  the  planet,  and  is  said  to  advance.  The  eccentricity  in- 
creases at  the  same  time.  If  the  planet  be  between  aphelion 
B  and  B,  the  eccentricity  continues  to  increase,  and  the  line 
of  apsides  recedes. 

Again,  in  moving  from  A  to  B\  the  disturbing  force  still 
acting  inwards,  it  is  easily  seen  that  the  line  of  apsides 
advances,  and  the  eccentricity  diminishes.  Hence,  in  the 
motion  from  quadrature  to  quadrature,  through  perihelion, 
the  apse  continually  advances,  in  the  case  of  a  normal  dis- 
turbing force  acting  inwards ;  the  eccentricity  increases  during 
the  first  half  of  the  motion,  and  diminishes  during  the  second. 

The  contrary  effects  have  place  for  a  normal  disturbing 
force  acting  outivards. 

In  like  manner  in  the  motion  from  quadrature  to  quad- 


Equation  for  Determination  of  Apsides.  187 

rature  through  aphelion,  the  apse  recedes ;  the  eccentricity 
increases  during  the  first  half  and  diminishes  during  the 
second. 

179.  Apsides. — A  position  for  which  the  moving  body 
is  at  a  maximum  or  a  minimum  distance  from  the  centre  of 
force  is  called  an  apse.  The  corresponding  distance  from  the 
centre  of  force  is  called  an  apsidal  distance,  and  the  line  join- 
ing the  centre  of  force  to  an  apse  is  called  an  apsidal  line. 

Since  r,  and  consequently  ii,  attains  a  maximum  or  a 
minimum  value  at  an  apse,  we  have  at  such  a  point 

du 
dQ     "• 

It  is  easily  seen  that  the  orbit  is  symmetrical  at  both  sides 
of  an  apse,  provided  the  force  is  a  function  of  the  distance 
only.  For,  if  a  particle  be  supposed  projected  from  a  point 
-4  in  a  direction  perpendicular  to  the  line  OA  drawn  to  the 
centre  of  force,  it  is  obvious  that  for  the  same  velocity  of  pro- 
jection we  must  have  exactly  similar  paths,  whether  it  be 
projected  in  any  given  direction  or  in  that  exactly  opposite. 
Moreover,  if  the  velocity  were  reversed  at  any  point,  the  body 
would  proceed  to  describe  the  same  orbit,  but  in  an  opposite 
direction.  From  these  considerations  it  follows  that  the 
central  orbit  must  be  symmetrical  at  both  sides  of  an  apse, 
since  at  that  point  the  motion  is  perpendicular  to  the  central 
radius  vector. 

180.  An  OrMt  can  bave  but  tiYO  Apsidal  Dis- 
tances.— For,  suppose  A  and  B  to  be  two  apsides,  and  the 
body  to  move  from  A  to  B,  then  after  passing  B  it  will,  by 
the  preceding  Article,  describe  a  curve  similar  to  BA ;  and 
so  on.  Hence  the  apsides  are  constantly  repeated,  and  the 
angle  between  two  consecutive  apsidal  distances  is  the  same 
for  all  positions  of  the  orbit.  This  angle  is  called  the  apsidal 
angle  of  the  orbit.  It  is  plain  that  a  central  orbit  cannot  be 
a  closed  curve  unless  the  apsidal  angle  is  commensurable  with 
a  right  angle. 

181.  Equation  for  Determination  of  Apsides. — 
Let  F=iLi<p{ti)y  then  we  have,  by  (13), 


v'  =  2fjL 


^du^C 


ir 
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where  the  value  of  C  is  determined  by  the  initial  conditions ; 

therefore  h'  U  +  (^Y )  =  2fji{^du+  C.  (42) 

Hence,  as  -r^  =  0  at  an  apse,  the  equation  for  determining 
the  apsidal  distances  is 

0(w) 


h'u'  =  2fJL{ 


du  +  a  (43) 


If  we  suppose  F  =  juti",  equation  (42)  becomes 

and  the  equation  for  the  apsides 

h^u'  =  -^ti''''  +  C.  (45) 

The  form  of  the  latter  equation  shows  that  it  cannot  have 
more  than  two  positive  roots,  which  therefore  correspond  to  the 
two  apsidal  distances. 

For  example,  let  the  force  consist  of  two  parts,  one  vary- 
ing as  the  inverse  square  of  the  distance,  the  other  as  the 
inverse  cube,  or 

F  =  luLii'  +  iul'u\  (46) 

then  h^u^  =  2iulu  +  fxu^  +  C. 

Accordingly  the  apsidal  distances  are  in  this  case  deter- 
mined by  a  quadratic  equation.  If  /x  =  0,  there  is  but  one 
apsidal  distance. 

182.  Case  oflTelocity  due  to  an  Infiuite  Distance. 

— The  integration  of  equation  (44)  in  a  finite  form  is  in 
general  impossible  ;  there  is,  however,  one  case  in  which  the 
equation  of  the  orbit  can  be  readily  determined,  viz.,  when 
the  velocity  at  any  point  is  that  acquired  in  moving  from 
an  infinite  distance  under  the  action  of  the  central  force. 
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o 

For  we  have,  in  this  case,  by  (17),  v^  = r  w""^ ; 

therefore  «^  .  g J  =  ^-^,  „«-..  (47) 

-jT-  du  ^  2^ 

'dQ  =  ^  V  «^*"~^  ~  1>  writing  a  instead  of  (^^j^irjXh^ 


therefore  0  = 


du 


U  ^aU^^~^  -  1 


and 


To  integrate  this,  let  au"'~^  =— ,  then  —  = ^  —  ; 

°  %^  u        n-3   z 


du  .  2 

becomes  - 


2 


n-3 


GOB'^z  +  const; 


therefore     9  +  j5  = ^  cos  ^z,      or  s  =  cos  —^  {9  +  j3), 

where  j3  is  an  arbitrary  constant. 
Hence  we  get 


n-3 


f  2     =    — 


12^  n-S 


cos---(0  +  /3).  (48) 


h\n-l  2 

If  a  denote  the  apsidal  distance,  and  9  be  measured  from 
the  apsidal  line,  the  preceding  may  be  written 

n-i       n-3        n-3^ 
r  2  =  a  2  cos     ^     t^.  (49) 

This  is  the  polar  equation  of  the  orbit. 

For  example,  when  w  =  2,  we  get  the  parabola 

n  cos  i  0  =  ai. 
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Again,  when  n  =  5,  it  becomes 

r  =  a  cos  9 ; 

a  circle  having  its  centre  on  the  circumference. 
For  n  =  7  we  get  the  lemniscate 

r^  =  «'  cos  28, 
and  so  on. 

Equation  (49)  fails  when  w  =  3  ;  in  this  case,  however  (47) 
becomes 


du  _       Ifj. 


-1, 


which  gives  ^  Jjz  ~  ^  "^  ^^^  ^^  +  const., 

u  =  jde"^,  where  k  =  J-g  - 1 . 


or 

This  is  the  equation  of  a  logarithmic  spiral. 

183.  Approximately  Circular  Orbits. — If  the  orbit 
described  round  a  centre  of  force  be  nearly  a  circle,  its  equa- 
tion can  be  found  approximately,  as  follows  : — 

Assume  F=  iii(,^f(u),  then  equation  (23)  becomes 

^.  +  «  =  ^.M- 

If  the  orbit  were  an  exact  circle  we  should  have 

therefore  a  must  satisfy  the  equation 

«=|/(«).  (60) 

When  the  orbit  is  approximately  circular  we  may  assume 
u^  a  -^  %,  where  s  is  always  very  small. 

Hence  ^^  +  ^  +  ^  =  ^/(«  +  ^\ 

or  ^  +  «  +  ^=^!/W  +  s/(«)}. 
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By  (50)  this  becomes,  neglecting  z^  and  higher  powers  of  z, 


-,.^l_|/'(„)j  =  0, 


or,  substituting  -t7-\  for  -j-- 


S"('-^|-«- 


If     k  =  l  -  •  /,  ,  this  becomes 

Sh-..  =  0.  (51) 

When  ^  is  positive,  the  integral  of  this,  by  Art.  107,  is 
s  =  c  cos  (dy^+  a), 

or  t^  =  a  +  c  cos  (0  ^k  +  a),  (52) 

when  c  and  a  are  arbitrary  constants. 

The  greatest  value  of  ^*  is  cf  +  c ;  consequently,  in  order 
that  the  orbit  should  be  approximately  circular,  it  is  necessary 
that  c  should  be  very  small  in  comparison  with  a. 

Again,  supposing  c  positive,  the  greatest  value  of  tc  is 

when  0^/k  +  a  =  0,  and  the  least  when  0  ^k  +  a  =  tt  ;  con- 
sequently the  apsidal  angle  is 

TT  TT 

or 


V^  /l  nf^^^ 

nf  ( n\ 

If  k  be  negative,  i.  e.  if  '  >  1,  the  integral  of  (51)  is 

of  the  form 

and  therefore  z  would  either  increase  or  diminish  indefinitely 
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with  0 ;  and  accordingly  the  orbit  cannot  be  approximately 
circular  in  that  case. 

The  value  of  k  depends  on  the  law  of  force  ;  for  example,  if 
the  force  vary  inversely  as  the  n^^  power  of  the  distance,  then 

f{u)=liu-\     and     ^^  =  ^-2. 

Accordingly,  in  this  case  k  =  ^  -  n. 

Hence  a  nearly  circular  orbit,  having  the  centre  of  force  in 
the  centre,  is  impossible  for  laics  of  force  which  vary  inversely  as 
a  higher  power  than  the  cube  of  the  distance. 

When  n  is  less  than  3  the  angle  between  the  apsides  is 


-v/3^ 


n 


For  instance,  if  n  =  2,  the  angle  is  tt  ;  which  agrees  with 
what  has  been  already  proved,  as  the  orbit  is  a  focal  conic  in 
this  case. 

Again,  if  w  =  -  1,  the  angle  is-^Tr,  as  it  ought  to  be,  since 
the  orbit  is  a  central  ellipse. 

184.  Moveable  Orbits. — If  a  central  orbit  be  made  to 
move  in  its  own  plane,  with  an  angular  velocity  propor- 
tional at  each  instant  to  that  of  the  radius  vector  in  the  orbit ; 
to  prove — (1)  that  the  new  orbit  is  also  a  central  orbit;  (2)  that 
the  difference  between  the  forces  in  the  two  orbits  varies  in- 
versely as  the  cube  of  the  distance  from  the  centre  of  force. 
(Newton,  Frincipia,  lib.  i.,  sect.  9.) 

In  a  central  orbit  we  have,  in  general, 

dt       '  df        \dt) 

If  now  we  make  d  =  kQ\  where  k  is  constant,  the  former 
equation  gives 

,d&     h      .,.  . 
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This  shows  that  the  point  describes  equal  areas  in  equal 
times  around  the  origin ;  accordingly  the  new  orbit  is  also  a 
central  orbit. 

Again,  the  second  equation  may  be  written 


d'r     fciey    ^    ,,,    ,,  fdoy 


=  P  +  — ~ —  =  V  ^  suppose ; 

hence      P'  -  P  = —  :   showing  that  the  difference  be- 

tween  the  forces  in  the  fixed  and  moveable  orbits  varies  as  — . 

r" 

Hence,  from  any  central  orbit  we  can  get  another,  called 
by  Newton  a  revolving  orbit;  and  the  equation  of  the  revolving 
orbit,  in  polar  coordinates,  is  derived  from  that  of  the  ori- 
ginal by  substituting  kQ  for  d  ;  where  the  constant  h  is 
determined  from  the  initial  conditions. 

For  example,  when  jP  =  ^^j  ^^  g^^  ^  focal  conic,  whose 
equation  is  of  the  form 


r  = 


1  +  e  cos  (0  -  a)  ' 

hence  if  i^  =  ^  +  ^,  the  equation  of  the  orbit  is  of  the  form 

A 


r  = 


1  +  e  cos  [kQ  -  a) 


The  apsidal  angle  in  the  new  orbit  is  equal  to  that  in  the 
original  orbit  divided  by  A-,  as  is  readily  seen.  Newton  applied 
this  method  to  the  determination  of  the  apsidal  angle  in  the 
lunar  orbit.  His  investigation  is  beyond  the  limits  proposed 
in  the  present  treatise.  Moreover  the  progression  of  the 
Moon's  apse,  thus  determined  by  Newton,  is  but  half  its  true 
amount. 

o 


194  Central  Orbits. 


Examples. 

1.  Find  the  law  of  force  in  a  circle  when  the  centre  of  force  is  situated  on 
its  circumference  1 

Ans.  — , 

2.  Investigate  the  motion  of  a  body  which  is  acted  on  by  several  centres  of 
force  varying  directly  as  the  distance  ;  and  show  how  to  construct  the  position 
of  the  centre  of  the  orbit. 

3.  In  the  same  case  find  the  condition  that  the  orbit  should  be  a  parabola. 

4.  Assuming  that  the  law  of  force  in  a  focal  conic  is  that  of  the  inverse 
square  of  the  distance,  show  that  the  converse  theorem  can  be  immediately 
established,  viz.,  that  a  particle  attracted  by  a  centre  of  force,  vaiying  according 
to  that  law,  will  describe  a  conic,  having  the  centre  of  force  in  one  of  its  foci. 

5.  A  semi-ellipse  being  supposed  freely  described  by  a  particle  under  the 
action  of  a  force  parallel  to  its  axis  of  figure  :  determine  the  requisite  law  of 
force,  with  the  velocity  of  the  paiiicle  on  reaching  or  leaving  either  extremity 
of  the  semi-ellipse. 

6.  Prove  that  the  law  of  force  in  an  equiangular  spiral  is  that  of  the  inverse 
cube  of  the  distance  ;  and  explain  why  we  cannot  assert,  conversely,  that  a  body 
acted  on  by  such  a  force  will  describe  an  equiangular  spii'al. 

7.  If  the  velocity  at  each  point  in  a  central  orbit  be  equal  to  that  in  the 
equidistant  cii'cle,  prove  that  the  orbit  is  an  equiangular  spiral  for  an  attractive 
force. 

By  Art.  89  the  velocity  in  the  equidistant  circle  =  V'i^r.     Again,  by  Art.  158, 

I —  dr  dr      dp 

the  velocity  in  the  orbit  =  yF-y ;  therefore  r  =  7  =  ^  — .     Hence  —  =  —  ; 

therefore  r  =  hp,  and  consequently  the  orbit  is  an  equiangular  spii-al. 
If  the  force  be  repulsive,  the  orbit  is  an  equilateral  hyperbola. 

8.  In  general,  if  the  velocity  at  each  point  in  a  central  orbit  be  in  a  constant 
ratio  to  that  in  an  equidistant  circle,  find  the  law  of  force  and  the  equation  of 
the  orbit. 

Let  the  constant  ratio  be  represented  by  1  :  V^  ;   then,  as  in  preceding 

example,  we  have 

dr 
r  :=  np  —  ;  hence  p  =  kr'*. 
dp 

From  this  it  is  easily  seen,  as  in  Art.  168,  that  the  equation  of  the  orbit  is 
of  the  form 

,.,,-1  =aH-icos(«  -1)6. 

The  law  of  force  is  readily  found ;  for,  in  general, 

T,  1  1  1 

p'-y      p'r      r^n+i 


Examples.  195 

9.  In  the  same  case  show  that  the  velocity  at  each  point  in  the  orbit  is  that 

due  to  motion  from  an  infinite  distance,  subject  to  the  central  force. 

Fr        u. 
Here  v^  =  —  =  —■:  hence,  by  (17)  Art.  157,  the  velocity  is  that  due  to 
n       nr^'* 

an  infinite  distance. 

10.  When  the  velocity  and  direction  of  motion  at  any  point,  as  well  as  the 
centre  and  intensity  of  the  force,  are  given,  show  how  to  find  the  radius  of  cur- 
vature of  the  orbit  at  the  point. 

11.  A  body  is  acted  on  by  two  attractive  centres  of  force,  of  equal  intensity; 
and  also  by  a  repulsive  force  from  another  centre,  of  double  the  intensity ;  the 
forces  varying  directly  as  the  distance.  Prove  that  the  orbit  is  a  parabola,  and 
show  how  to  construct  its  focus  and  directrix  when  the  initial  velocity  and  di- 
rection of  motion  are  given. 

12.  If  a  repulsive  force  vary  as  the  inverse  square  of  the  distance,  prove  that 
the  orbit  is  a  branch  of  a  hyperbola,  having  the  centre  of  force  in  the  focus 
external  to  the  orbit. 

13.  A  particle  is  acted  on  by  a  central  repulsive  force,  which  varies  as  the 
w*'»  power  of  the  distance.  If  the  velocity  at  any  point  be  that  due  to  motion 
from  the  centre  of  force ;  find  the  equation  of  the  path. 

Here,  by  (20),  Art.  157,  we  have 

2u  1  2u 

n+l        '        i?2      (w+ 1)7^3 


or 


duy       F         -         ,„  2fjL 


(duy  _    F 
\dd)    ~w^i' 


«*'  +  (  T^  I    =  — IT*  where  k^  = 


A2(«+  1) 


ti  "^  du  .^ 

therefore  —  =  a9 ; 

V/t2  -  wn+s 

,                    ._                            —              w  +  3 
hence  we  get  u'^  =  a.  cos Q. 

14.  If  the  velocity  at  each  poiat  in  a  central  orbit  varies  directly  as  the  dis- 
tance from  the  centre  of  force,  prove  that  the  orbit  is  an  equilateral  hyperbola, 
and  find  the  law  of  force. 

15.  Show  that  the  velocity  at  any  point  in  a  focal  parabola  is  to  that  in  the 
equidistant  circle  as  V2  :  1. 

16.  If  the  law  of  force  be  that  of  the  inverse  cube  of  distance,  investigate 
the  different  varieties  of  orbit  described. 

Let  F  =  fiu^,  then  equation  (23)  becomes 

Accordingly,  the  equation  of  the  orbit  depends  on  the  sign  of  1  —  —  and 
therefore  on  the  initial  cii'cumstances  of  the  motion. 

O  2 
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Suppose  the  particle  projected  initially  at  the  distance  R^  with  the  velocity  F, 
and  in  a  direction  which  makes  the  angle  «  with  jB  ;  then 

h  =  VR  sin  «. 
Again,  if  V  be  the  velocity  in  the  equidistant  circle,  we  have,  Art  89, 


TTT/O  *  »  •  ^ 


2  sin2a>       XVsuxaJ 


Hence  1  —  —  is  positive,  zero,  or  negative,  according  as  F  sin  »  is  greater, 
equal  to,  or  less  than  F',  the  velocity  in  an  equidistant  circle. 

(1)  Let  Fsin  w  >  F'.    In  this  case  1  —  —  is  positive — equal  k^  suppose — and 
the  equation  may  be  written  '^ 

The  integral  of  this  is  of  the  form 

M  =  -4  cos  {he  +  o). 

A  is  plainly  the  maximum  value  of  it ;  and  therefore  corresponds  to  an  apsidal 
distance.  Let  a  be  this  distance,  and,  if  0  be  measured  from  the  apsidal  line, 
the  equation  of  the  orbit  is 

r(iO&kd  =  a.  (1) 

(2)  Let  F  sin  «  =  V,  then  1-^=0,  and  we  have 

^  =  «' 

which  gives  w  =  ^  (0  +  o) ;  and  the  equation  of  the  orbit  is  reducible  to 

rd  =  constant,  (2) 

which  represents  the  hyperbolic  spiral. 

(3)  Let  F  sin  a>  <  F'.     If  we  multiply  the  equation 

f  d'^ii  a 

by  2  du,  and  integrate,  we  get 

where  c  is  constant. 

Hence  v^  =  /j.  u-  +  h?'c. 

Substituting  the  initial  values,  this  gives 

therefore 


(du\  2       ,      ^    ,      F2  -  F'2 
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du  u. 

The  apse  is  determined  by  making  -jr  =  0  ;  consequently,  since  —  >  1,  the 

dQ  "  A 

orbit  has  or  has  not  an  apse  according  as  V  is  less  or  greater  than  V, 

Hence,  if  the  initial  velocity/  be  less  than  that  in  an  equidistant  circle,  the 

orbit  is  apsidal. 

Suppose  a  to  be  the  corresponding  apsidal  distance,  then 


«-  [h-        /' 


and,  making  ■- —  1  =  k^,  equation  (3)  becomes 


\de  J        a-i^  ' 


.TO  du      k   ,—-—■ adu 

therefore  —  =  -  va^u^  —  1 ;    or  -  =  kdd. 

do      a  i^ai  ^i  _  1 

The  integral  of  this  is 


A0  +  o  =  log  {au  +  Va2  u'^  -  1), 

But  if  0  be  measured  from  the  apse,  we  have  0  =  0  when  au  =  1.      Conse- 
<[uently  a  =  0,  and  we  have 

au  +  %/a'^u^-  1  =  e^^. 

Hence  aii-^  (/'^  +  e'^). 

Next,  if  the  initial  velocity  be  equal  to  that  in  the  equidistant  circle,  (3)  be- 
comes 

du^  ^  du 

—  =  A--e.,     or -  =  /..; 

hence  u  =  ae^, 

the  equiangular  spiral  (Ex.  7). 

Again,  if  F  be  greater  than  V,  let 

and  equation  (3)  becomes 

This,  when  integrated  as  above,  gives 

u  +  VmM^  =  Ae^, 
and  the  curve  is  represented  by  the  equation 

A 
The  value  of  A  can  be  readily  determined  from  the  initial  conditions. 
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17.  In  elliptic  motion  about  a  centre  of  force  in  a  focus,  prove  Mhzi^vds, 
taken  through  any  arc,  is  proportional  to  the  area  subtended  by  the  arc  at  the 
empty  focus. 

18.  Prove  that  the  expression  for  the  central  attraction  for  any  law  of  force 
may  be  written  in  the  form 

F= . 

If  we  change  the  sign  in  the  expression  for  the  acceleration  along  the  radius 

vector  in  Art.  29,  we  get 

/de\^      dh- 
F=r  I-     ^ 


\dt 


\2      d^-r 
I    ~dF' 


This  assumes  the  proposed  form  on  substituting  for  -—  its  value  — . 

dt  r- 

19.  What  would  be  the  motion  of  a  projectile  if  the  force  of  gravity  varied 
inversely  as  the  cube  of  the  height  above  a  horizontal  plane  ? 

Here  the  path  evidently  lies  in  a  vertical  plane. 

If  the  line  of  intersection  of  this  plane  with  the  horizontal  plane  be  taken  as 
the  axis  of  x,  and  a  vertical  line  as  axis  of  i/,  the  equations  of  motion  may  be 
written 

dfi  ~    '  dfi  ~     y^' 

therefore  -—  =  c,    ( -^  ) '  =  -  +  c', 

dt       '     \dt  I        y-i-       ' 

where  c  and  c'  are  constants  which  depend  on  the  initial  circumstances  of  the 
motion.    Consequently 

ldyy_  1  M+^-y- 

\dx)        c2       3/2      ' 

ydif  dx 

or  — ^—^ —  =  — . 

V/i  +  c'y"^       ^ 


Hence  we  get  V/a  +  c'  ^z''  =  c'  -  +  const. 

c 

Consequently  the  path  is  an  ellipse  or  a  hyperbola  according  as  the  sign  of 
c'  is  negative  or  positive.     The  path  is  a  parabola  if  c'  =  0. 

20.  Prove  by  Ne'wi;oman  methods  that,  if  two  bodies  attract  one  another 
according  to  any  law,  they  describe  similar  figures  about  their  centre  of  inertia 
and  about  one  another. 

Neglecting  the  obliquity  of  the  ecliptic,  and  the  inclination  and  the  eccen- 
tricity of  the  limar  orbit,  show  that,  if  we  take  the  Sun's  distance  as  390 
times  that  of  the  Moon,  the  Earth's  mass  as  79  times  that  of  the  Moon,  and  the 
lunar  synodic  period  as  30  mean  solar  days,  then  the  solar  day  is,  to  a  near 
approximation,  shorter  at  full  Moon  than  at  new  Moon  by  one  468,000th  part  of 
a  mean  solar  day.  Camb.  Trip.,  1882. 

21.  A  material  particle,  moving  freely  in  a  plane,  being  supposed  to  describe 
a  conic  under  the  action  of  a  central  force  emanating  from  any  point  in  the 
plane  ;  show  that  the  force  varies  directly  as  the  distance  from  the  point,  and 
inversely  as  the  cube  of  its  distance  from  the  polar  of  the  point  with  respect  to 
the  curve. 
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22.  In  free  motion  in  a  plane  under  the  action  of  a  central  force  varying 
according  to  any  law,  state  and  prove  the  effect  on  the  trajectory  (and  on  the 
motion  in  it)  of  an  additional  force  emanating  from  the  same  centre,  and  varying 
inversely  as  the  cube  of  the  distance. 

23.  An  ellipse  of  eccentricity  e  and  a  parabola  have  a  common  focus  andlatus 
rectum;  and  equal  particles  describe  them  under  the  action  of  forces,  to  the 
common  focus,  of  the  same  absolute  intensity.  If  the  particles  moving  in 
the  same  direction  meet  at  one  extremity  of  the  common  latus  rectum  and 
coalesce,  prove  that  their  subsequent  path  will  be  an  ellipse  of  eccentricity 
^  (1  ±  e),  according  as  both  foci  of  the  ellipse  do  or  do  not  lie  within  the 
parabola ;  and  find  its  major  axis.  What  will  the  path  be,  if  the  particles  be 
moving  in  opposite  directions  when  they  meet?  Camh.  Trip.,  1879. 

24.  A  body  is  revolving  in  an  ellipse  whose  eccentricity  is  >  \,  under  the 
action  of  a  force  tending  to  the  focus  S,  and  when  it  is  at  a  distance  SP  from  S 
equal  to  the  latus  rectum,  a  blow  is  given  to  it  perpendicular  to  SP,  such  that 
its  new  direction  is  perpendicular  to  the  major  axis.  Show  that  the  dimensions 
of  the  orbit  are  unaltered,  but  that  the  major  axis  is  turned  through  an  angle 
SFS,  where  if  is  the  empty  focus.  Id.  1882. 

25.  Find  the  laws  of  attraction  for  which  the  trajectories  described  round  a 
centre  of  force  are  closed  orbits.  (Bertrand,  Comptes  rendus,  1873.) 
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^-^-^ —  =  F{u)  +  const.,  Equation  (23)  gives 


"' + Q' =  i^^"^  ^ ''  w 


where  e  is  an  arbitrary  constant ;  therefore 

du 


d=  ± 


i 


If{u)  +  c-u^ 


Again,  let  o,  $  represent  the  values  of  u  which  correspond  to  the  apsidal 
distances ;  then  a  and  j8  are  roots  of  the  equation 


^^{^i)  +  c-u'  =  0. 


Accordingly  we  must  have 


~  F{a)  -f  c  -  a2  =  0,      ^-F{fi)  +  c  -  )3'-  =  0, 

and  if  6o  be  the  apsidal  angle,  we  get,  abstraction  being  made  of  the  sign, 

;i3  du 

9o=\    ——  (b) 


*\r- 


F{tc)  +  e  -  tfi 


Assuming  mdo  =  tt,  then  for  a  closed  orbit  m  must  be  a  commensurable  number 
(Art.  180). 


200  Central  Orbits, 

If  —  and  c  be  eliminated  by  aid  of  the  two  preceding  equations,  we  obtain 


^     J  a  Vo2i'(j8)  -  fi^F{a)  +  {i82  -  o3)  i^(M)  -  w2 (i?'()8)  -  jF(o))      w  '         ^^' 

an  equation  wbicb  should  hold  for  all  values  of  o  and  $. 

To  deteimine  the  fonn  of  the  fimction  F,  we  suppose  a  and  j8  very  nearly 
equal,  in  which  case  the  orbit  is  approximately  circular. 

Hence,  from  Art.  183,  we  get 


^^r-         I        aF"{a)  aF"{a)       ^  „ 

dV  da 

Let  F'{a)  =  V,  then  — -  =  (1  -  m"^)  —  ;  hence 
r  a 

F'{a)  =  V  =  Ca'-"^\ 

where  C  is  an  arbitrary  constant.  (d) 

(J 

From  this  we  get  Fiti)  = a*-"*'  +  const. 

2  —  m^ 

"We  may  assume  the  latter  constant  to  be  zero,  since  it  disappears  when  we 
substitute  in  equation  (<?). 

Again,  since  2;u  '^  =  F'{u),     <p  (m)  =  C'l  w3-'"^ 

where  Ci  is  arbitrary. 

We  next  proceed  to  determine  m,  from  the  condition  that  (c)  must  be  satis- 
fied for  all  values  of  a  and  )8. 

(1)  Let  m^  <  2,  and  make  o  =  0,  and  iS  =  1,  then 

Substituting  ia  (c),  we  obtain 

^  du  T 


Again,  if  «"*'^  =  z, 

The  condition  gives  —  =   —  ;    therefore  m  =  1.     Accordingly,  the  force 
m      mi 

1 
vanes  as  ?r,  or  as  — . 
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(2).  Let  m2>  2  ;  then,  if  a  =  0,  we  have  F{a)  =  F{Q)  =  -  oo  ;  and  if  j8  =  1, 

Q 

we  have  F{0)  =  F{1)  = -.     Substitute  in  (c),  and  divide  the  numerator  and 

denominator  by  Vi^(j8)  —  -F(a),  and  it  becomes  « 

[^        dU  IT  TT         ir 

=  -;     or-  =  -;     .-.  w  =  2, 


n  which  case  the  force  varies  directly  as  the  distance. 

Hence,  as  M.  Bertrand  observes,  *'  parmi  les  lois  d'attraction  qui  supposent 
Taction  nuUe  a  luie  distance  infinie,  celle  de  la  nature  est  la  seule  pour  laquelle 
un  mobile  lance  arbitrairement,  avec  ime  vitesse  inferieure  a  une  certaine  limite, 
et  attire  vers  un  centre  fixe,  decrive  necessairement  autour  de  ce  centre  une 
courbe  fermee.  Toutes  les  lois  d'attraction  permettent  des  orbites  fermees,  mais 
la  loi  de  la  nature  est  la  seule  qui  les  impose.'^ 
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CHAPTEE  YIII. 

CONSTRAINED   MOTION — MOTION   IN   A   RESISTING   MEDIUM. 

Section  I. — Constrained  Motion. 

185.  Hovement  on  a  Fixed  Curve. — When  a  particle 
is  constrained  to  move,  without  friction,  on  a  given  fixed 
curve,  the  problem  reduces  to  the  determination  of  the  velo- 
city at  any  instant,  as  well  as  of  the  normal  reaction  of  the 
curve.  The  motion  may  in  this  case  be  regarded  as  free  by 
the  introduction  of  the  force  of  reaction  of  the  curve,  in 
addition  to  the  external  forces. 

Hence,  if  N  represents  the  normal  reaction,  the  general 
equations  of  motion  may  be  written,  when  referred  to  a  rect- 
angular system  of  axes, 

m—  =  X  +  Ncoaa,  w--^=  F+iVcos /3,  m-r^=  Z  +  Ncosy, 

O/t  Ctt"  civ 

(1) 

where  a,  /3,  y  are  the  angles  the  normal  reaction  makes  with 
the  axes  of  coordinates ;  and  X,  Y,  Z  are  the  components 
of  the  external  force,  parallel  to  the  axes  of  coordinates,  re- 
spectively. If  the  first  equation  be  multiplied  by  dx,  the 
second  by  dy,  and  the  third  by  dz,  we  get,  on  addition, 

\d^ ^^  ^  d^ ^^-^ '^^d^  ^^1      '^^^  "^  ^^"^  "*"  ^^^'         ^^^ 

since  cos  a  dx  +  cos  ^dy  +  cos  y  dz  =  0,  as  the  direction  of  N 
is  perpendicular  to  the  tangent  to  the  curve. 
This  gives  on  integration 

+  const.       (3) 
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Hence  the  velocity  is  given  by  the  same  equation  as  in 
the  case  of  unconstrained  motion  (Art.  128). 

For  a  conservative  system  of  forces  (Art.  122),  the  velocity 
V  at  any  point  can  generally  be  found  from  this  equation. 
For,  let  Xdx  +  Ydy  +  Zdz  be  the  exact  differential  of  the 
function  ^  (^,  y,  s) ;  then  if  v'  be  the  velocity  at  the  point 
•^'>  y\  2',  we  have 

\m  if  -  v'^)  =  0  {x,  y,  s)  -  ^  {x\  y\  s') .  (4) 

Hence  the  velocity  at  any  point  is  independent  of  the  path 
described ;  and,  accordingly,  if  different  curves  be  drawn 
joining  any  two  points,  a  particle  starting  from  one  of  these 
points  with  a  given  velocity  would  arrive  at  the  other  point 
with  the  same  velocity  whatever  path  it  described. 

Two  of  the  preceding  equations  (1)  are  sufficient  for  a 
plane  curve ;  for  in  this  case  N  acts  in  the  plane  of  the 
curve,  and,  by  taking  the  axes  of  x  and  y  in  that  plane,  the 
third  equation  will  disappear. 

In  the  case  of  a  central  force,  represented  by  /^.(p^r),  we 
have,  as  in  Art.  128, 

im{v^-v'')=^{cl>ir)-cl>{/)).  (5) 

Again,  as  in  Art.  113,  it  is  readily  seen  that  the  pressure 
on  the  curve  in  any  case  is  the  resultant  of  the  centrifugal 
force  and  the  normal  component  of  the  external  forces. 

The  particle  will  leave  the  curve  at  the  point  for  which 
the  normal  reaction  becomes  zero. 


Examples. 

1 .  A  particle  is  constrained  to  move  in  a  circle  under  the  influence  of  a  re- 
pulsive force,  acting  from  a  point  on  the  circumference,  and  varying  as  the 
distance  :  find  the  pressure  on  the  curve,  the  initial  position  being  at  the  centre 
of  force,  and  the  particle  starting  from  a  state  of  rest. 

3ur2 
Ans.  -—— ,  where  r  is  the  distance  from  the  centre  of  force,  and  a  the  radius 

^^      of  the  circle. 

2.  A  particle  is  constrained  to  move  in  a  logarithmic  spiral,  and  is  attracted 
to  the  pole  of  the  spiral  by  a  force  varying  inversely  as  the  square  of  the  dis- 
tance. If  the  particle  start  from  rest  at  the  distance  a  from  the  pole,  find  the 
time  of  describing  any  portion  of  the  curve. 
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Let  /A  denote  the  absolute  force,  then,  by  (5),  wc  have 


ds       , — 

It 


A/r      a 


0 
Again,  if  r  =  ce^  be  the  equation  of  the  spiral,  we  have 

ds      dr  I — — 

dt     dt  ' 

therefore  —  =  A — -^,  ./ . 

dt      \l  +  A-2\r       a 

Integrating,  as  in  Art.  140,  we  get  for  the  time  of  motion  from  the  distance 
a  to  the  distance  r, 

t  = 


2\~ 


Also  the  whole  time  of  motion  to  the  centre  is 

2/t 

It  is  readily  seen  that  the  problem  of  constrained  motion  in  a  logarithmic 
spiral,  under  the  action  of  any  central  force  directed  to  its  pole,  is  reducible  to 
free  rectilinear  motion  under  the  action  of  a  corresponding  central  force  in  the 
line  of  motion. 

3.  A  particle  under  the  action  of  gravity  moves  down  the  inner  side  of  a 
smooth  ellipse  whose  axis  major  is  vertical.  Being  given  its  initial  velocity,  find 
where  it  will  leave  the  ellipse. 

Taking  the  centre  as  origin,  and  the  axis  major  as  axis  of  x,  the  value  of  x 
at  the  required  point  is  given  by  the  equation 

<;2 
2d=Zx-  .r3  - , 

where  d  is  the  height  of  the  level  line  to  which  the  velocity  at  each  point  is  due 
above  the  centre. 

4.  In  the  same  question  find  the  least  velocity  at  the  lowest  point  of  the 
ellipse  in  order  that  the  particle  should  make  a  complete  revolution  in  the  curve. 

Am.  '^ga{b  —  ej). 

186.  Theorem  of  H.  Ossiaii  Bonnet. — If  masses 
m,  m',  m\  &c.,  respectively  subject  to  the  action  of  forces, 
Fy  F\  F'\  &c.,  and  starting  all  in  the  same  direction  from  a 
point  A,  with  velocities  Vq,  vJ,  i\\  &c.,  describe  the  same  curve 
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A  CB  ;  then  the  same  path  will  also  be  described  by  the  mass 
M,  when  projected  from  the  same  point  in  the  same  direction, 
and  subject  to  the  action  of  all  the  forces,  F,  F\  F'\  &c., 
provided  the  initial  vis  viva  MVq  is  equal  to 

mvo^  +  m'vo'  +  lyfv''^  +  &c., 

the  sum  of  the  vires  vivce  of  the  different  masses.  (Bonnet, 
Liouville?s  Journal^  1844.) 

For,  suppose  the  particle  M  constrained  to  move  in  the 
curve  A  CB,  and  let  N  be  the  normal  reaction  at  any  point ; 
then,  if  the  components  of  F,  parallel  to  a  rectangular  system 
of  axes,  be  represented  by  X,  F,  Z,  respectively,  those  of  F\ 
by  X',  Y\  Z',  &c. ;  then,  from  (1),  we  have 

^%^  =  X  +  X'  +  T'  +  &Q.  +  N  cos  a, 

M^  =  Y+T+Y"  +  &c.  +  i\rcos  j3, 
at 

M^  =  Z  +  Z'  +Z''  +  &c.  +  iV^cosy, 
df 

and,  as  in  (2),  we  have 

d{MV')  =  2dx  SX  +  2t?y  S  F  +  2dz  SZ. 

But  if  V,  v\  v'\  &c.,  be  the  respective  velocities  of  w,  m\  m'', 
&o.,  at  the  same  point,  in  the  partial  movements,  we  have 

d{mv')  =  2  {Xdx  +  Ydy  +  Zdz\ 

&c.,  &c.,  &c. 

Hence      diMV)  =  dimv"  +  n^v""  +  rffv'^  +  &c.) ; 

therefore  MV^  <=  S(w«;^)  +  constant, 

or  MV^  =  Smt'^,  from  our  hypothesis. 

It  is  now  easy  to  prove  that  the  normal  pressure  iVis  zero 
at  each  point,  and  consequently  that  M  would  describe  the 
curve  ACB  freely,  under  the  combined  action  of  all  the 
forces. 
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For  the  force  N  is  equal  and  opposite  to  the  resultant  of 

the  centrifugal  force, ,  and  the  several  normal  compo- 

P 
nents  of  the  forces,  F,  F',  F'\  &c.     Again, 

MV     mv^      mv"'      nfv""'     ^ 
=  —  +  + +  &c. ; 

^       f  n     ^  ^  ^  ^ 

but  — , ,  &c.,  are  respectively  equal  and  opposite  to  the 

normal  components  of  F,  F\  F'\  &c.,  respectively,  because 
m,  m\  &c.,  describe  the  path  ACB  freely. 

Hence  there  is  equilibrium  between  the  centrifugal  force 

and  the  total  normal  component  of  F,  F\  F'\  &c. ;  and 

P 

consequently  iV  =  0. 

In  general,  if  the  initial  velocity  of  M  do  not  satisfy  the 
equation  MV^  =  2mro^,  the  normal  pressure  on  the  path  ACB 
will  vary  directly  as  the  curvature.  For,  from  the  preceding 
analysis, 

N= = .  (6 

P  P 

Also,  if  one  of  the  forces  {F^  suppose)  be  changed  into 
its  opposite,  it  is  readily  seen  that  the  preceding  theorem  still 
holds,  provided  we  change  the  sign  of  the  corresponding  term 
[mv^^)  in  the  expression  S(wiy*). 

Examples. 

1.  A  particle  constrained  to  move  in  an  ellipse  is  acted  on  by  an  attractive 
force  directed  to  one  focus,  and  a  repulsive  force  from  the  other,  whose  Lntensi 
ties  vary  as  the  inverse  square  of  the  distance :  if  the  absolute  intensities  of  th 
forces  be  equal,  find  the  pressui'e  on  the  ellipse  at  any  point  duiing  the  motion. 

2.  Hence  show  that  a  particle  placed  at  equal  distances  from  two  such  centres 
of  force  wiU  describe  a  semi-ellipse,  xmder  their  joint  action. 

3.  A  particle  moves  imder  the  attraction  of  two  forces  directed  to  the  fixed 
points  A  and  J3,  each  varying  according  to  the  law  of  nature,  and  a  third  force, 
varying  directly  as  the  distance,  directed  to  C  the  middle  point  of  AB ;  show 
that  the  particle  can  be  projected  from  any  point  so  as  to  describe  an  ellipse 
having  A  and  £  as  its  foci.  Lagrange,  Mec.  Anal.,  T.  2,  §  83. 

Ans.  The  initial  velocity  vo  is  given  by  the  equation 
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where  ix,  /j.',  ix"  denote  the  absolute  forces  for  the  centres  A,B,  C,  respectively ; 
/,  /'  the  initial  distances  from  A  and  B  ;  and  a  the  semiaxis  major  of  the  ellipse. 
The  initial  direction  of  motion  must  bisect  the  external  angle  formed  by  the 
lines  joining  A  and  B  to  the  point  of  projection. 

4.  In  the  same  case,  if  the  particle  be  constrained  to  move  in  the  ellipse, 
find  the  reaction  R  at  any  point  dui'ing  the  motion. 

Ans.  Rp  =  m  (^'  +  ^+  f."ff  -  vo'^  , 

where  p  is  the  radius  of  curvature  at  the  point. 

187.  Motion  on  a  Fixed  Surface. — If  a  particle  be 
constrained  to  move  on  a  smooth  surface,  the  general  equa- 
tions of  motion  are  plainly,  as  in  (1), 

m-7- =X  +  iVcosa,  m— 7  =  F+iVcosi3,    m  — 7=Z+iVcos7, 
dt^  df  dr  ' 

where  a,  j3,  7  are  the  direction  angles  of  the  normal  to  the 
surface. 

It  is  obvious  that  in  this  case  also  the  velocity  at  any 
point  is  determined  by  the  equation 

^mr  =  J  [Xdx  +  Ydy  +  Zdz)  +  const.  (7) 

If  gravity  be  the  sole  acting  force,  and  the  axis  of  z  be 
taken  in  the  vertical  direction,  our  equations  may  be  written 

d^'v  d '1/  d''z 

—  =iV^cosa,  ^  =  i\rcos/3,  ^  =  iVcos7 -^.    (8) 

When  the  surface  is  one  of  revolution  round  a  vertical 
axis,  the  normal  at  each  point  intersects  that  axis ;  and  if  n 
denote  its  length,  we  have 

X  V 

cos  a  =  -,      cos  j3  =  -. 
n  n 

Hence  the  two  former  equations  give]^ 

d^y        d^x  _  „ 
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or,  on  integration, 

dy         dx 

dt      ^  dt       ' 

where  c  is  a  constant. 

This  equation  shows  that  the  point  of  projection  on  a  hori- 
zontal plane  describes  equal  areas  in  equal  times  round  the 
point  in  which  the  axis  of  revolution  meets  the  plane. 

188.  Motion  on  a  l§lpberical  Surface. — We  shall 
apply  what  precedes  to  the  motion  of  a  particle  under  the 
action  of  gravity  on  a  smooth  sphere.  This  contains  the 
general  question  of  the  motion  of  a  simple  pendulum,  and  is 
called  the  problem  of  the  spherical  pendulum.  Taking  the 
centre  as  origin,  and  the  positive  direction  of  the  axis  of  z 
downwards,  the  equation  of  the  sphere  is 

a;-  +  2/-  +  s"  =  «  , 

where  a  is  the  radius. 

Also  the  general  equations  of  motion  may  be  written 

a  a  a 

adopting  Newton's  notation  (Art.  23). 

From  the  two  first  equations  we  get,  as  before, 

xy  -  y'x  =  c.  (9) 

Also,  as  in  (7), 

(t^  ^if-¥z^=^  Vo'  +  2g{z-a), 

where  Vo  represents  the  velocity  corresponding  to  s  =  a. 
Again,  differentiating  the  equation  of  the  sphere, 

xx  +  yj/  +  zk  =  0,     or     xx  +  yij  =  -  zz. 

If  this  be  squared  and  added  to  (9),  when  also  squared,  we 
get 

(o?^  +  y-)  [x^  +  y-)  =  c^  +  z^z^. 


Motion  on  a  Spherical  Surface.  209 

Hence         [a"  -  z")  ( Fo'  +  2g{z-a)-  z')  =  c^  4  z^k\ 

or  a'z'  =  {a'  -  z')  {  Vo'  +  2g{z-  a)  J  -  c\  (10) 

The  subsequent  investigation  is  simplified  by  supposing  Vo  to 
correspond  to  the  loivest  point  in  the  path  of  the  particle ;  for, 
since  the  motion  at  that  point  is  horizontal,  we  have  s  =  0 
when  z  =  a,  and  consequently 

c'  =  {a''  -  a')  Vo'  =  2gh{a'  -  a% 

if  h  be  the  height  to  which  the  velocity  Vo  is  due. 
Substituting  this  value  for  c^  in  (10),  we  get 

a^z^  =  2g{a-  z)  (s^  +  h{z  +  a)  -  a^] . 

Again,  the  expression  z"  +  h{z+  a)  -  a"  may  be  written 

{z  -  /3)(s  +  7),  where 

Accordingly 

a^z-  =  2g{a-  z)  (s  -  i3)(s  +  7), 

dz  / 

therefore     az=a—=-^/2g[a.-z)[z-^){z^'^),  (12) 

The  negative  sign  must  be  taken  since  z  diminishes  with  t., 
which  is  reckoned  from  the  instant  the  particle  is  in  its 
lowest  position  when  z  has  its  maximum  value. 

Also,  when  s  =  j3  we  have  ;^  =  0,  and  the  motion  is  again 
horizontal.  It  is  readily  seen  that  during  the  motion  z  must 
lie  between  the  limits  a  and  j3  ;  and  consequently  the  path 
of  the  particle  is  a  tortuous  curve  lying  between  two  horizon- 
tal lesser  circles  on  the  sphere ;  we  accordingly  may  assume 

s  =  a  cos^0  +  /3  sin^^,  (13) 

and,  substituting  in  (12),  get 

2a  -J-  =  ^/2g  (a  cos'0  +  \6  sin>  +  7J . 
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Hence,  since  ^  =  0  when  0  =  0,  we  have 

~2{a  +  15)  ^'^ 


t=a 


(J  (a-  +  2aj3  +  a') 


d<h 

(14) 


0  v/l  -  A-^  sin^0 


where  h^  ^^ '  ^  "' "  ^"" 


a  +  y       a^  +  2aj3  +  a' 

Consequently  the  time  of  motion  depends  on  an  elliptic 
function,  and  is  reducible  to  that  of  the  description  of  a  cor- 
responding arc  in  a  vertical  circle  (Arts.  105,  112). 

Again,  if  T  denote  the ^mo^o/ff  vibration,  that  is,  the  time 
of  motion  from  a  lowest  to  a  consecutive  lowest  position,  we 
have 

r  =  2a  '     ^(""^^^      r^       '^'^ 


g  [a^  +  2a/3  +  a')  J  ^  y^l  -  A'^'  sin^^' 

2  2 

It  may  be  observed  that  when  a  =  j3,  we  have  h  =  — ^ — , 

and  the  question  reduces  to  tliat  of  the  conical  pendulum, 
already  considered  in  Art.  110. 

Next  let  ^  be  the  angle  that  the  vertical  plane  passing 
through  the  centre  and  the  position  of  the  particle  at  any 
instant  makes  with  the  plane  of  zx,  then  y  =  x  tan  \p ;  and 
consequently 

dy        dx       od  fy\  d^ 

dt      '^  dt         di\xj  ^dt 


Also,          c  =  y-Zgh  {a"  -  a')  =  ^^-' — ^  ^  '  ; 

Ua' -  a')(a' -  i5')       ,  ,      ,.     .- ^ j^. r# 

and  the  angle  \p  is  represented  by  an  elliptic  function  of  the 
third  species,  thus 

lEZZE^EjSr ~^"  (16) 
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In  the  projection  of  tlie  path  on  the  horizontal  plane 
through  the  centre,  the  greatest  and  least  distances  from  the 
centre  correspond  to  the  greatest  and  least  values  of  s,  i.  e.  to 
z  =  a  and  s  =  /3.  These  are  called  the  apsidal  distances,  and 
the  corresponding  angle,  the  apsidal  angle  of  the  path.  If  ^ 
be  the  apsidal  angle  its  value  is  represented  by  the  integral 


^-a  \^lz^MzEl\^ -^ (17) 

If  the  particle  make  a  very  small  oscillatory  motion  round 
the  lowest  point,  we  may,  as  a  first  approximation,  assume 
k  =  0,  in  (14),  and  make  a  =  a,  (5  =  a;  then  we  get 

Again,  ii  z  =  a  cos  9,  a  =  a  cos  Oof  (5  =  a  cos  Oi,  the  equa- 
tion 
\  z  =  a  cos^^  i-  j3  sin'^^ 

becomes,  neglecting  powers  of  0,  Boy  Oi  beyond  the  second, 

0^  =  0o'  cos'-^  +  d,'  sin^^  =  00^  cos^M?  +  B,"^  sin^  W?. 

Also  equation  (15)  gives,  to  the  same  degree  of  approximation 
(  since  c  =  a-QoOi  J-\ 


dt  So "  e^ 


OoOi 


H   ^+6,' ah 
\a 


•^  a  2 ^-n  1^  ,  Q  2^:^2  1    \0 


eo'cosrtl^+e.'ainH 


Hence,  by  integration, 

tan;//  =  77^  tan  t^  -  =  ~  tan  6. 
^      Oq         Sa     Bo        ^ 


p2 
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Again,  the  polar  equation  of  the  projection  is  given  by 
the  equation 

r"  =  0"  -z'^a^Q' 

=  a^  [6^;  cos-0  +  Oi^  sin^^) 

00-  +  e,'  tan=0      a'  6,'  (1  +  ian^) 


=  a' 


1  +  tan^^  1  +  tan-0 


Hence  x  =  r  cos  }p  =  aOo  cos  (f) ;  similarly  ?/  =  r  sin ;//  =  aOi  sin  (p. 
Consequently 

i.  e.  the  horizontal  projection  of  the  path  is,  approximately,  an 
ellipse,  whose  semiaxes  are  oOq  and  aQy. 

The  next  approximation  is  given  in  the  following 
examples. 

The  general  problem  of  the  spherical  pendulum  appears 
to  have  been  first  fully  discussed  by  Lagrange,  see  M^c. 
Anal.,  t.  2,  sect.  8. 


Examples. 

1 .  If  the  particle  perform  small  oscillations  about  the  lowest  point,  investi- 
gate its  motion  to  an  approximation  of  the  second  order. 

It  is  here  more  convenient  to  transfer  the  origin  to  the  lowest  point  on  the 
sphere,  and  to  take  the  positive  direction  of  z  uprvards.  Accordingly,  we  sub- 
stitute   z  =  a  —  z',     a  =  a  —  a,     fi  =  a  —  fi',     when  equation  (12)  becomes 


Hence,  removing  the  accents,  we  get 


t  = 


'  ^^~ffJaJ{z-a){fi~z)(l-^+~-^ -V 

^  \         ^  ^  \        2a      2a{2a-  a-fi)/ 


where  $  and  o  represent  the  distances  of  the  highest  and  lowest  points  in  the 
path  from  the  plane  of  xj/. 

Again,  if  a  and  /8  be  both  so  small  that  their  higher  powers  may  be  neglected, 
we  obtain 
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dz 


{z-a)Kfi-z)^ 


dz  1      {-  zdz 

+ 


V(z  -  a)  (i3  -  z)       8  Vy«  Ja  V(z  -  a)  ()8  -  ::) 


z 
neglecting  tlie  subsequent  terms,  since  --  is  a  very  small  fraction. 

Hence,  if  «  =  ocos^^  +  $  sin^c/),  we  get 
t 


=  J-<}>+  ——  (*(a  cos>  +  )8  s,VD?(p)d<p 
_     \a      I         o  +  j8\       iS-a    . 

Consequently,  if  T  be  the  whole  time  of  motion  from  one  lowest  position  to  a 
consecutive  one,  we  get  _ 

Again,  to  find  the  apsidal  angle,  to  the  same  degree  of  approximation. 
Transforming  the  origin  in  equation  (16)  to  the  lowest  position,  we  readily 
obtain 

Hence,  since  as  before  we  may  take 


we  get 


^  =  a'^  V2aj8 


2a 

—  a  - 

-;8 

1 

{2a- 

a)  {2a 

'-)8) 

"  2a' 

dz 

«■  (2«-z)^zV(z-o)(i8  -z) 

"  ''  a       .  //  \  I  r>  .A 


V(.--«)()8-z) 

dz 


,    ,—  f'  <fz  3  ^aB  f  <?i 

Ja2V(^-a)(i3-z)       ^    «    JaV(z-a) 


la2V(^-a)()3-z)       ^    «    JaV(z-a)(/3-z) 
neglecting  the  subsequent  terms,  as  before. 
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Substituting  a  c.o&^'jp  +  ^8  sin'  0  for  z,  we  obtain 


(Jfta..).^^-« 


;//  =  tan-i  U/r  tan  4>;  +^"7  •^• 

Hence,  taking  <p  between  the  limits  0  and  - ,  the  apsidal  angle  is  given,  ap- 
proximatelj^,  by  the  equation 


2  \        4    a   I 


This  shows  that  in  the  approximate  elliptic  path  the  apse  continually  progresses. 
Again,  Up,  q  denote  the  small  apsidal  distances,  or  the  scmidiametcrs  of  the 
approximate  elliptic  path,  we  get 


2  V     8  «2  y 


Accordingly,  the  rate  of  progression  of  the  apse  vaiies  approximately  as  the 
area  of  the  projection  of  the  path. 

2.  Prove  that  the  pressure  on  the  sphere  is  given  by  the  equation 

3.  If  a  particle  be  projected  with  a  given  velocity  along  the  horizontal  great 
circle  of  a  smooth  hollow  sphere,  find  at  what  point  its  vertical  velocity  will  be 
greatest. 

VA^  +  Zcfi  —  h 
Ans.  z  = ^,  //  being  the  height  due  to  the  velocity  of  projection. 

4.  A  particle  is  projected  hoiizontally  along  the  interior  surface  of  a  fixed 
smooth  hemisphere,  the  axis  of  which  is  vertical,  and  vertex  downwards. 
Given  the  point  of  projection,  determine  the  velocity  so  that  the  particle  may 
ascend  exactly  to  the  rim  of  the  hemisphere.  1 2^ 

^  a 

6.  If  a  particle  move  on  the  interior  surface  of  a  paraboloid  of  revolution, 
whose  axis  is  vertical,  prove  that  the  velocity  at  the  highest  point  in  the  path  is 
that  due  to  the  height  of  the  lowest  point  above  the  vertex  of  the  paraboloid  ; 
and  similarly  for  the  velocity  at  the  lowest  point. 

6.  In  the  last  question  show  that  the  pressure  at  any  point  F  varies  as  the 
curvature  of  the  meridian  at  that  point ;  and  that  the  resolved  vertical  pressure 
is  to  the  weight  of  the  particle  as  SL  x  S3f:  SF^,  where  L  andilf  are  the  highest 
and  lowest  points  of  the  path,  and  S  the  focus. 
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Section  II. — Rectilinear  Motion  in  a  Resisting  Medium. 

189.  If  a  heavy  body  of  massm  be  supposed  to  fall  vertically 
in  a  resisting  medium,  the  resistance  is  a  function  of  the 
velocity  of  the  body,  and  the  equation  of  motion  may  be 
written  in  the  form 

a  iC  .  , 

It  is  usual  to  assume,  with  Newton,  that  <p{v)  =  AS  .  v^, 
where  ^  is  a  constant  depending  on  the  density  of  the  medium, 
and  S  is  the  area  of  the  greatest  section  of  the  body  perpen- 
dicular to  the  direction  of  motion. 

Again,  writing 

^«=f.  (1) 

the  differential  equation  of  motion  becomes 

'^'^.fl--^\o4  =  ,fl-^Y  (2) 


df      •'V       ^-7      ^i         V       k^ 

It  is  obvious  that  the  velocity  increases  so  long  as  it  is  less 
than  k  :  this  gives  k  as  the  limit  to  which  the  velocity  ap- 
proaches, without,  however,  ever  attaining  to  it,  as  the 
following  analysis  shows.  For  this  reason  k  is  called  the 
terminal  velocity  of  the  body  : — 

Since 

1  1(1  1 

+ 


F  -  v^      2k  [k  +  V      k  -  V 
the  preceding  equation  gives 

No  constant  is  added  since  we  suppose  t  reckoned  from 
the  position  of  rest. 
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.,  dv        dv  ,  'vdv        q  , 

^^"'"^      di'^'Tx'   ^^^""^  W^^^^k^^'-' 

therefore    jr  J  =  C-ilog(i-' -  «»)  =ilog(^A  (4) 

where  x  is  measured  from  the  position  of  rest. 
To  express  x  in  terms  of  t,  we  get  from  (3), 

_  /)  * . 

k-v         ' 

,                       k  +  V        2€^  jik  -  V  2 

hence  — ; —  =  -— ,  and 


therefore 


g*  +  1  e*  +  1 

F  -  e;^  4 


yj.2  .0  «".„   ' 


and  consequently 

fft  gt 

This  may  also  be  written  in  the  form 

X  =  —  lofir  cosh  ^. 
g  k 

In  like  manner  from  (3)  we  get  the  equation 
V  =  k  tanh  y . 

K 

Also  from  (1)  we  get 

k-  (^ 

where  W  denotes  the  weight  of  the  body. 

This  shows  that,  TF  remaining  the  same,  the  value  of  ^  can 
be  increased  by  diminishing  the  area  of  the  transverse  section. 
In  the  case  of  a  homogeneous  sphere,  of  radius  r,  we  have 
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W=  ^Trr^jo,  where  p  is  the  weight  of  a  unit  of  volume  ;  also 
S  =  irr  ;  therefore  ,- — 

Hence   we   can  readily  compare  the  motions  of  diiferent 
spheres  in  the  same  resisting  medium. 

Next,  for  a  body  projected  vertically  upwards  in  a  resist- 
ing medium,  the  equation  of  motion  is 

whence  dt  = ^ — -. 

Accordingly,  if  V  be  the  initial  velocity,  we  find 

t  =  -  1  tan~^  -    -  tan"'  -r  [ . 
g  (  /•  k) 

From  this  equation  the  velocity  at  any  instant  can  be  de- 
termined. 

Also,  since  «?  =  0  at  the  highest  point,  the  time  of  ascent 

k  V 

to  that  point  is  represented  by  -  tan~^  —. 

g  k 

k'^    vdv 

Afiram  dx  ^ r — -, 

°  g  v^  +  k- 

Hence,  if  x  be  measured  upwards  from  the  point  of  projec- 
tion, we  have 

If  h  be  the  height  of  ascent,  we  get 

If  the  time  t  be  reckoned  from  the  highest  point,  we  have 

V  =  k  tan  V- 
k 

The  downward  motion  is  given  by  the  former  investigation. 
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Exanipleti. 


Examples. 


1.  Find  a  vertical  curve  such  that  the  time  of  describing  any  arc,  measured 
from  a  fixed  point,  shall  be  equal  to  that  of  describing  the  chord  of  the  arc. 

Taking  the  origin  at  the  fixed  point,  the  time  down  a  chord  r,  whose  incli- 
nation to  the  vertical  is  0,  as  in  Art.  45,  is 


/    2r 
\<7cosfi 


Also  the  time  of  descending  the  arc  is 

1 

*"        Vr  cos  6 


a.tM'.. 


V2y 

where  do  is  the  value  of  d  wben  r  =  0. 

Hence,  since  the  times  are  the  same  for  all  chords,  we  get,  by  differentiation, 


r  sin  0  +  cos  0 


dr 
dd 


COS0 


=J-S)- 


This  gives 
hence  we  get 


\dr 
r  de 


=  cot  2a  ; 


«2  sin  2a, 


where  a  is  a  constant.     Accoi'dingly  the  curve  is  a  Lemniscate. 

2.  Investif^ate  the  corresponding  problem  when  the  acting  force  is  propor- 
tional to  the  distance  from  a  fixed  point. 

Let  yL  be  the  position  of  the  fixed  point,  0  the  point  of  departure  of  the  par- 
ticle. Pits  position  at  any  instant,  0  =  Z.  POA,  OA  =  a  ;  then  we  find,  without 
difficulty,  that  the  time  ^i,  of  describing  OP,  when  the  absolute  force  is  takenas 
unity,  is  given  by 


=  sin"^ 


r  —  a  cos  Q 


a  cos  a 
Also  the  time  of  describing  the  arc  OP  is 


+ 


Hence,  since  h  =  #2,  we  have 


V2«/-  cos  a  -  r- 


dd. 


, —  (•    ,r-acosa\  /,       (dry- 

^2ar  cos  B  -  .-  ^6  (--"  "^^^^ j  =  V''  +  [de)    ' 
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therefore  —  +  r  tan  Q  = 

dd 


>/-Q^ 


from  which  we  get  r^  =  a"^  sin  2d.     This  represents  a  lemniscate  also,  as  in  the 
previous  question. 

3.  If  the  motion  of  a  conical  pendulum  be  slightly  disturbed,  prove  that  the 

period  of  a  vibration  is    ,  „  a/-,  and  the  corresponding  apsidal  angle  is 

Va^  +  3612  y  (J 

n. 

,  where  h  is  the  distance  from  the  centre  to  the  plane  of  the  conical 


V«2  +  3^2 

pendulum. 

4.  A  particle  is  projected  from  a  given  point  in  a  horizontal  direction  along 
the  surface  of  a  smooth  sphere  ;  find  the  velocity  of  projection  in  order  that  the 
particle  should  rise  to  a  given  height  on  the  surface  before  commencing  to 
descend. 

5.  A  particle  is  constrained  to  move  in  a  smooth  circle,  under  the  action  of  a 
central  force  which  varies  directly  as  the  distance.  If  the  time  of  describing 
any  arc  be  constant,  prove  that  its  chord  envelopes  a  circle. 

Prof.  Townsend,  Educ.  Times,  1875. 

6.  If  a  particle  describe  a  curve  freely  under  the  combined  action  of  the 
forces,  F,  F',  &c.,  where  F,  F\  &c.,  act  along  r,  r',  &c.,  prove  that  the 
equation 


7M( —  )  +  7>'<^  (—  )  +  &c.  =  0 


must  be  satisfied  at  every  point  of  the  curve,  where  <J>,  <p',  Sec,  denote  the  forces 
respectively  co-directional  with  F,  F',  Sec,  under  which  singlij  the  given  curve 
would  be  described  ;  and  y,  y  ,  &c.,  are  the  corresponding  semichords  of  the 
circle  of  curvatui-e  at  the  point. 

Prof.  Curtis,  Messenger  of  Mathematics,  1880. 
Here,  it  is  easily  seen  by  equation  (22),  Art.  158,  that 

V-  =  Fy  +  F'y  +  &c. 

Also,  by  (13),  Art.  157,     vdv  =  -  Fdr  -  F' dr'  -  &c. 

Hence  2  {Fdy  +  ydF)  +  2-ZFdr  =  0, 

or  2  {F{dy  +  2dr)  +  ydF}  =  0. 

Hence,  in  particular,  we  have 

</>  [dy  +  2dr)  +  yd(p  =  0,  &c., 

dy  +  2dr      -  dcp     „ 

or  — =  ,  &c.  ; 

7  1> 

SyldF ^)=^'      o^'     2y<l>dl-\=0. 

This  theorem  plainly  contains  as  a  particular  case  that  given  in  Art.  186. 
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7.  Apply  the  preceding  to  the  case  of  a  conic  described  under  the  action  of 
forces,  F,  F\  directed  to  its  foci. 

Here  4,  =  ^^,    ^'  =  ^^,    7  =  7'; 

therefore  \  ^  (Fr^)dr  +  4-,  :r>  {F'r'^)dr'  =  0, 

or,  since  «?r  +  «?r'  =  0, 


This  is  satisfied  by  the  equations 

^|:(J'r2)=/i(r)+/2(2«-r), 

irhere/i  and /a  are  both  arbitrary  functions. 

If  we  assign  the  same  form  (/)  to  f\  and  f%  we  obtain  as  a  particular  solu- 
tion 

i|.(i^r2)=/(r)+/(2a-r), 

or  1^  =  i  Ir"^  {/(r)  +/(2a  -  r)}  dr,  &c. 

If  any  particular  form  be  assigned  to  /,  a  corresponding  form  of  F,  as  also 
of  jF",  will  result. 

8.  As  an  example  of  the  preceding  show  that  a  particle  can  be  made  to 
describe  an  ellipse  freely  under  the  action  of  forces, 

directed  to  its  foci. 

The  student  is  referred  to  Professor  Curtis'  Paper  for  additional  applications. 

9.  A  spherical  particle  moves  within  a  smooth  rectilinear  tube,  which  re- 
Tolves  about  one  extremity  with  a  uniform  angular  velocity  in  a  horizontal 
plane  ;  find  the  motion  of  the  particle. 

Let  w  be  the  angular  velocity  of  the  tube,  and  r  the  distance  of  the  particle, 
at  any  time  ^,  from  the  fixed  extremity  of  the  tube  ;  then,  since  the  force  acting 
on  the  particle  is  always  perpendicular  to  r,  we  have  (Art.  28), 


■r         [dey  d^r 


Examples.  221 

Hence    r  =  ceia*  +  c'erott.     If  r  =  «,  and  -^  =  ^  when  ^  =  0,  we  get 

10.  Consider  the  same  problem  if  the  tube  be  supposed  to  revolve  uniformly 
in  a  vertical  plane. 

Here,  if  the  time  be  reckoned  from  the  instant  that  the  tube  was  horizontal, 
the  equation  of  motion  is 


The  integral  of  this  is 


— -  -  (ah'  =  —  o  sm  (Jit. 


g 

r  =  Ce^t  +  C'e-iat  +  -^  sm  ut, 


and  the  constants  can  be  determined  from  the  initial  conditions. 

11.  Two  spheres  of  the  same  diameter,  but  of  different  weights,  fall  freely 
in  air  ;  find  the  ratio  of  the  maximum  velocities  they  will  attain,  stating  clearly 
what  assumptions  you  make.  Lond.  Univ.,  1881. 

12.  Explain  what  is  meant  by  the  terminal  velocity  of  a  body  in  a  resisting 
medium. 

If  the  resistance  vary  as  the  square  of  the  velocity  and  the  body  move  in  a 
vertical  line,  prove  that  at  the  time  t  the  depth  x  of  the  body  below  its  highest 
position  is  given  by 

or  gt 

X—  —  log  sec  — , 
g  w 

when  ascending,  and  by 

x  =  —  log  cosh  — , 
g  « 

when  descending  ;  w  denoting  the  terminal  velocity  in  the  medium. 

Lond.  Univ.,  1883. 

13.  If  a  body  be  projected  vertically  upwards  in  a  resisting  medium  with 
its  terminal  velocity  for  the  medium ;  determine  the  height  of  its  ascent,  and 
the  time  of  reaching  the  highest  point. 
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CHAPTEE    IX. 

MOTION  OF  A  RIGID  BODY  PARALLEL    TO    A    FIXED    PLANE. 

Section  I. — Kinematics, 

190.  Rigid  Body,  Determination   of  its  Position. — 

A  body  is  said  to  be  rigid  when  its  constitution  is  such  that 
the  relative  position  of  its  points  with  respect  to  each  other  is 
unalterable. 

The  position  of  a  point  in  space  is  usually  determined  by 
means  of  three  rectangular  coordinates,  and  depends  therefore 
upon  three  variable  quantities  independent  of  each  other.  It 
is  easy  to  see  that  the  position  of  a  rigid  body  is  determined 
by  six  independent  variables. 

In  fact,  the  position  in  space  of  a  definite  point  A  of  the 
body  is  determined  by  three  independent  variables  ;  two  more 
are  required  to  determine  the  plane  in  space  in  which  a  defi- 
nite plane  a  of  the  body  passing  througli  A  should  lie ;  and 
finally,  one  more  is  necessary  to  fix  in  this  plane  a  definite 
line  of  the  body  passing  through^,  and  lying  in  the  plane  a. 
When  the  position  in  space  of  every  point  of  the  plane  a  is 
determined,  it  is  obvious  that  the  positions  of  all  points  of 
the  rigid  body  are  completely  determined,  since  perpendiculars 
from  them  on  the  plane  a  are  invariable  in  magnitude. 

191.  Degrees  of  Freedom. — As  six  independent 
quantities  are  required  to  determine  the  position  of  a  rigid 
body,  such  a  body,  if  unacted  on  by  any  restraint,  is  said  to 
have  six  degrees  of freedoyyi. 

It  is  plain  from  what  has  been  said,  that  if  the  positions 
of  three  points  of  a  rigid  body  not  lying  on  the  same  straight 
line  are  fixed,  the  position  of  every  point  of  the  body  is  de- 
termined. 

192.  Motion  of  Translation. — When  a  body  moves 
in  such  a  way  that  the  elements  of  the  paths  described  by  its 
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different  points  are  equal  and  parallel  straight  lines,  the 
motion  is  said  to  be  one  of  translation. 

The  path  described  by  any  one  point  of  a  body  during  a 
motion  of  translation  is,  in  general,  a  curve,  and  it  appears 
from  the  above  definition  that  the  curves  described  by  the 
different  points  during  any  such  motion  are  equal  and 
similar. 

In  a  motion  of  translation,  the  line  joining  any  two  definite 
points  of  the  body  remains  parallel  to  its  initial  position. 

If  ^1,  Bi^  A-z,  Bo,  &c.,  are  the  positions  occupied  by  A,  B 
during  the  motion,  AB  is  equal  and  parallel  to  AiBi,  A2B2, 
and  so  on. 

As  the  distances  traversed  by  each  point  of  the  body 
are  the  same  both  in  magnitude  and  direction,  we  may  speak 
of  the  motion  of  translation  of  the  body,  and  may  compound 
any  number  of  elementary  motions  in  the  same  manner  as 
for  a  point. 

193.  motion  of  Rotation. — As  already  stated  in  Art. 
93,  when  a  body  is  moving  in  such  a  manner  that  each  point 
is  describing  the  arc  of  a  circle  having  its  centre  on  a  fixed 
straight  line  to  which  its  plane  is  perpendicular,  the  motion  is 
said  to  be  a  rotation,  and  the  fixed  straight  line  passing  through 
the  centres  of  all  the  circles  is  called  the  axis  of  rotation. 

In  a  motion  of  this  kind  every  point  of  the  body  lying 
on  the  axis  of  rotation  remains  fixed  during  the  motion. 

All  the  lines  in  the  body  perpendicular  to  the  axis  of 
rotation  turn  through  the  same  angle,  which  is  called  the 
angular  rotation,  or  simply  the  rotation  of  the  body. 

Any  definite  line  AB  of  the  body  which  lies  in  a  plane  at 
right  angles  to  the  axis  of  rotation  makes  at  the  end  of  the 
motion  an  angle  with  its  initial  position,  which  is  equal  to  the 
angular  rotation  of  the  body. 

This  readily  appears  as  follows  : — Join  A  to  the  point  0 
in  which  the  axis  meets  the  plane  in  which  AB  lies ;  then, 
A'  and  B'  being  the  new  positions  taken  by  A  and  B,  since 
OA  makes  the  same  angle  with  AB  which  OA'  makes  with 
A'B\  the  quadrilateral  formed  by  OA,  OA',  AB  and  A'B' 
can  be  inscribed  in  a  circle,  and  therefore  the  angle  between 
A'B'  and  AB  i^  equal  to  that  between  OA'  and  OA. 


224      Motion  of  a  Rigid  Body  Parallel  to  a  Fixed  Plane. 

It  is  easy  to  see,  that  if  two  positions  of  a  body  have 
a  straight  line  in  common,  the  body  can  be  moved  from 
one  of  these  positions  to  the  other  by  a  rotation  round 
this  line.  For  a  definite  line  OA  of  the  body,  passing 
through  a  point  0  on  the  fixed  line,  and  at  right  angles 
thereto  in  the  first  position,  must  remain  at  right  angles  to  it 
in  the  second  position  0A\  Hence  OA  can  be  moved  into 
the  position  OA'  by  a  rotation  round  the  fixed  line;  and  as 
two  straight  lines  in  the  body  have  then  the  situations  be- 
longing to  the  second  position,  the  whole  body  must  be  in  the 
second  position. 

194.  Motion  Parallel  to  a  Fixed  Plane. — When 
the  paths  described  by  the  several  points  of  a  body  during 
any  motion  are  made  up  of  elements,  each  of  which  is  parallel 
to  the  same  fixed  plane,  the  motion  of  the  body  is  said  to  be 
parallel  to  this  plane. 

If  we  consider  any  definite  plane  section  of  the  body, 
which  at  the  beginning  of  the  motion  is  parallel  to  the  fixed 
plane,  this  section  must  continue  in  the  same  plane  through- 
out the  motion,  and  its  position  at  each  instant  determines 
the  position  of  every  point  of  the  body.  In  order,  therefore, 
to  study  the  motion  of  a  body  moving  parallel  to  a  fixed 
plane,  we  have  merely  to  investigate  the  motion  of  a  plane 
figure  in  its  own  plane. 

195.  Motion  of  a  Plane  Figure  in  its  o^svit  Plane. 
— A  plane  figure  can  be  moved  from  any  one  position  in  its 
own  plane  to  any  other  by  giving  it  first  a  motion  of  trans- 
lation, whereby  any  arbitrary  point  A  of  the  figure  is  moved 
from  its  first  position  Ax  in  space  to  its  second  position  A^, 
and  then  a  motion  of  rotation  round  a  perpendicular  axis 
passing  through  A^,  whereby  a  definite  line  AB  of  the  figure 
is  moved  into  its  final  position  in  space  AoBo.  As  the  point 
A  is  perfectly  arbitrary,  the  motion  may  be  effected  in  an 
infinite  variety  of  ways.  The  motion  of  translation  to  be 
given  to  the  figure  differs  in  general  according  as  different 
points  of  the  figure  are  chosen  for  A,  but  the  ^notion  of  rotation 
is  in  all  cases  the  same. 

This  readily  appears  from  Art.  193,  as  the  initial  and  final 
positions  of  any  definite  line  of  the  figure  are  given,  and  the 
angle  between  them  is,  in  all  cases,  the  rotation  of  the  body. 
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The  results  arrived  at  above  depend  upon  the  fact  that 
the  position  of  a  plane  figure  in  its  own  plane  is  completely- 
determined  by  the  position  of  one  definite  straight  line  of  the 
figure.  Hence  also  it  appears  that  by  properly  selecting  the 
point  A,  the  motion  of  translation  may  in  general  be  dis- 
pensed with  altogether,  or,  in  other  words  {Differential  Cal- 
culus, Art.  293)  — 

A  plane  figure  can  be  moved  from  any  one  position  into 
any  other  in  its  own  plane  by  a  rotation  round  a  point  fixed 
in  the  plane. 

In  fact,  echoing  the  original  position  of  any  definite  line 
of  the  figure,  and  WC  its  new  position ;  if  we  join  BB\ 
bisect  it,  and  erect  a  perpendicular,  and  do  the  same  with 
C0\  these  two  perpendiculars  will,  in  general,  determine 
by  their  intersection  the  point,  a  rotation  round  which  effects 
the  given  change  of  position.  If  B^  be  parallel  to  CC  this 
construction  fails.  Two  cases  then  arise,  according  as  BB^ 
is  equal  to  CC  or  not.  In  the  latter  case,  the  intersection 
oi  BO  and  B^C^  is  the  centre  of  rotation.  In  the  former  the 
motion  is  one  of  pure  translation,  and  the  point  is  at  infinity. 

As  a  particular  case,  it  follows  that — 

Two  rotations  effected  successively  round  two  parallel  axes 
bring  a  body  into  the  same  position  as  a  single  rotation  round  an 
axis  parallel  to  the  two  former,  the  single  rotation  being  equal  in 
magnitude  to  the  sum  of  the  two  to  which  it  is  equivalent. 

We  see  also  that — 

A  rotation  round  any  given  axis  brings  a  body  into  the  same 
position  as  an  equal  rotation  round  a  parallel  axis  through  any 
arbitrary  point,  together  with  a  motion  of  translation. 

Hence  it  appears  that — 

Equal  and  opposite  rotations  effected  successively  round  two 
.  parallel  axes  A  and  B  are  equivalent  to  a  single  motion  of  trans- 
lation. 

For,  a  rotation  rounds  is  equivalent  to  an  equal  rotation 
round  B,  together  with  a  translation ;  therefore  equal  and 
opposite  rotations  round  A  and  B  are  equivalent  to  equal 
and  opposite  rotations  round  B,  together  with  a  translation ; 
but  equal  and  opposite  rotations  round  B  destroy  each  other; 
therefore,  &o. 
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196.  Composition  of  Velocities. — Hitherto  we  have 
been  considering  displacements  having  a  finite  magnitude. 
In  regard  to  such  displacements  the  order  in  which  the  several 
motions  are  effected  is,  generally,  of  importance,  and  in  order 
to  arrive  at  definite  results  it  is  necessary  to  specify  whether 
the  successive  axes  of  rotation  are  fixed  in  space  or  in  the  body. 
In  Kinetics,  we  are  for  the  most  part  concerned  not  only  with 
the  initial  and  final  positions  of  a  body,  but  also  with  the 
mode  in  which  it  passes  from  the  one  position  to  the  other. 
It  becomes  then  necessary  to  consider  the  infinitely  small 
motions  through  which  the  body  assumes  its  successive  posi- 
tions. Displacements  effected  in  the  same  element  of  time 
divided  by  that  element  then  become  velocities,  and  the  com- 
position and  equivalence  of  infinitely  small  displacements  is 
tantamount  to  the  composition  and  equivalence  of  velocities. 

If  the  displacements  received  hy  a  body  be  infinitely  small,  it 
is  indifferent  in  tchat  order  rotations  are  effected  round  different 
axes  fixed  in  space. 

For,  the  changes  in  the  coordinates  of  a  point  of  the  body, 
due  to  a  displacement,  are  functions  of  the  initial  values  of 
those  coordinates.  In  the  present  case  these  changes  are  infi- 
nitely small,  and  therefore  the  changes  resulting  from  the 
first  displacement  produce  alterations  in  those  which  would 
have  resulted  from  th-e  second  had  it  been  given  first,  which 
are  infinitely  small  quantities  of  the  second  order. 

For  a  similar  reason  it  is  indifferent  whether  the  axes  be 
fixed  in  space  or  axes  fixed  in  the  body,  whose  positions  at 
the  commencement  of  the  infinitely  small  motion  coincide 
with  those  of  the  axes  fixed  in  space. 

When  the  order  of  two  displacements  is  indifferent  they 
may  be  regarded  as  simultaneous,  and  if  the  resultant  dis- 
placement be  such  as  to  move  the  body  from  one  position  into 
the  next  successive  position,  it  is  the  actual  motion  of  the  body. 
The  theorems  of  the  last  Article,  when  applied  to  infinitely 
small  motions,  give  the  following  results : — 

(1).  The  motion  of  a  body  parallel  to  a  fixed  plane  con- 
sists at  any  instelnt  of  a  velocity  of  rotation  w  round  an  axis, 
passing  through  any  arbitrary  point  A  of  the  body,  at  right 
angles  to  the  plane,  and  a  velocity  of  translation  parallel  to 
the  plane. 
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(2) .  At  each  instant  there  is  one  point  0,  called  the  in- 
stantaneous centre  of  rotation,  which  is  such  that  a  velocity 
of  rotation  w  round  an  axis  through  it  represents  the  whole 
motion  of  the  body. 

If  r  be  the  distance  from  0  to  ^,  and  v  the  velocity  of 
translation  which  the  body  must  be  considered  to  possess 
when  the  axis  of  rotation  is  regarded  as  passing  through  A, 
V  is  at  right  angles  to  r,  and  equal  to  ra>.  The  point  0  is 
found  by  drawing  perpendiculars  to  the  simultaneous  direc- 
tions of  motion  of  any  two  points  of  the  body. 

(3).  Two  coexisting  velocities  of  rotation  round  parallel 
axes  are  equivalent  to  a  single  velocity  of  rotation,  equal  to 
their  sum,  round  an  axis  parallel  to  the  two -former,  and  di- 
viding the  distance  between  them  inversely  as  the  component 
velocities. 

(4).  Two  equal  and  opposite  velocities  of  rotation  whose 
common  magnitude  is  w,  round  parallel  axes,  are  equivalent 
to  a  velocity  of  translation,  perpendicular  to  the  plane  of 
the  axes,  whose  magnitude  is  aa>,  where  a  is  the  distance  be- 
tween the  axes. 

We  see  from  what  is  stated  above  that  velocities  of  rota- 
tion round  parallel  axes  are  compounded  like  parallel  forces. 

In  considering  rotations  round  parallel  axes  it  is  necessary 
to  take  into  account  not  only  the  magnitudes  of  the  rotations, 
but  also  their  algebraical  signs,  or  directions.  The  axis  of  rota- 
tion is  supposed  to  be  drawn  from  the  feet  of  the  spectator  to 
his  head,  so  that  in  estimating  rotations  the  axis  points  towards 
the  spectator.  If  two  rotations  round  parallel  axes,  viewed 
from  the  same  side  of  the  plane  perpendicular  to  the  axes,  are 
both  in  the  same  direction,  they  have  like  algebraical  signs. 
The  positive  direction  of  rotation  is  of  course  arbitrary ;  but  in 
the  application  of  Analytic  Geometry  to  rotational  displace- 
ments it  is  usual  to  regard  rotations  as  positive  which  bring 
a  point — from  the  axis  of  X  positive  to  the  axis  of  Z"  positive, 
from  Y  positive  to  Z  positive,  and  from  Z  positive  to  X  posi- 
tive. It  follows  from  this,  that  if  the  axes  of  X,  Y,  and  Z 
be  drawn  in  the  usual  manner,  a  rotation  opposite  in  direc- 
tion to  that  of  the  hands  of  a  watch  is  to  be  regarded  as 
positive  (Art.  85).  Such  a  rotation  is  termed  counter- 
clockwise. 

Q2 
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197.  Analytical  Treatment  of  the  AEotfon  of  a 
Plane  Figure  in  its  o^^n  Plane. — When  a  point  moves 
in  a  circle  whose  centre  is  the  origin,  we  may  assume 

X  =  rG08\pf     y  =  rsini//, 

,  dx  .     ,d\L      dy  ,  d\L 

whence  37  =  -  rsmxl-^j    -^  =  roo&\L^, 

dt  ^  dt      dt  dt 

and  putting       -^  =  w,  we  have 

dx  dy 

-  =  -yu,,     -  =  x.,  (1) 

for  the  rotation  of  the  point  x^  y  round  the  origin. 

Now  let  x',  y'  be  the  coordinates  of  any  definite  point  of  a 
plane  figure  referred  to  axes  fixed  in  space  ;  x^  y  those  of  any 
point  of  the  figure  referred  to  the  same  axes ;  £,  r\  those  of 
the  same  point  of  the  figure  referred  to  axes  fixed  in  the  bouy 
and  meeting  at  the  point  xy  :  moreover,  let  the  axis  of  S 
make  the  angle  \p  with  the  axis  of  x ;  then 

X  =  X^  +  ^  OOBXp-  r)  BlRxpf      y  =  y' +  ^  Sm  \p  +  rj  COB  \p, 

whence 


dx     dx'  .  i\#l 

|  =  f'H-(?COS^-.siB^)f 


(2) 


Or,  putting  ^  =  a>, 


dt 


dx     dx'      .         ,.         dy     dy' 

di  =  dF-^^-'^-"    di^dt^^'-'^'"-        (3^ 

These  equations  show  that  the  velocity  of  the  point  x,  y  ia 
made  up  of  two  parts — one  a  velocity  of  translation,  the  other 
a  velocity  of  rotation,  as  in  (1),  round  an  axis  through  x'^  y\ 
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For  any  v-^ther  definite  point,  x",  y'  of  the  figure  we  have, 
in  like  manner, 

dx      dx"  „      dy      dy'  „ 

dt      dt       ^^     ^  '  dt       dt      ^  ' 

dof  d\] 

Equating  these  values  of  —  and  —  to  the  former,  and  com- 
paring the  results  with  the  equations 

dx      dx'     ,  ,      „.    „      dy'      dy"     '  „.    „ 

we  see  that  u/'  =  w,  or  the  velocity  of  rotation  to  be  attributed 
to  the  body  is  the  same  whatever  be  the  point  through  which 
the  axis  of  rotation  is  supposed  to  pass. 

If  we  put  ^  =  0,  -^  =  0  in  equations  (2),  we  get  the  co- 

ordinates '  of  the  instantaneous  centre  of  rotation,  referred  to 
axes  fixed  in  the  body.  In  like  manner,  equations  (3)  give 
the  coordinates  of  the  same  point  referred  to  axes  fixed  in 
space.  If  we  call  the  coordinates  of  the  instantaneous  centre 
Soj  ^0,  ^0)  J^o,  we  have 


,,       1  fdx'    .     ,       dy'         ,  . 


0) 


1  (dx'         ,       dy     ,     .  . 
»?o  =  -(^cosi//  +  —  sm;//  ), 


(4) 


O) 


,      \  dxf  ,      \  dx'  _. 

dx      du 
I^  37  >   -TTi  ^i  ^^d  ^  3,re  known  functions  pf  the  time  t, 
at     dt 

we  can  find  from  equations  (4) ,  by  eliminating  t,  the  path  de- 
scribed in  the  body  by  the  instantaneous  centre. 

From  equations  (5)  we  can  find  in  the  same  manner  the 
path  described  by  the  instantaneous  centre  in  space. 

The  former  of  these  curves  is  called  the  body  centrodej  the 
latter  the  space  centrode. 
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The  student  must  carefully  distinguish  between  the  in- 
stantaneous centre  and  the  point  of  the  body  which  coincides 
with  it  at  any  instant.  The  latter  has  no  velocity  either  in 
space  or  in  the  body ;  indeed  its  relative  coordinates,  ^,  -q,  are 
absolutely  constant  during  the  motion:  the  former  (the  in- 
stantaneous centre)  has  in  general  a  velocity  both  in  space 
and  in  the  body. 

198.  Pure  Rolling. — In  pure  rolling  the  points  of  one 
curve  or  surface  come  into  contact  successively  with  those  of 
another,  the  relative  tangential  velocity  of  the  points  of  con- 
tact being  zero.  If  one  curve  or  surface  be  fixed  in  space, 
the  motion  of  the  other  consists  of  a  series  of  rotations  round 
axes  through  the  successive  points  of  contact  {Differential 
Calculus,  Art.  295). 

For,  let  QQ'  be  the  curve  fixed  in  space,  and  PP'  the 
one  which  rolls  on  it,  P,  P' being 
two'  consecutive  points  on  the 
latter.     By  hypothesis,  P  has 
no  velocity  along  the  tangent  at 

Q,  and  at  the  end  of  an  infi-  q  ^ 

nitely  short  time  P'  coincides 
with  Q\  and  the  distance  between  P  and  Q  is  then  an  infi- 
nitely small  quantity  of  the  second  order.  Hence,  while 
other  points  of  the  body  have  received  infinitely  small  dis- 
placements of  the  first  order,  P  has  received  one  of  the 
second  order,  and  has,  therefore,  no  velocity  in  any  direc- 
tion. Hence,  during  the  instant  under  consideration  the 
body  must  be  rotating  round  an  axis  through  P  (Art.  193). 
It  is  obvious  that  the  acceleration  of  P  in  the  direction  of  the 
tangent  at  Q  is  zero ;  and  it  can  be  easily  seen  that  its  accelera- 
tion in  the  direction  of  the  normal  is  in  general  finite,  and  equal 
to  Uio,  where  w  is  the  angular  velocity  of  the  body,  and  U 
is  the  velocity  of  the  instantaneous  centre  of  rotation,  this 
point  having  moved  during  the  instant  from  Q  to  Q'  in  space, 
and  from  P  to  P'  in  the  body. 

199.  Oeometrieal  Representation  of  the  Motion 
of  a  Body  moving  Parallel  to  a  Fixed  Plane. — When 
a  body  is  moving  parallel  to  a  fixed  plane,  if  we  can  deter- 
mine the  space  centrode  and  the  body  centrode,  the  motion  of 
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the  body  is  completely  determined,  as  it  consists  of  the  rolling, 
without  slipping,  of  the  body  centrode  on  the  space  centrode. 

The  geometrical  applications  of  the  principles  laid  down 
in  the  present  and  preceding  Articles  are  numerous  and  im- 
portant; but  as  they  do  not  fall  within  the  scope  of  the 
present  treatise,  the  reader  is  referred  for  them  to  Chap.  xix. 
of  the  Differential  Calculus,  and  to  Minchin's  Uniplanar  Kine- 
tnatics,  Chap.  iii. 

200.  Velocity  of  any  Oiven  Point  of  a  Body. — In 
Kinetics  the  motion  of  a  body  is  usually  regarded  as  made  up 
of  a  motion  of  translation  and  a  motion  of  rotation  round 
an  axis  through  the  centre  of  inertia.  It  is  sometimes  im- 
portant to  determine  the  velocity  of  a  given  point  of  the 
body.  In  the  case  of  motion  parallel  to  a  fixed  plane  this  is 
readily  done  analytically  by  equations  (3). 

Otherwise,  geometrically,  if  G  be  the  centre  of  inertia 
through  which  the  axis  of  rotation  is  regarded  as  passing, 
and  the  velocity  of  a  definite  point  A  of  the  body  be  re- 
quired, we  may  apply  round  this  point  two  equal  and  oppo- 
site rotations,  whose  common  magnitude  is  w.  One  of  these, 
along  with  the  equal  and  opposite  rotation  round  the  axis 
through  G  will  produce  a  velocity  of  translation,  and  this, 
combined  with  the  velocity  of  translation  previously  known, 
gives  the  velocity  of  A. 

Examples. 

1 .  Sliow  directly  that  if  a  body  have  two  equal  and  opposite  velocities  of 
rotation  round  two  parallel  axes,  the  motion  of  any  point  is  at  right  angles  to 
the  plane  containing  the  parallel  axes,  and  the  velocity  of  the  point  is  equal  to 
the  distance  between  the  axes  multiplied  by  the  angular  velocity. 

Draw  a  plane  through  the  point  at  right  angles  to  the  two  parallel  axes. 
Describe  circles  round  the  axes  passing  through  the  point.  The  component 
velocities  of  the  point  are  perpendicular  and  proportional  to  the  radii  of  these 
circles,  and  the  resultant  velocity  is,  therefore,  in  the  direction  of  the  common 
chord,  and  proportional  to  the  line  joining  the  centres. 

2.  Prove  that  a  velocity  of  rotation  round  any  axis  is  equivalent  to  an  equal 
velocity  of  rotation  u  round  a  parallel  axis,  together  with  a  velocity  of  transla- 
tion aa  along  a  line  at  right  angles  to  the  plane  containing  the  axes,  the  distance 
between  which  is  a. 

3.  A  body  receives,  in  a  given  order,  finite  rotations  round  two  parallel 
axes  fixed  in  space.  Determine  the  magnitude  of  the  equivalent  rotation,  and 
the  position  of  its  axis. 


232     Motion  of  a  Rigid  Body  Parallel  to  a  Fixed  Plane. 

4.  If  the  parallel  axes  round  which  the  hody  receives  successive  rotations  be 
fixed  not  in  space  but  in  the  body,  determine  the  single  rotation  which  would 
bring  the  body  into  the  same  position. 

If  A,  B  are  the  intersections  of  the  axes  fixed  in  space,  with  a  plane  at 


right  angles,  R  that  of  the  resultant  axis,  and  o,  )8,  <w,  the  magnitudes  of  the 
rotations  round  them,  then  BAR  =  —  ^o,  ABR  =  ^)8,  and  the  resultant  rotation 
w  =  a  +  /8,  or,  4-  (a  -  )8),  according  as  a  and  /3  are  in  the  same  or  opposite  direc- 
tions. In  the  latter  case  its  direction  is  the  same  as  the  greater  of  the  two. 
If  A  and  B'  are  the  positions  of  the  axes  fixed  in  the  body,  B'AR  =  io, 
AB'R  =  -ip.  y^  ^  , 

6.  Two  equal  and  opposite  finite  rotations  round  parallel  axes  bring  a  body 
into  the  same  position  as  a  single  motion  of  translation.  Determine  the  direc- 
tion and  magnitude  of  this  translation. 

The  direction  of  translation  is  at  right  angles  to  a  line  which  makes  with 
AB  or  AB'  an  angle  equal  to  —  |o,  or  ^a,  and  the  magnitude  of  the  translation 
=  2AB  sin  |a. 

6.  If  the  direction  of  the  motion  of  each  point  of  a  body  be  always  parallel 
to  a  fixed  plane,  the  motion  is  equivalent  to  a  succession  of  rotations  round  the 
generating  lines  of  a  cylinder  fixed  in  space,  which  is  at  right  angles  to  the  fixed 
plane. 

7.  A  plane  area  receives  a  motion  of  translation  in  its  own  plane  whose  com- 
ponents, parallel  to  the  axes,  are  a  and  b ;  and  a  rotation  6  round  the  point  in  the 
body  which,  at  the  beginning  of  the  motion,  coincides  with  the  fixed  origin. 
Determine  the  coordinates  of  the  point  a  rotation  round  which  would  bring  the 
body  into  the  same  position. 


aBin^d  -  bcosld              b  siniB  +  a  cob^O 
Ans.  X  =  —7-^1 — ,      y  = \   .    , — . 


8.  Show  from  these  expressions  that  the  amplitude  of  the  rotation  is  the 
same  as  before. 

If  (p  be  the  amplitude,      sin ^^  =  ^  -^^3::^  =  sin ^5. 
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9.  A  plane  area  is  moving  in  its  own  plane :  determine  the  accelerations  of 
any  point  in  it  parallel  to  the  tangent  and  the  normal  drawn  to  the  space  cen- 
trode  at  the  instantaneous  centre  of  rotation. 

Let  xo,  yo  be  the  coordinates  of  a  poiat  fixed  in  the  body,  |,  tj  those  of  any 
point  in  the  body  referred  to  Xo,  yo  as  origin,  and  to  axes  parallel  to  those  oi  x,y\ 
then 

d^  drj 


di 


dt 


(1)  being  the  angulftr  velocity  of  the  body ;  whence 

dx      dxo 

Tt^dT"^"' 


dy      dyo 


dt      dt 
d^x      d^xo 


+  f*', 


dc0 


dt^ 


-d^-'^'^-Tt''^ 


dt^  ~  'dt^  ^  dt^      *"'' 


Call  the  centrode  fixed  in  space  C,  that  fixed  in  the  body,  r.  The  velocity  of  the 
point  0  of  the  body  which  coincides  at  any  instant  with  the  instantaneous  centre 
of  rotation  is  zero.  At  the  next  instant  the  instantaneous  centre  of  rotation  has 
moved  to  the  consecutive  position  on  each  of  the  curves  C  and  r.  At  the  end  of 
this  instant  0  has  a  velocity  in  the  normal  to  C  equal  to  w  Udt,  where  Udt  is  the 
motion  of  the  instantaneous  centre  along  0.  Hence  the  acceleration  of  0  along 
the  tangent  to  C  is  zero,  and  along  the  normal  to  C  is  —  w  C^,  Now,  make  xq, 
yQ  coincide  with  0,  and  take  as  axes  the  tangent  and  normal  to  C,  then 


dH 


-afiP- 


—  =- w2^ 
df^  ^ 


du) 

di' 


d^ 

dt^ 


dci> 


In  the  figure  /,  /'  are  consecutive  positions  of  the  instantaneous  centre  on 
the  tangent  to  C,  and  the  positive  rotation  is  from  X  to  Y. 

10.  Determine  the  points  of  the  body  which  have  at  any  instant  (1)  no 
acceleration  parallel  to  the  tangent  to  C;  (2)  no  acceleration  parallel  to  the 
normal  at  the  instantaneous  centre  of  rotation. 

These  points  consist  of  two  straight  lines  in  the  body  at  right  angles  to  each 
other,  the  first  of  which  passes  through  the  instantaneous  centre  of  rotation. 

11.  Determine  at  any  instant  the  position  of  the  point  in  the  body  having 
no  acceleration. 
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It  is  the  intersection  of  the  two  lines  mentioned  in  the  last  example.     If 

p,  p'  be  the  radii  of  curvature  of  C  and  r,  if  we  put  —  = ^,  and  if  o  be  the 

.  ^      P      P 
angle  which  the  line  of  non-tangential  acceleration  (Ex.   10)  makes  with  the 

axis  of  X,  the  coordinates  of  this  point  may  be  expressed  in  the  form 

^  =  H  sin  a  cos  o,     t]  —  R  sin^o. 

These  expressions  readily  follow  from  the  equations  of  Ex.  9,  since  it  is  easily 
seen  that 

This  point  is  called  the  acceleration-centre. 

12.  The  acceleration  of  any  point  of  the  body  is  the  same  as  if  the  body  were 
turning  round  the  acceleration-centre  as  an  absolutely  fixed  point. 

Transforming  the  origin  to  the  acceleration-centre,  we  get 

d'^x  ,        da) 

d'^y        du 

but  these  are  the  accelerations  which  would  result  if  the  body  were  turning 
round  the  origin  of  ^i)  as  an  absolutely  fixed  point  with  the  varying  angular 
velocity  w  from  |  to  tj. 

13.  All  points  of  the  body  which  have  a  common  acceleration  lie  on  a  circle 
having  the  acceleration-centre  as  centre. 

Square,  and  add  the  equations  in  the  last  example. 

14.  Find  the  points  of  the  body  for  which  the  acceleration  normal  to  the 
path  described  by  the  point  is  zero. 

Take  the  centre  of  rotation  as  origin  of  |tj,  any  point  is  describing  a  circle 
round  it ;  hence  the  line  joining  the  origin  to  It;  is  the  normal  to  the  path  of 
the  latter ;  and  if  N  be  the  normal  acceleration,  and  r  the  distance  from  the  in- 
stantaneous centre  of  rotation, 

AT       ^     I  It       ^'^      \     .^    (  TT.^'^t  "      \  ni'  +  V^         V       J. 

r   \        ^     dt   'J      r\  dt^  '  /  r  r 

Hence  at  any  instant  the  points  for  which  iV  =  0  lie  on  a  circle 

wV-n  +  «^(|2  +  i72)  =  0, 

which  passes  through  the  instantaneous  centre  of  rotation,  touches  the  curve  C, 
and  has  a  radius  =  ^R-  For  the  reason  stated  in  Ex.  16  this  circle  is  called  the 
circle  of  inflexions. — Differential  Calculus,  Art.  290. 

15.  Determine  the  points  of  the  system  for  which  the  acceleration  along  the 
path  is  zero. 

They  lie  on  a  circle  whose  equation  referred  to  the  centre  of  rotation  as 
origin  is 

^(f2  +  r,^)-«Cr|  =  0, 
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which  passes  through  the  instantaneous  centre  of  rotation  and  cuts  the  curve  C 
orthogonally. 

The  theorems  of  the  last  two  examples  are  due  to  Bresse  {Journal  de  Vecole 
2Johjtechnique,  t.  xx.). 

16.  Determine  at  any  instant  the  points  of  the  body  which  are  passing  over 

points  of  inflexion  on  their  respective  paths. 

v^ . 
They  are  the  points  having  no  normal  acceleration  (Ex.  14) ;  for,  as  —is  then 

Pi 

zero,  and  v  not  zero,  p  must  be  infinite. 

17.  Determine  the  coordinates  of  the  acceleration  centre  referred-^(l)  to  axes 
fixed  in  the  body ;  (2)  to  axes  fixed  in  space  («ee  Article  197). 

Let  |i,  Tji,  xi,  yi  be  the  coordinates  in  question,  then — 

18.  ABOD  is  Si  frame  composed  of  three  bars  connected  by  joints  at  B  and 
C.  It  is  capable  of  moving  in  one  plane,  the  points  A  and  D  being  fixed.  De- 
termine the  relation  between  the  angular  velocities  of  AB  and  DC. 

A  B  O 


D 


At  any  instant  B  is  moving  in  a  circle  round  A,  or  at  right  angles  to  AB  ; 
and  C,  at  right  angles  to  DC.  Hence  the  instantaneous  centre  of  rotation  of -BC 
is  0,  the  point  of  intersection  oi  AB  and  CD ;  wherefore  AB  .  ui  =  OB  .  w,  and 

DC.o}2=0C.<a;  hence  —  =  -r^ •  7^  (Thomson  and  Tait). 
aj2       AB    CO 

19.  A  bar  AB  moves  in  one  plane  with  given  angular  velocity  rounds, 
while  at  B  it  is  freely  jointed  to  another  bar  BC,  whose  extremity  C  is  constrained 
to  move  along  a  fixed  straight  groove  passing  through  ,4  ;  find  the  velocity  of  C 
in  any  position. 
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Draw  a  perpendicular  to  AC  tX  C,  and  let  it  meet  ^5  in  0  ;  then  0  is  the  in- 
stantaneous centre  of  rotation  of  BC.     If  v  be  the  velocity  of  C,  and  w  the  angular 

OC 
Telocity  of  AB,  v  =  AB  .  — —  .  w  =  AP .  «,  where  ^  P  is  drawn  at  right  angles 

OB 

to  AC  to  meet  BC  in  P.    For  the  further  discussion  of  this  question  the  reader  is 

referred  to  Minchin,    Uniplanar  Kinematies,  p.  47,  or  Goodeve,   Elements  of 

Mechanism,  Chap.  i.     The  arrangement  of  machinery  mentioned  in  this  example 

is  called  the  crank  and  connecting  rod. 

20.  A  bar  moves  in  a  horizontal  plane  with  uniform  angular  velocity  round 
one  extremity.  To  the  other  extremity  a  horizontsil  circle  is  attached.  If  the 
circle  be  regarded  as  rotating  round  its  centre,  what  additional  motion  must  it  be 
considered  to  have  ? 

The  circle  has  a  velocity  of  translation  at  right  angles  to  the  bar,  and  equal 
to  ao),  where  a  is  the  distance  of  its  centre  from  the  fixed  end  of  the  bar ;  and  a 
velocity  of  rotation  w  round  a  vertical  axis  through  the  centre. 

21.  If  two  definite  points  of  a  plane  figure  are  constrained  to  move  along 
two  straight  Hues  in  its  plane  which  are  fixed  in  space,  the  space  centrode  and 
the  body  centrode  are  circles,  the  former  being  double  the  latter  {Differential 
Calculus,  Art,  296). 

22.  In  Peaucellier's  arrangement  find  the  relation  between  the  velocity  of 
the  point  describing  the  straight  line  and  that  of  one  of  the  adjacent  comers  of 
the  parallelogram. 

M.  Peaucellier,  in  1864,  first  succeeded  in  transforming  circular  into  rectili- 
near motion  by  the  following  arrangement : — A  and  B  are  fiied  points ;  AP  and 
AQ  are  two  equal  bars  which  can  turn  freely  round  A  ;  BR  is  another  bar 
turning  freely  round  B,  and  equal  in  length  to  AB ;  QRPX  is  a  jointed 
parallelogram  composed  of  four  equal  bars  turning  freely  round  their  points  of 
intersection.  If  a  motion  be  imparted  to  the  system,  the  points  P,  Q,  B  describe 
circles.     That  the  point  X  describes  a  straight  line  may  be  shown  as  follows  : — 

In  any  position  of  the  system,  since  Z  PBX  =  L  QBX,  and  L  PR  A  =  L  QRA, 
XR  and  RA  are  in  one  straight  line  ;  then  XPR  being  an  isosceles  triangle,  and 


PA  a  line  drawn  from  the  vertex  to  the  base,  AR  .  AX=AP^  -  RP^  =  const. ; 
wherefore  X  describes  a  curve  which  is  the  inverse,  with  respect  to  A  as  origin, 
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of  that  deBcribed  by  it.    Now  the  point  R  describes  a  circle  which  passes  through 
A  ;  hence  X  describee  a  straight  line,  perpendicular  to  AB  at  the  point  B,  where 

AS.AD  =  AF^-EF''. 

We  proceed  to  find  the  relation  between  the  velocities  of  F  and  X.  Draw  XO 
at  right  angles  to  SX ;  then  0  is  the  instantaneous  centre  of  rotation  of  the  bar 
FX. 


Let  AF  =  a,  FX  =  b,  FH  (in  former  figure)  =  e  ;  then  «  being  the  angular 
velocity  of  AF,  to'  the  angular  velocity  of  FX  about  0,  and  v  the  velocity  of  A' ; 
we  have,  since  0  is  the  instantaneous  centre. 


therefore 


Again,  if 


therefore 


v=.OX.u',  and  OF.  w'=AF.  u; 

v=  --.  AF.u>  =  AT.w. 
OF 

FAT=B,FTA  =  <p.     AT  =  a  hmd{Qot 9  +  cot (p)] 


V  =  a  sin  fl  (cot  d  +  cot  <p)  u, 
where  <p  is  given  by  the  equation 


a  cos  0  +  ^  cos  ^  = 


2e    ' 
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Section  II. — Kinetics  of  a  Rigid  Body,  General  Equations. 

201.  D'Alembert's  Principle. — If  a  system  of  mate- 
rial points  connected  together  in  any  way,  and  subject  to  any 
constraints,  be  in  motion  under  the  influence  of  any  forces,  each 
point  of  the  system  has  at  any  instant  a  certain  acceleration. 
If  now  to  each  point  an  acceleration  were  applied  equal  and 
opposite  to  the  actual  acceleration  of  the  point,  the  velocities 
of  all  the  points  of  the  system  would  become  constant — in 
other  words,  each  point  would  move  as  if  free  and  unacted 
on  by  any  force  whatever — that  is,  the  applied  accelerations, 
the  external  forces,  and  the  constraints  and  mutual  or  in- 
ternal forces  of  the  system,  would  equilibrate  each  other. 

Stated  in  algebraical  language,  the  principle  which  is 
given  above  may  be  enunciated  as  follows : — If  the  coordi- 
nates of  any  point  of  a  material  system  be  x,  y,  z,  the  mass 
there  concentrated  m,  and  the  external  forces  there  applied 
X,  Y,  Z;  the  system  of  forces, 

d^or  d'y  d'z 

X-m-,     Y-m-^,,     Z-m-, 

^-"'dF'  ^  -''dF^^-^'-d^^^'-^ 

acting  at'  the  points  xyz,  x'yz  ,  &c.,  will  be  in  equilibrium,  in 

virtue  of  the  constraints  and  mutual  reactions  of  the  system. 

d'x  d/^y  d'^" 

The  force  whose  components  are  -m-r-,  -m-^,  -m  -^, 

dt  dt"  dv 

is  called  the  force  of  inertia  of  the  mass  m,  and  D'Alembert's 

Principle  (as  stated  in  Article  69)  simply  expresses  that — 

The  applied  forces  and  the  forces  of  inertia  in  any  system  are 
in  equilibrium. 

In  applying  D'Alembert's  Principle  we  may,  as  in  Statics, 
consider  the  constraints  of  the  system  either  as  geometrical 
conditions,  or  else  substitute  for  them  unknown  forces.  In 
the  algebraical  statement  just  given  the  former  plan  has 
been  adopted  ;  but  if  we  choose  to  adopt  the  latter  we  have 
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merely  to  make  X,  F,  Z^  &c.,  include  not  only  the  applied 
forces,  but  also  the  stresses  arising  from  the  constraints. 

If  the  Statical  Principle  of  Yirtual  Velocities  be  employed, 
we  have  for  D'Alembert's  Principle  the  concise  mode  of  ex- 
pression given  by  Lagrange,  and  applied  by  him  with  such 
success  in  his  Mecaniqice  Analytiquey  viz. :— 

x-.Sj...(r-.g)8..(^-.§)^fo.   (1) 

202.  D'Alembert's    Principle    for    Impulses. — As 

has  been  stated  already  in  Article  65,  an  Impulsive  or  In- 
stantaneous Force  is* a  force  which  produces  a  finite  change 
of  velocity  in  a  time  so  short,  that  in  it  no  sensible  change 
of  velocity  is  produced  by  the  action  of  the  forces  which  are 
not  impulsive.  If  the  constraints  and  connections  of  a  system 
be  regarded  as  giving  rise  to  forces,  these  forces  may  be  im- 
pulsive or  not  according  to  the  nature  of  the  constraint.  For 
example,  a  blow  given  to  a  body  which  is  resting  on  an  im- 
movable surface  produces  an  impulsive  reaction,  provided  the 
blow  is  not  tangential  to  the  surface;  but  a  sudden  jerk  at 
the  end  of  an  extensible  elastic  string  produces  no  impulsive 
reaction.  It  is  important  to  observe  that  each  point  of  the 
system  may  be  regarded  as  occupying  the  same  position  in 
space  at  the  end  as  at  the  beginning  of  the  time  during 
which  the  impulsive  forces  have  acted.  In  other  words,  the 
velocities  of  the  various  points  may  change  by  a  finite 
amount,  but  the  positions  can  only  change  by  an  infinitely 
small  amount  during  the  time  under  consideration. 

If  x^  y,  z  be  the  changes  of  the  components  of  the  velocity 
of  any  point,  whose  coordinates  are  x,  y,  z,  due  to  the  action 
of  the  impulsive  forces,  and,  if  X,  Y,  Z  be  the  components  of 

the  impulse  which  has  acted  at  this  point,  D'Alembert's 
Principle  as  applied  to  impulsive  forces  may  be  expressed  in 
the  form — 

^{{X-mx)  Sx+{Y-  mi/)  By  4-  [Z-  mk)  h]  =  0.     (2) 
The  truth  of  the  principle  in  the  present  case  can  be 
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established   by  reasoning  similar   to   that  employed  in  the 
preceding  Article. 

It  may  also  be  derived  from  the  principle  applied  to 
continuous  forces  by  considering  the  impulsive  forces  as 
continuous  forces  of  great  magnitude  acting  for  a  short  time. 
In  fact,  if  we  multiply  the  equation 

.((z-.S)s..(r-.g)*.(z-.J)8f. 

by  dty  and  integrate  between  the  limits  t  and  f]  if  the  interval 
^  -  ^  be  sufficiently  short,  the  system  has  not  sensibly  altered 
its  position,  and  therefore  ^x,  &c.  are  the  same  at  the  end  of 
the  time  as  at  the  beginning,  and  we  have 


r'xrf,_„/$    /^Y 


Xdt 


Now,  if  X  be  the  component  of  a  continuous  force, 
is  insensible ;  and,  if  X  be  the  component  of  an  impulsive  force, 
Xdt  is  the  component  of  the  impulse  along  the  axis  of  x, 
which  may  be  denoted  by  X  ;  hence,  as 


-  (I)  =  i,  &c., 


dx 
di 

we  obtain 

S((X  -  mx)  S^  +  (F-  my)  dy  +  {Z -  m'z)  Iz]  =  0, 

as  before. 

203.   Equations    of   Motion   of  a   Rigid   Body. — 

By  means  of  D'Alembert's  Principle  we  can  at  once  write 
down  the  equations  of  motion  of  a  rigid  body.  We  have,  in 
fact,  merely  to  write  down  the  six  equations  of  equilibrium, 
taking  into  account,  not  only  the  applied  forces,  but  also  the 
forces  of  inertia  as  defined  in  Art.  201. 
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Hence  the  six  equations  of  motion  are — 

-4:=-^'     ^-'i-^^^     ^^=^ 


>.        (4) 


S     (3) 


J 

where  i,   Jf,   N  are  the  moments   of  the   applied  forces 
round  the  axes. 

For  impulses,  the  corresponding  equations  are — 

^mx  =  SX,     2wy  =  SF,     Sms  =  SZ  " 

Sm  {xi/  -  yx)  =  2  (xY-yX)  =  N 

'2>m{yz  -  zy)  =  ^{yZ -  zY)  =  i 

^m{zx  -  iPz)  =  S  (zX  -  a?Z)  =  iJf 

These  equations  determine  the  motion  of  a  rigid  body 
which  is  altogether  free,  i.  e.  unacted  on  by  any  constraints,  or 
geometrical  conditions. 

In  the  case  of  a  body  subject  to  constraints,  if  all  six 
equations  are  employed,  the  constraints  must  be  replaced  by 
the  stresses  to  which  they  give  rise. 

The  first  three  equations  of  each  group  may  be  put  into  a 
simpler  shape  as  follows  : — 

204.  notion  of  the  Centre  of  Inertia  of  a  Free 
Body. — Let  x,  y,  z  be  the  coordinates  of  the  centre  of  inertia, 
and  9)?  the  mass  of  the  body  ;  then,  for  continuous  forces, 

_— _  0/  X  (t  X        _^  __ 


(6) 


(6) 


242         Kinetics  of  a  Rigid  Body,  General  Equations, 
Also,  for  impulses, 

•    I 
mt  =  2ms  =  2Z  J 

These  equations  give  the  motion  of  the  centre  of  inertia 
of  a  body  which  is  free  and  acted  on  by  any  forces.  From 
them  it  appears  that — 

The  centre  of  inertia  of  a  free  body  moves  as  if  all  the  forces 
were  applied  to  the  entire  mass  concentrated  there. 

This  is  a  particular  case  of  a  more  general  principle  which 
will  be  given  further  on. 

205.  Motion  of  a  Free  Body  relative  to  its  Centre 
of  Inertia. — If  we  call  £,  r],  Z  the  coordinates  of  any  point 
of  the  body  referred  to  its  centre  of  inertia  as  origin, 

x  =  x  +  ^,    y  =  y  +  Vf    z  =^z  +  Z. 

Introducing  these  values  into  the  three  latter  equations  of 
groups  (3)  and  (4),  we  have 


or 


df 


cPx 


df 

=  ^{{x  +  i)Y-{y  +  r,)X], 


X 


-y-^^^m[l--^^^. 


d' 


d'K 


whence,  in  virtue  of  the  equations  for  the  motion  of  the  centre 
of  inertia, 


s.-»(2^-  ?J^Vs(a-s^) 


{') 
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and  there  are  three  corresponding  equations  for  the  impulsive 
forces.     These  equations  show  that 

The  motion  of  a  free  body  relative  to  its  centre  of  inertia  is 
the  same  as  if  this  point  were  fixed  in  space,  the  applied  forces 
being  absolutely  unaltered  as  regards  magnitude,  direction,  and 
point  of  application. 

The  general  problem  of  the  motion  of  a  rigid  body  has 
now  been  reduced  to  the  determination  of  the  motion  of  the 
centre  of  inertia,  and  of  the  motion  of  the  body  relative  to 
its  centre  of  inertia.  Thus  the  general  problem  of  the  motion 
of  the  Earth  involves  the  consideration  of  the  path  described 
by  its  centre  of  inertia  under  the  attraction  of  the  sun  and 
planets,  and  of  the  rotatory  motion  of  the  Earth  round  its 
centre  regarded  as  fixed.  The  former  problem  belongs  to  the 
Planetary  Theory.  The  solution  of  the  latter  problem  forms 
the  Theory  of  Precession  and  Nutation. 

206.  Moments  of  Alomentuiii. — The  equation 

in  its  primary  signification,  expresses  that  the  moment  of  the 
forces  of  inertia  round  the  axis  of  z  is  equal  and  opposite  to 
the  moment  of  the  applied  forces. 

^.  d^y        d^x      d  (   dy        dx 

there  are  two  other  modes  in  which  this  equation  may  be 
interpreted. 

„    f   dy       dx\ 

is  the  moment  of  the  momenta  of  the  elements  of  the  body 
round  the  axis  of  z,  and  the  equation  in  question  asserts  that — 

The  change  in  the  moment  of  the  momenta  of  the  elements  of 
the  body  round  the  axis  of  z,  during  an  indefinitely  short  time, 
divided  by  the  time,  is  equal  to  the  moment  of  the  applied  forces. 

It  may  also,  however,  be  regarded  as  expressing  that, 
the  change  in  twice  the  sum  of ^  the  elementary  areas  de- 

R  2    * 
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scribed  round  the  origin  0,  by  the  projections  of  the  points 
of  the  body  on  a  fixed  plane  through  0,  multiplied  each  by 
the  corresponding  element  of  mass,  is  equal  to  the  moment 
of  the  applied  forces  round  the  normal  to  the  plane  of  the 
areas,  multiplied  by  the  element  of  the  time. 

In  fact,  if  \hzdt  be  the  elementary  area  described  round 
the  origin  by  the  projection  of  the  point  x,  y,  z  on  .the  plane 
of  xy,  then 

dy        dx      . 

hence  the  equation  becomes 

^m^=^^{xY-yX). 

If,  as  before,  we  denote  the  moments  of  the  applied  forces 
round  the  axes  by  X,  J/,  N,  the  foregoing  equation  and  the 
two  others  corresponding  become 

dt  dt  dt 

The  corresponding  equations  for  impulses  are 

^mlh  =  L,     ^tnJh  =  M,     ^mh-,  =  N.  (9) 

If  the  body  is  in  motion  when  the  impulses  act,  the  three 
latter  equations  should  be  written 

^mhi=L  +  ^mh\,  ^m1h  =  M+^mli.,  ^mh3  =  N+'^mh\,  (10) 

where  h\,  h'z,  h\  are  the  values  of  Ai,  A2,  ^3  the  instant  before 
the  impulses  act.  r«&.ACf 

The  quantities  /?i,  ^2,  Kt  &c.  afe,.,the  areal  velocities, 
relative  to  the  origin,  of  the  different  points  of  the  body ; 

dh  '\ur^f. 

and  — -\  &c.  are  the  areal  accelerations  {see  Art.  29). 

dt  f^  ^ 

As  the  areal  equations  for  a  rigid  body  contain  an  infinite 
number  of  accelerations,  the  left-hand  members  being  in  fact 
definite  integrals,  it  is  necessary  to  transform  them  before   | 
they  can  be  appUed  to  any  particular  question. 
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207.  The  Oeneral  Equations  of  Motion  of  a 
Rigid  Body  apply  to  every  System. — It  is  well  known 
that  the  forces  acting  on  any  system  in  equilibrium  must 
fulfil  the  conditions  which  would  be  required  if  the  system 
were  rigid.  Hence  the  equations  of  motion  of  a  rigid  body 
are,  in  their  most  general  form,  applicable  to  any  system 
whatever.  The  special  reductions  which  may  be  applied  to 
the  forces  of  inertia  in  the  case  of  a  rigid  body  cannot,  how- 
ever, be  employed  in  other  cases. 

208.  Equation  of  Yis  Viva. — A  first  integral  of  the 
equations  of  motion  can  very  frequently  be  obtained  directly 
from  D'Alembert's  Principle,  as  follows. — 

x{(x-»g)s..(r-,4f)...(z-.g)5.j=o, 

where  ^x^  Sy,  Ss,  &c.  are  arbitrary  displacements  consistent 
with  the  conditions  of  the  system.  If  the  equations  of  con- 
dition do  not  contain  the  time  explicitly,  dx  (the  actual  move- 
ment of  the  point  along  the  axis  of  x  during  an  infinitely 
short  time)  is  always  a  value  which  may  be  legitimately  as- 
signed to  ^x)  for  the  fact  that  it  is  an  actual  displacement 
shows  that  it  is  consistent  with  the  equations  of  condition, 
and  therefore  possible,  provided  these  equations  do  not  alter 
with  the  time,  that  is,  do  not  contain  the-time  explicitly.  If 
they  contain  the  time  explicitly,  dx  is  not  in  general  a 
possible  value  of  ^x.  In  fact,  C/"  =  0  being  an  equation  of 
condition,  if  C/"  is  a  function  of  the  coordinates  simply,  dx 
and  dx  must  satisfy  the  same  equation,  viz., 

dU  ^       dU^       _         _ 
-7-  tx  +  -r-6y  +  &c.  =  0. 
dx  ay 

If,  however,  U  contains  t  explicitly,  dx  has  to  satisfy  the 
equation 

-r-  dx  +  &C.   =  0, 

dx 

where  t  is  treated  as  constant ;  but  dx  has  to  satisfy  the  equa- 
tion 

dU  .       -         ^CT 

-—  dx  +  &c.  +  -—  dt  =  0. 

dx  dt 
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This  is  so,  because  dx  is  the  interval  between  two  successive 
positions  of  a  point,  at  consecutive  instants  of  time,  whereas 
Ex  is  the  interval  between  two  simuiianeous  infinitely  near 
possible  positions  of  the  point. 

In  the  great  majority  of  problems  dx  is  a  possible  value 
of  Bx  ;  and  the  same  holds  for  the  other  displacements. 
Assuming  then  that  the  transformation  is  legitimate,  let  us 
assign  to  Ex,  Sy,  §z,  &c.  the  values  dx,  dy,  &c. ;  D'Alembert's 
eq^uation  becomes  then 

2mf  —  dx-\--^^dy^-£dzy  ^{Xdx  +  Ydy  +  Zdz). 

Integrating,  we  have 

where  c  is  an  arbitrary  constant. 

This  equation  is  called  the  equation  of  vis  viva. 

If  we  denote  the  vis  viva  at  any  particular  time  f  by 
S/wv  *,  the  equation  above  may  be  written 

^mv^  -  ^mo'*  =  2S  /  {Xdx  +  Ydy  +  Zdz),         (12) 

where  the  right-hand  side  is  twice  the  work  done  by  the  forces 
in  passing  from  the  position  occupied  at  the  time  tf  to  the 
position  occupied  at  the  time  t. 

The  equation  of  vis  viva  for  a  rigid  body  has  been  already 
obtained  in  a  different  manner  in  Article  129. 

The  equation  of  vis  viva  is  one  of  the  most  important  in 
Dynamics.  It  is  to  a  great  extent  the  foundation  of  the 
Theory  of  Energy,  and  is  the  basis  of  the  celebrated  trans- 
formations of  Lagrange.  This  equation  will  be  more  fully 
considered  in  a  future  chapter. 

209.  Of  the  Forces  if^hich  enter  the  Equation  of 
ITls  Viva. — It  is  plain  from  the  mode  in  which  the  equation 
of  vis  viva  has  been  deduced  from  D'Alembert's  Principle 
that  in  the  case  of  a  rigid  body  the  right-hand  side  contains 
only  the  applied  forces,  and  that  reactions  by  which  geome- 
trical conditions  may  be  replaced  do  not  enter  therein.  The 
reactions  of  fixed  points,  fixed  surfaces,  &c.,  are  thus  ex- 
cluded :  but  further,  if  during  the  motion  the  direction  of  a 
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force  be  at  each  instant  at  right  angles  to  the  line  in  which 
its  point  of  application  is  moving,  such  a  force  does  not  enter 
the  equation  of  vis  viva  (Art.  121). 

When  two  surfaces  roll  on  one  another  without  slipping, 
the  relative  tangential  velocity  is  zero.  Now,  if  F  be  the 
tangential  force  of  friction  developed  between  them,  the 
element  of  work  done  by  F  on  one  body  is  Fdfi^  and  that 
done  on  the  other  is  -  Fd/^,  dfx  and  df^  being  the  projections 
on  the  direction  of  F  of  the  small  motions  of  the  two  points 
in  contact.     Hence  the  whole  work  done  by  the  tangential 

friction  is  F{dfi  -  df) ;  but  ^  -  -rr  ^^  ^^^  relative  tangential 

velocity  of  the  points  of  the  surfaces  which  are  in  contact. 
Hence  the  whole  work  done  by  the  tangential  force  of  fric- 
tion in  jmre  rolling  is  zero,  or  this  force  in  the  case  supposed 
has  no  effect  on  the  equation  of  vis  viva.  If  one  of  the  sur- 
faces be  fixed,  a  similar  result  can  be  amved  at  with  still 
greater  facility. 

When  two  surfaces  are  in  permanent  contact,  the  normal 
reaction  between  them  never  enters  the  equation  of  vis  viva. 
In  this  case,  if  the  motion  be  pure  slipping,  the  relative  ve- 
locity of  the  points  of  application  of  the  mutual  reaction  is 
altogether  tangential.  If  the  motion  be  either  rolling  and 
slipping,  or  pure  rolling,  the  relative  normal  velocity  of  the 
points  in  contact  is  still  zero,  or  at  least  infinitely  small, 
and  the  relative  normal  displacement  is  an  infinitely  small 
quantity  of  the  second  order,  that  is,  dri  -  dro  =  0,  and  there- 
fore E  {dvi  -  dTi),  which  is  the  whole  work  done  by  the  mutual 
normal  reaction,  is  equal  to  zero. 

210.  KflTect  of  Collision  on  Tis  ITIva. — The  work 
done  in  the  element  of  time  dt,  by  the  mutual  normal  re- 
action of  two  bodies  which  collide,  is  always  of  the  form 

M{dri  -  drz),  where  -jr  -  jr  ^^  the  relative  normal  velocity. 

dt  is  here,  as  in  Art.  202,  an  infinitely  small  quantity  of  the 
second  order.  If  we  call  r  the  projection  on  the  common 
normal  of  the  distance  between  the  points  of  the  bodies 
which  act  on  one  another,  r  is  an  infinitely  small  quantity 
of  the  first  order,  and  the  whole  work  done  by  the  mutual 
action  in  the  element  of  time  dt  is  Bdr, 
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If  the  mutual  force  R  between  two  bodies  tends  to  in- 
crease the  relative  velocity  which  already  exists  in  the  direc- 
tion of  r,  Rdr  is  positive.  If  on  the  other  hand  R  tends  to 
diminish  the  relative  normal  velocity  which  already  exists, 
Rdr  is  negative.  This  readily  appears  from  the  following 
considerations : — 

If  the  mutual  action  tends  to  increase  -r^,  it  tends  to  di- 
dvn 
minish  -— ",  and  therefore  the  element  of  work  done  by  it  is 

dt  '^ 

R{dri  -  drz),  which  is  positive  if  —  >  — ^,  and  negative  if 

Clt        ctt 

rf/\*  /if* 

— ^  >  -— .  In  the  first  case  the  mutual  action  tends  to  in- 
dt       dt 

crease  the  relative  normal  velocity ;  and  in  the  second  case  to 

diminish  this  velocity.     Also,  if  the  mutual  action  tends  to 

dr    .    . 
diminish  -r^  similar  reasoning  applies.     Hence  we  may  con- 

elude  that  in  the  case  of  collision  between  two  bodies  the 
work  done  by  the  mutual  normal  reaction  is  negative  while 
this  reaction  is  diminishing  the  relative  normal  velocity 
already  existing,  and  positive  while  it  is  increasing  the 
existing  relative  normal  velocity.  In  the  first  case,  the  vis 
viva  of  the  bodies  is  diminished,  and,  in  the  second,  in- 
creased. 

As  has  been  already  stated  (Art;  76),  in  the  impact  of 
bodies  there  are  two  periods.  In  the  first,  the  mutual  action 
reduces  the  relative  normal  velocity  of  the  colliding  points  to 
zero.  In  the  second,  a  force  of  restitution  is  developed  which 
acts  on  each  body  in  the  same  direction  as  the  original  force. 
In  the  first  period,  as  the  mutual  action  reduces  the  relative 
normal  velocity  to  zero,  and  consequently  diminishes  its  pre- 
viously existing  amount,  the  vis  viva  is  diminished.  In  the 
second  period  the  vis  viva  is  increased,  as  the  force  of  resti- 
tution generates  a  new  relative  normal  velocity,  and  con- 
tinually iocreases  the  relative  velocity  already  produced. 

If  the  bodies  which  collide  be  perfectly  elastic,  R  (the 
mutual  normal  action)  is  a  function  of  r,  both  in  the  period 
of  compression   and  likewise  in  the  period  of  restitution. 
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Hence  Rdr  is  a  perfect  differential.  Moreover,  in  the  case 
of  perfect  elasticity,  the  mutual  distances  between  the  points 
of  the  bodies  affected  by  the  shock  regain  at  the  end  of  the 
shock  precisely  the  same  values  which  they  had  at  the  begin- 
ning. Hence  the  complete  value  oi  j  B  dr,  taken  through  the 
two  periods  of  compression  and  restitution,  is,  in  the  case  of 
perfectly  elastic  bodies,  zero,  and  therefore  vis  viva  is  un- 
affected by  the  shock  of  perfectly  elastic  bodies. 

If  the  bodies  which  collide  be  imperfectly  elastic,  vis  viva 
is  lost  in  the  period  of  compression,  and  gained  in  the  period 
of  restitution  ;  but  the  amount  gained  in  the  second  period  is 
less  than  that  lost  in  the  first,  so  on  the  whole,  in  the  shock 
of  imperfectly  elastic  bodies  vis  viva  is  lost  (see  Art.  135, 
Ex.  13). 


Section  III. — Motion  round  a  Fixed  Axis. 

211.  Special  Cases  of  Motion.  Degrees  of 
Freedom. — In  order  to  transform  the  general  equations  of 
motion  in  such  a  way  as  to  be  of  use  in  particular  problems, 
it  is  necessary  to  know  something  of  the  special  conditions  of 
the  problem  which  it  is  required  to  solve. 

We  have  seen  in  Article  190  that  six  conditions  are  re- 
quired to  fix  the  position  of  a  rigid  body,  and  we  have  found 
accordingly  six  equations  of  motion  for  a  body  perfectly  free. 
Such  a  body  is  said  to  have  six  degrees  of  freedom  (Art.  191). 
We  have  obtained  the  equations  for  this  case  in  their  most 
general  form,  but  we  shall  now  adopt  the  reverse  method  of 
procedure,  and  consider  the  special  equations  to  be  em- 
ployed for  a  body  having  one  degree  of  freedom. 

212.  One  Degree  of  Freedom. — A  body  is  said  to 
have  one  degree  of  freedom  when  its  position  is  limited  in 
such  a  way  as  to  depend  on  a  single  indeterminate  quantity. 
It  will  be  shown  subsequently  that  the  variations  of  the  co- 
ordinates of  any  point  of  a  body  entirely  free  are  linear  func- 
tions of  six  undetermined  quantities.  If  these  six  quantities 
are  connected  together  in  such  a  way  that  one  being  given 
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all  the  rest  are  determined,  the  body  has  one   degree   of 
freedom. 

The  simplest  cases  of  one  degree  of  freedom  ocour  when 
some  of  the  six  undetermined  displacements  are  zero.  We 
shall  consider  here  only  two  cases. 

(1)  If  the  motion  of  the  body  be  limited  to  a  series  of 
pure  translations,  and  the  path  of  one  of  its  points  be  as- 
signed. 

(2)  If  the  motion  of  the  body  be  limited  to  a  rotation 
round  an  axis  fixed  in  space. 

In  the  first  case  the  problem  is  readily  reducible  to  that 
of  the  constrained  motion  of  a  particle. 

This  reduction  is  most  easily  effected  by  employing 
D'Alembert's  Principle  as  expressed  by  Lagrange.  In  fact 
we  have 

.|(i-..S)j,*(F-.4r)*,(z-„.s>fo. 

Now,  by  the  conditions  of  the  question  Sa?,  Sy,  Sz  must  be 
the  same  for  every  point  of  the  body,  and  ds  being  the  arc 
of  the  curve  described  by  the  centre  of  inertia, 

ds  ds  ds 

Making  these  substitutions,  we  obtain  the  single  equation  of 
motion, 

^-S)f*(-S)f*K')l 

or,  as  ds"*  =  dx^  +  dy*  +  dz^, 

we  have  finally,  if  we  put  50?  for  the  whole  mass  of  the  body, 

^£=«.  (1) 
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where  S  is  the  sum  of  the  components  of  all  the  applied 
forces  along  the  tangent  to  the  path  of  the  centre  of  inertia ; 
hut  this  is  obviously  the  equation  required  for  determining 
the  constrained  motion  of  a  particle. 

213.  To  Determine  tbe  Hotion  of  a   Body  con- 
strained to  move  round   an  Axis  fixed  in  Space. — 

Take  the  fixed  axis  as  axis  of  x.  The  condition  of  equilibrium 
for  a  body  having  a  fixed  axis  is  that  the  moment  of  the 
forces  round  the  axis  should  be  zero.  By  D'Alembert's 
Principle  the  equation  of  motion  is,  therefore, 

If  p  be  the  perpendicular  from  the  point  a?,  y,  z  on  the 
axis  of  x^  and  B  the  angle  which  p  makes  with  the  axis  of  y, 

w^  have  y=pGOBd,  z  =  psmO;  whence,  putting  w  =  — , 

(*t 

^     /  dh        d'^y\      ^     d  f  dz        dy 


^'"|(^''")=S^'"^'' 


as  the  p  for  each  point  is  invariable. 

Since  2mjo^  is  the  moment  of  inertia  of  the  body  round 
the  fixed  axis  [Integral  Calculus^  Chap,  x.),  if  k  be  the  radius 
of  gyration  of  the  body,  and  ^  its  mass,  we  have, 

mf-L.  (2) 

Hence, 

The  angular  acceleration  of  the  body  is  equal  to  the  moment  of 
the  applied  forces  divided  by  the  moment  of  inertia. 

The  equation  just  given  was  obtained  before  in  Art.  135 
by  a  different  method. 
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The  corresponding  equation  for  an  impulse  is 

mh'd  =  f ,  (3) 

or, 

The  moment  of  inertia  multiplied  by  the  change  of  the  angular 
velocity  due  to  the  impulse  is  equal  to  the  moment  of  the  im- 
pulse, 

214.  Equation  of  Tis  ITiva  for  a  Body  moving 
round  a  Fixed  Axis. — The  expression  for  the  vis  viva  of  a 
body  moving  round  a  fixed  axis  has  been  given  already, 
Art.  130.  If  we  take  the  fixed  axis  for  the  axis  of  a?,  we 
have,  as  the  equation  of  vis  viva, 

gj^^'oi*  =  2S  /  ( F^y  +  Zdz)  +  c.  (4) 

215.  {Stresses  on  the  Axis  of  Rotation. — We  have 
seen  that  D'Alembert's  Principle  furnishes  at  once  the  single 
equation  of  motion  which  is  required  to  determine  the  velo- 
city and  position  of  a  body  rotatiog  round  a  fixed  axis.  The 
same  principle  enables  us  to  write  down  the  equations  which 
are  required  to  determine  the  stresses  on  the  axis. 

In  order  to  determine  these  stresses,  we  may  regard  the 
body  as  compelled  to  rotate  round  the  fixed  axis,  not  by  a 
geometrical  condition,  but  by  forces  acting  on  the  body  at 
any  two  points  on  the  axis.  The  body  is  then  to  be  con- 
sidered free,  but  the  magnitude  of  the  forces  replacing  the 
constraints  is  such  as  to  compel  the  body  to  rotate  round  the 
given  axis. 

The  axis  of  x  being  the  axis  of  rotation,  we  have,  as 
before,  x  =  constant,  y  =  p  cos  0,  2  =  jt?  sin  0,  whence 

dx      ^    dy  .    ^dO      d%  ^dO     d^x     _ 

d'z  ,,d'e         .    „A/0Y        d'd        /ddV 
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Accordingly, 

d'z     d'O  ^         fdB\  ^ 

^'^df=df^''y-\7t)^'^'^ 

^'^['df-^df)^-df^'''''-[di)  ^'''^^ 
(  dH        d^y\      d^e.        ,  ,       ,, 

^'^['df-'df)^-dF^'''^\di)^'''''' 

In  the  present  case  ^mxy,  'S.mxz,  and  Sm  (y^  +  2')  are  de- 
finite integrals,  being  the  products  and  moment  of  inertia  of 
the  body  {Integral  Calculus ^  Art.  195),  and 

^my  =  '^yy     ^mz  =  ^z. 

If  now  Xi,  Fi,  Zi ;  Xz,  F2,  Z^,  acting  at  the  arbitrary 
points  Xi  and  Xi  on  the  axis,  be  the  components  of  the  forces 
by  which  the  action  of  the  fixed  axis  on  the  body  is  replaced, 
equations  (3)  of  Art.  203,  enable  us  to  determine 

0,     X1  +  X2,     Fi,     Fj,     Z„     and     Z^; 

provided  we  can  integrate  the  equation  which  gives  the  value 

d'^Q 
of  — V-.     This  equation  is  the  same  as  that  obtained  before  in 
df 

Art.  213.     If  the  same  notation  be  adopted  for  the  applied 

forces  as  in  Art.  203  ;  since 

2/1  =  y-i  =  2i  =  S2  =  0, 

equations  (3)  of  Art.  203  become 
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SZ  +  Xi  +  X2  =  0 


xzdm-l—]     xydm  =S  {x  Y-  yX)  +  a-i  Fi  +  X2  Yz 


d^ 
df  ^ 

^^{y^^z^)dm=:^{yZ-zY) 
d'd 


>■    (5) 


df 


(,7i3\  2  r 
—  J  I  xzdm  =  S  (zX  -  xZ)  -XiZi-  x-.  Z, 


Instead  of  regarding  the  reaction  of  the  fixed  axis  against 
the  body  as  consisting  of  two  forces,  we  may  consider  it  as 
equivalent  to  a  single  force  passing  through  the  origin  and  a 
couple.  When  6  has  been  found  from  the  fifth  of  equations 
(5),  the  first  three  of  those  equations  determine  the  compo- 
nents of  the  force,  and  the  fourth  and  sixth  those  of  the 
couple. 

216.  Axis  of  Rotation  a  Principal  Axis  througli 
the  Centre  of  Inertia. — If  the  axis  of  rotation  be  a  prin- 
cipal axis  through  the  centre  of  inertia, 

y  =  z  =  Oy  I  xydm  =  jxzdm  =  0, 
whence  equations  (5)  become 

sX4Xi  +  X2  =  o,  2r+Fi  +  r2  =  o,  ^z+Zi  +  Z2=o) 

d^d  •    (6) 

N+XiYr+x^Y,  =  0,  mk'^  =  L,  M-x,Z,-x,Z,  =  0) 

Five  of  these  equations  are  the  same  as  those  required  in 
order  that  the  applied  forces  should  be  in  equilibrium  with 
the  reactions  of  the  axis  against  the  body. 

If  no  external  forces  are  applied  to  the  body, 

Xi+X2=0,  Fi+F2=0,  Z,-¥Z,=0;  x,Yi+x,Y2=0,  x,Z,+XoZ,=0, 

and  therefore 

Y,  =  0,    F2  =  0,   Z,  =  0,   Z,=  0;  or  finally— 
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If  a  body  he  rotating  round  a  principal  axis  through  its  centre 
of  inertia,  no  forces  being  supposed  to  act,  there  is  no  stress  on  the 
acciSy  and  the  body  tvill  continue  to  rotate  round  that  axis  with  a 
uniform  angular  velocity. 

This  result  was  obtained  before  in  Article  96. 

217.  Impulses. — If  a  body,  rotating  round  a  fixed  axis, 
taken  as  the  axis  of  x,  be  acted  on  by  any  system  of  impulses, 
since  for  each  point  of  the  body  x  remains  invariable,  and 
y  =  7;  cos  0,  2  =  JO  sin  0,  where  p  does  not  vary  with  the  time, 
we  have 

^      dt       dt  \dt       dt  J 

as  the  position  of  any  point  remains  unaltered  while  the  im- 
pulsive forces  are  acting.     In  like  manner  z  =  yd. 

If  we  desire  now  to  obtain  the  equations  which  give  the 
magnitudes  of  the  impulses  exercised  by  the  fixed  axis,  as 
well  as  the  change  of  the  body's  angular  velocity,  we  have 
only  to  substitute  in  equations  (4),  Article  203,  the  values 
just  obtained  for  x,  y,  and  z.     These  equations  become,  then, 

SX  +  Xi  +  Z2  =  0 


-9)?s0  =  2F+  F,  +  Y, 

-  0  jxzdm  =  S  {xY-yX)  +  jtiFi  +  x^Yo^ 


>,         (7) 


J 


m{k'  +p')e  =  ^{yz-zY) 

-  Ojxydm  =  S  (zX  -  xZ)  -  XiZi  -  x^  Z^ 

where  Xj,  Yx,  Z^,  Xo,  Fo,  Z^  are  the  components  of  the  im- 
pulses exercised  at  two  points  by  the  axis. 

218.  Centre  of  Percussion. — If  a  body  receive  a  blow 
which  makes  it  begin  to  rotate  round  a  fixed  axis,  without 
causing  any  impulsive  pressure  on  the  axis,  the  point  in  which 
the  direction  of  the  blow  intersects  the  plane  containing  the 
fixed  axis  and  the  centre  of  inertia  is  called  the  centre  of 
percussion.     In  order  that  such  a  point  should  exist,  both 
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the  axis  and  the  line  of  direction  of  the  impulse  must  fulfil 
certain  conditions,  which  we  proceed  to  investigate. 

In  this  case,  by  hypothesis,  Xi  =  Xo  =  Yi=Y2  =  Zy=  Z^  =0. 

If  we  call  the  components  of  the  blow  X,  Y,  Z,  and  the  co- 
ordinates of  any  point  in  its  line  of  direction  x\  y\  z',  we  have 

x  =  o,   -mw=Y,   myQ  =  Z,     ^ 

-  dlxzdm  =  xY,    -  Ojxydm  =  -  x'Z,     }       (8) 
Wl(k'+p')6  =  y'Z-z'Y.  J 

Since  X  =  0,  the  direction  of  the  blow  must  be  at  right 

angles  to  the  fixed  axis,  hence  it  may  be  supposed  to  act  in 
the  plane  of  yz,  and  to  be  parallel  to  the  axis  of  y :  this  gives 
ir'=  0,  and  Z  =  0.     Hence  y  =  0,  or  the  centre  of  inertia  must 

lie  in  a  plane  through  the  fixed  axis,  at  right  angles  to  the  direc' 
tion  of  the  impulse.  Again,  as  x^  =  0,  we  have  jxzdm  =  0,  and 
jxydm=  0 ;  hence  the  axis  must  be  a  princijyal  axis  for  the  point 
in  which  it  is  met  by  its  shortest  distance  from  the  line  of  direction 
of  the  impulse.     Finally  we  have 

z  z 

but,  as  ^  =  0,  2  =  ^,  the  distance  of  the  centre  of  inertia  from 
the  fixed  axis,  whence 

.'  =  ^i^.  (9) 

p 

Hence  the  distance  of  the  centre  of  percussion  from  the  fixed  axis 
is  the  same  as  that  of  the  centre  of  oscillation  (Art.  133). 

Moreover,  if  ?,  17,  ?  be  the  coordinates  of  any  point  rela- 
tively to  the  centre  of  inertia, 

J  xz  dm  =  '^xz  +  jZZdm ; 

whence,  if  the  axis  be  parallel  to  a  principal  axis  through 
the  centre  of  inertia,  x  =  0,  and  the  shortest  distance  between 
the  direction  of  the  blow  and  the  fixed  axis  passes  through  the 
centre  of  inertia,  and  the  centre  of  percussion  coincides  with  the 
centre  of  oscillation. 
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Examples. 

1 .  A  heavy  body  starting  from  rest  turns  under  the  action  of  gravity  round 
a  fixed  horizontal  axis,  which  is  a  principal  axis  at  the  centre  of  suspension.  Find 
the  stress  on  the  axis. 

Take  the  centre  of  suspension  (Art.  133)  for  origin,  and  the  fixed  axis  for 
that  of  X.  Let  the  axis  of  y  be  horizontal,  and  9  the  angle  made  with  it  at  any 
instant  by  the  line  joining  the  centre  of  inertia  to  the  centre  of  suspension. 
Let  p  be  the  length  of  this  line,  and  take  the  positive  direction  of  z  upwards, 
then 

5  =  0,     y  =  j3C0s^,     zr=  p  BinQ,     ^xi/din  =  jxzdin  =  0. 

Equations  (5),  Article  215,  give 

Xi  +  X2  =  0,     ^1  Yi  -{-  X2Y2  =  0,     xiZi  +  X0Z2  =  0, 

df^r  -j,^.  «««^'  ^^d  therefore  (^  j   =  ^^^  (sm  a  -  sm^), 

where  o  is  the  initial  value  of  Q  ;  whence,  substituting  in  the  remaining  two  of 
those  equations,  we  get 

Yx^-Y-i^^g— — 5cos0(3sine-2sma). 

^1  +^2  =a«^  |p-qj:^  +  ^,8ine(3sin9-28ina)j. 

Hence  the  forces  exerted  by  the  axis  on  the  body  consist  of  a  single  force  pass- 
ing through  the  centre  of  suspension  whose  components  are  Fi  +  Y2,  and  ifi  +  Z2. 
The  stress  on  the  axis  is  equal  and  opposite.  The  components  of  this  stress, 
along,  and  at  right  angles  to,  the  line  joining  the  centre  of  suspension  to  the  centre 
of  inertia,  are 

■k^  +  3p^-,.              1p^      .      \ 
.sm  Q  -  — sm  a 


-^^ji 


h"-  +  p^'  k-  +  p2 

and  —  3^  ff  — cos  9, 

k^  -^  p^ 

When  the  centre  of  inertia  is  below  the  axis  of  suspension,  d  is  negative, 
and  these  stresses  are  both  downwards  if  o  be  positive. 

2.  To  the  ends  of  a  thin  light  piece  of  wood  are  fastened  spheres  of  load 
whose  'weights  are  PandP'.  The  piece  of  wood  turns  on  a  horizontal  axis 
through  its  middle  point.  Its  length  being  21,  and  its  mass  negligible,  deter- 
mine the  time  of  a  small  oscillation,  the  spheres  being  so  small  that  the  squares 
of  their  radii  are  negligible  as  compared  with  I. 


'a/j  ■  ^/: 


By  changing  P,  and  comparing  the  times  of  oscillation,  an  apparatus  of  the  kiiil 
mentioned  can  be  used  to  verify  the  Laws  of  Motion. 
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3,  A  heayy  pendulum,  capable  of  revolving  round  a  Horizontal  axis,  is 
struck  when  at  rest  by  a  bullet  moving  in  a  horizontal  direction  at  right  angles 
to  the  fixed  axis.  The  bullet  remains  in  the  pendulum.  If  b  be  the  distance 
of  the  extremity  of  the  pendulum  from  the  axis,  c  the  distance  traversed  by  that 
extremity  under  the  influence  of  the  shot,  a  the  distance  from  the  axis  at 
which  the  bullet  penetrates,  v  the  velocity  of  the  bullet  at  impact,  m  its  mass, 
M  that  of  the  pendulum,  k  its  radius  of  gyi'ation  round  the  fixed  axis,  and  p  the 
distance  of  the  latter  from  the  centre  of  inertia  ;  prove  that 

mao 

A  pendulum  such  as  that  described  above  is  called  a  Ballistic  Pendulum.  It 
has  been  employed  by  numerous  Physicists  to  determine  the  velocity  of  bullets. 

For  a  detailed  description  of  it,  and  of  the  experiments  made  by  its  means, 
see  Routh,  Rigid  Dynamics,  Arts.  121-125. 

4.  A  rigid  body  is  turning  round  a  fixed  axis  under  the  influence  of  a  couple, 
whose  axis  is  parallel  to  the  axis  of  rotation  :  what  condition  must  be  fulfilled  in 
order  that  the  axis  should  suffer  a  pressure  at  only  one  point  ?  (Schell,  Theorie 
der  Bewegung  und  der  Kriifte) . 

The  axis  of  rotation  must  be  a  principal  axis  at  this  point.  The  pressure  is 
then  at  right  angles  to  the  axis.  These  results  readily  appear  from  the  equations 
of  Art.  215,  by  making  the  origin  the  point  where  pressure  is  permitted. 

6.  If  the  pressure  at  the  fiiod  point  vanishes,  what  further  condition  must 
be  fulfilled  ? 

The  point  must  be  the  centre  of  inertia. 

6.  In  Atwood's  machine,  if  the  pulley  be  not  perfectly  rough,  and  slipping 
takes  place,  determine  the  motion :  the  weight  of  the  rope  and  the  friction  of 
the  piilley  on  the  axle  being  neglected. 

If  an  acceleration  equal  and  opposite  to  that  by  which  it  is  actually  animated 
were  applied  to  each  element  of  the  string  it  would  be  in  equilibrium  ;  but  the 
mass  of  the  string  being  negligible,  the  force  corresponding  to  this  acceleration 
is  zero  q.p.  Hence  the  other  forces  acting  on  the  element  of  the  string  are  in 
equilibrium,  and  fx  being  the  coefficient  of  friction,  and  T,  T  the  tensions  of 
the  two  ends  of  the  rope  (Minchin,  Statics),  T  =  Te-t^''=\T. 

If  z  be  the  height  from  the  ground  of  the  ascending  weight  W,  ^the  mass 
of  the  pulley,  k  its  radius  of  gyration,  a  its  radius,  Q  the  angle  through  which  it 
has  turned,  we  have  also 

T  -W     _  d'z      JF-T 
fF'      ^~dF~      W    ^' 

d'^6 

Mk^--;  =  a(T-  T). 
dl'         ^  ' 

If  the  pulley  be  homogeneous,  P  =  — ,  and  we  have  finally, 

2  WW         d^  _  \W-  W 

~  ?,JF+  w"    dC'  ~  kw-^  r'^' 

d-'-Q       ^,,         ^  WW 

a         =  4(1  -  A.) 


dt?  '  '  M{\W-\    W) 
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7.  Taking  into  account  the  friction  on  the  axle,  and  supposing  the  outside  of 
the  pulley  to  be  perfectly  rough,  and  the  inside  to  slip  on  the  axle,  determine 
the  motion. 

The  mass  of  the  string  being  neglected,  we  may,  as  in  the  last  example, 
regard  it  as  acted  on  by  a  system  of  forces  in  equilibrium.  Hence  (as  this 
equilibrium  would  not  be  disturbed  if  the  string  were  rigid)  the  tensions  T  and 
T'  at  its  extremities  must  equilibrate  the  pressure  and  friction  exerted  by  the 
pulley  against  the  string  ;  and,  conversely,  Tand  T'  must  be  equivalent  to  the 
pressure  and  friction  exerted  by  the  string  against  the  pulley.  Hence  we  may 
<'Onsider  the  pulley  as  acted  on  by  the  forces  T,  T',  and  its  own  weight ;  and  wo 
have,  by  Art.  216,  if  Q  be  the  pressure  on  the  axle,  Q=  T-\-  T  +  Mg.  The 
moment  of  the  couple  resultmg  from  the  friction  is  proportional  to  Q,  and  may 
be  written  in  the  form  j3Q,  where  ^  is  the  product  of  the  radius  of  the  axle  and 
the  coefficient  of  friction  relative  to  it.     Substituting  for  the  equation 

cT-Q 


of  Ex.  6,  the  equation 

lA 


Mk'-"!^  =  a{T -  T')-  &iT+  T'  +  Mff); 


and  remembering  that  as  the  pulley  is  perfectly  rough,  a  —  =  -^,  we  obtain  if 

at      at 

we  put  V  =  -, 

{\+2v)Mg  +  4.{l  +  v)W' 
Mg  -^2{l-v)W+2{\-\-p)W''      ' 

r  =     {'^-'^y)Mg^^{i-v)  w 

Mg  +  2{\-v)W+2{\  +  v)W''        ' 

dH  _  (1  -v)  W-  (1  +y)  W"  -vMg 
dfi~  {l-y)  JF+{l+v)  W'  +  \Mg'^' 

8.  If  the  pulley  be  not  perfectly  rough,  and  slipping  of  the  string  on  the 
pulley  takes  place,  determine  the  motion,  taking  into  account  the  friction  on  the 
axle,  and  supposing  the  inside  of  the  pulley  to  slip  as  before. 

In  this  case,  as  in  Ex.  6,  the  acceleration  of  the  weights  is  quite  independent 
of  the  mass  and  size  of  the  pulley,  and  we  have 

2WW'         T' -     T     dH^_>^^jz^ 
dH      U\l-v-\{\+v)}WW' 


a 


dt^       (  Mg{\1F+  W) 


■-2v|^. 


9.  A  uniform  heavy  rod  hangs  from  a  horizontal  pivot  passing  through  one 
of  its  extremities.     An  inextensible  string,  whose  weight  is  nogligiblo,  attached 

S  2 
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to  the  other  extremity,  passes  through  a  smooth  ring  situated  on  the  vertical 
line  through  the  pivot  at  a  distance  below  it  equal  to  the  length  of  the  rod,  and 
sustains  a  weight.     The  rod  being  slightly  displaced  from  its  position  of  equi- 
librium, determine  the  motion. 
The  equations  of  motion  are 

3  *'^"''  ^  "  "  ^^^^  sin  0  -  2a  r,    p  —  =  T  -  pg, 

where  a  is  half  the  length  of  the  rod,  m  its  mass,  z  the  vertical  coordinate  of  the 
weight,  and  p  its  mass.     If  z  be  measured  from  the  position  of  the  weight  when 
the  rod  is  veitical,  «  =  4a  sin  ^0.      Since  Q  is  always  small,  we  may  take 
,  sin  d  =  0  ;  differentiating  and  eliminating  T,  we  have,  then, 

Hence  the  rod  completes  its  swing  in  a  time 

where  Oq  is  the  initial  value  of  0. 

Section  IV. — Free  Motion  Parallel  to  a  Fixed  Plane — 

Kinetics. 

219.  Equations  of  Motion. — Tlie  motion  of  a  body 
relative  to  its  centre  of  inertia  consists  at  any  instant  of  a 
velocity  of  rotation  round  some  axis  through  the  centre  of 
inertia.  Moreover,  this  axis  must  be  at  right  angles  to  the 
fixed  plane,  and  is,  therefore,  fixed  in  space  if  the  position 
of  the  centre  of  inertia  be  regarded  as  invariable.  Now, 
by  Art.  205,  the  motion  relative  to  the  centre  of  inertia  is 
the  same  as  if  that  point  were  fixed  in  space,  the  forces 
remaining  unaltered.  Hence,  taking  the  plane  of  yz  for  the 
fixed  plane,  we  have,  to  determine  the  motion  of  the  body, 
the  three  equations, 

^w-^""'  "^'i-^''  '''''^-'"    w 

where  y  and  i  are  the  coordinates  of  the  centre  of  inertia,  k 
the  radius  of  gyration  round  an  axis  through  it  at  right 
angles  to  the  fixed  plane,  and  L  the  moment  of  the  applied 
forces. 

If  11  e  axis  of  rotation  through  the  centre  of  inertia  be 
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always  parallel  to  a  line  fixed  in  space,  it  is  plain  that  the 
last  of  these  equations  holds  good  no  matter  whether  the 
whole  motion  of  the  body  be  parallel  to  a  fixed  plane  or  not. 
In  the  latter  case  the  only  difference  will  be  that  a  third 
equation,  viz., 

will  be  required  to  determine  the  motion  of  the  centre  of 
inertia.  In  any  case,  therefore,  the  motion  of  the  body  is 
determined,  when  we  know  the  motion  of  its  centre  of  inertia, 
and  the  angular  motion  relative  to  that  point. 

220.  Connexion  of  tlie  Angular  Velocity  ^vitb  the 
Velocity  of  the  Centre  of  Inertia. — As  the  motion  is 
parallel  to  a  fixed  plane,  the  parallel  section  of  the  body 
passing  through  the  centre  of  inertia  must  at  each  instant  be 
rotating  round  a  point  in  its  own  plane  (Art.  195) .  If  jO  be  the 
distance  from  this  point  (the  instantaneous  centre  of  rotation) 
to  the  centre  of  inertia,  s  the  path  of  the  latter,  and  to  the 

angular  velocity,  then  pto  ^  —^  as  is  obvious.     Also  w  =  — . 

221.  Equation  of  Vis  Viva. — It  was  shown  in  Art. 
131,  that  the  vis  viva  of  any  system  ^mv'^  =  TIV^  + 'S>mv^, 
where  Wl  is  the  entire  mass  of  the  system,  V  the  velocity  of 
its  centre  of  inertia,  and  v^  the  velocity,  relative  to  the  centre 
of  inertia,  of  any  particle  of  the  system  whose  mass  is  m.  If 
the  body  be  moving  parallel  to  a  fixed  plane,  the  motion 
relative  to  the  centre  of  inertia  is  a  rotation  round  an  axis 
fixed  in  the  body,  whose  direction  is  fixed  in  space.  Hence 
^mv'^  =  Mk^ii)^  (Art.  130),  and  the  equation  of  vis  viva  be- 
comes 

m{V'  +  k'tj')  =  2SJ(  Wy  +  Zdz)  +  C.  (2) 

The  equation  of  vis  viva  may  be  put  into  another  shape 
which  is  sometimes  useful.  If  /  be  the  moment  of  inertia  of 
the  body  round  the  instantaneous  axis  of  the  rotation  by 
which  the  whole  motion  of  the  body  may  be  represented,  then 

^mv'  =  Iw^. 
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Again,  if  ^  and  z'  be  the  coordinates  of  any  point  referred 
to  the  instantaneous  centre  of  rotation  as  origin, 


dy 


dt 


=  uiy 


whence  the  equation  of  vis  viva  assumes  the  form 


therefore 


(3) 


where  t7is  the  moment  of  the  applied  forces  round  the  in- 
stantaneous axis  of  rotation. 

222.  Siquation  for  the  ]9Ioinent  of  Homentum. — 

If  h  and  c  be  the  coordinates  of  any  point,  fixed  or  mov- 
able, the  moment  of  the  applied  forces,  round  an  axis  through 
it  parallel  to  the  axis  of  x,  must  be  equal  and  opposite  to  the 
moment  of  the  forces  of  inertia  round  the  same  ;  hence,  call- 
ing the  former  moment  J,  we  have 


(/  T^d^^         f  N^V)  T 


2m  \{y  -  l) 


If,  as  in  Art.  205,  we  put  y  =  y  +  -q,  s  =  2  +  ?,  we  gQ\:,  by 
omitting  the  terms  which  vanish, 


df 


^!(y-^):^^-(i-^)5l  +  '^'-:£^!=^. 


df 


dio 
di 


(4) 


If  we  suppose  the  point  b,  c  to  coincide  with  the  origin 
fixed  in  space,  and  to  lie  in  the  plane  of  the  motion  of  the 
centre  of  inertia,  this  equation  becomes,  if  we  call  r  and  x  ^^® 
polar  coordinates  of  the  centre  of  inertia. 


•^u-'^y^-w 


=  j. 


(5) 
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223.  Eqaations  of  Motion  for  Iiupul^ive  Forces. 

— In  the  case  of  impulsive  forces  the  equations  of  Art.  219 
become 

mp-^Y,  mt  =  ^z,  mk'e  =  L.        (6) 

224.  Determination  of  l§trei^i^  in  Initial  Hotion. — 

Stresses  are  determined,  as  we  have  seen,  by  using  the  dy- 
namical equations  for  a  free  body,  and  introducing  unknown 
reactions  instead  of  the  geometrical  conditions.  In  many 
cases  where  the  general  equations  of  motion  cannot  be  inte- 
grated, the  initial  stresses  may  be  obtained  by  differentiating 
the  geometrical  equations  twice,  and  introducing  into  the 

dx 
equations  thus  obtained  the  initial  values  of  — ,  &c.,  which 

CIV 

are  supposed  given,  and  the  initial  values  of  the  coordi- 
nates. The  initial  values  of  the  accelerations  are  then  in 
general  determined,  and  thence,  by  means  of  the  dynamical 
equations,  the  unknown  reactions. 

225.  Friction. — Friction  {see  Art.  59)  is  a  tangential 
force  passing  through  the  point  of  contact  of  two  rough 
surfaces,  which  tends  to  prevent  the  one  from  slipping 
on  the  other.  If  there  be  slipping,  the  friction  is  in  an 
opposite  direction,  and  takes  its  greatest  possible  value,  which 
is  in  a  constant  ratio  to  the  normal  pressure  between  the 
surfaces.  If  the  motion  be  pure  rolling,  just  enough 
friction  is  exerted  to  make  the  motion  pure  rolling.  The 
force  of  friction  is  then  usually  less  than  its  maximum  value, 
and  is  determined,  as  if  it  were  an  unknown  reaction,  by 
means  of  the  equations  of  motion  and  the  geometrical  con- 
dition which  expresses  that  the  motion  is  pure  rolling.  If 
the  value  thus  found  for  the  force  of  friction  does  not  exceed 
its  jnaximum  value,  and  pure  rolling  be  consistent  with  the 
initial  conditions,  it  will  be  the  actual  motion.  Wiien  there 
is  slipping,  the  friction,  which  is  then  a  maximum,  and  there- 
fore determined,  tends  to  make  the  motion  pure  rolling.  If 
pure  rolling  be  attained,  the  friction  at  the  instant  pure 
rolling  commences  changes  in  general  its  value,  and  must  be 
determined  in  the  manner  stated  above. 

If  greater  accuracy  be  required  in  the  determination  of 
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the  motion,  it  is  necessary  to  take  into  account  not  only  the 
tangential  force  of  friction,  but  also  what  is  called  the  couple 
of  rolling  friction,  which  is  a  couple  having  for  its  axis  the 
tangent  to  the  rough  surface  round  which  the  body  is  rotat- 
ing. Its  maximum  value  is  in  a  constant  ratio  to  the  normal 
pressure,  and  is  generally  small  in  amount,  so  that  in  solving 
questions  connected  with  friction  this  couple  is  usually  neg- 
lected. The  direction  in  which  the  couple  of  rolling  fric- 
tion tends  to  turn  the  body  is  opposite  to  that  in  whicli  it  is 
actually  rotating.  If  the  body  be  not  actually  rotating,  but 
be  acted  on  by  forces  tending  to  make  it  rotate,  the  couple  of 
rolling  friction  tends  to  prevent  rotation  round  a  common 
tangent  to  the  two  rough  surfaces. 

If  the  surfaces  have  a  relative  angular  velocity  about  the 
common  normal,  besides  the  tangential  force  of  friction,  and 
the  couple  of  rolling  friction,  there  is  also  a  couple,  having 
the  normal  as  its  axis,  called  the  couple  of  ticisting  friction. 
This  couple  likewise  is  usually  small  in  amount. 

It  is  to  be  observed,  as  already  stated  in  Art.  69,  that  the 
maximum  value  of  friction,  when  slipping  actually  takes 
place,  is,  in  general,  less  than  its  maximum  value  when  there 
is  no  slipping,  and  friction  is  acting  against  a  force  which 
tends  to  produce  slipping. 

When  a  surface  is  said  to  be  perfectly  rough  it  is  under- 
stood that  no  slipping  can  take  place  between  it  and  any 
other  surface  with  which  it  is  in  contact.  The  amount  of 
force  which  it  is  capable  of  exerting  by  means  of  friction  is, 
in  this  case,  unlimited. 

226.  Impact. — When  impact  occurs  between  two  smooth 
bodies,  a  mutual  impulsive  force  is  developed  in  the  direction 
of  the  common  normal.  In  the  first  period  of  collision  this 
force  reduces  the  relative  normal  velocity  to  zero.  In  the 
case  of  motion  parallel  to  a  fixed  plane,  there  are  for  two 
bodies  seven  unknown  quantities,  viz.,  the  changes  in  the  two 
components  of  the  velocity  of  the  centre  of  inertia,  and  in 
the  velocity  of  rotation  for  each  body,  and  the  magnitude  of 
the  mutual  impulse.  There  are  likewise  seven  equations  to 
determine  these  quantities,  viz.,  the  six  equations  of  motion, 
tmd  the  equation  which  expresses  that  the  relative  normal 
^  elocity  is  zero. 
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In  the  second  period,  a  new  mutual  impulsive  force 
is  developed,  whose  impulse  bears  a  constant  ratio  to  that  of 
the  former,  and  can  therefore  be  found.  The  changes  of  ve- 
locity which  it  produces  can  then  be  determined. 

If  the  bodies  which  collide  be  perfectly  elastic,  the  im- 
pulse developed  during  the  period  of  restitution,  or  second 
period,  is  equal  to  that  developed  during  the  first  or  period 
of  compression.  What  is  here  stated  is  merely  a  generaliza- 
tion of  the  theory  given  in  Article  76. 

227.  Impulsive  Friction. — When  two  rough  surfaces 
collide,  the  investigation  of  what  takes  place  is,  in  general, 
somewhat  complicated.  We  must  regard  H  and  F,  the  im- 
pulses of  the  normal  reaction  and  friction,  as  variable  quan- 
tities, connected  at  each  instant  of  the  impact,  by  linear 
equations  with  the  coexisting  values  of  the  velocities  of  rota- 
tion and  of  translation  of  the  centres  of  inertia.  The  laws 
which  regulate  the  impulse  of  friction  may  then  be  stated  as 
follows : — 

(1)  The  direction  of  the  elementary  impulse  dF  due  to 
friction  is  opposite  to  that  of  the  slipping  of  the  point  of 
contact,  if  there  be  slipping,  and  if  there  be  no  slipping,  is 
such  as  to  prevent  slipping. 

(2)  The  magnitude  of  dF  is,  if  possible,  just  sufficient  to 
prevent  slipping,  but  dF  can  never  exceed  ludR,  and  when 
slipping  takes  place  dF  =  jidR. 

The  equations  of  motion  for  impulses  (Art.  223)  show 
that  the  relative  normal  and  tangential  velocities  of  the  point 
of  contact  are,  at  each  instant,  of  the  form  AR  +  BF  +  (7, 
where  A,  B,  and  C  are  constant  during  the  imjoact. 

The  value  of  R  is  at  first  zero ;  when  it  becomes  Ri  (at  the 
end  of  the  first  period  of  the  impact),  the  relative  normal 
velocity  is  equal  to  zero ;  and  the  maximum  value  of  Ry 
which  it  assumes  at  the  end  of  the  whole  impact,  is  equal 
to  (1  +  e)Rr. 

These  principles  afford  a  sufficient  number  of  equations  to 
determine  the  motion  ;  and,  in  the  case  of  motion  parallel  to  a 
fixed  plane,  the  equations  are  always  soluble. 

If  the  bodies  which  collide  are  perfectly  roughs  the  relative 
tangential  velocity,  or  velocity  of  slipping,  is  always  zero ;  and 
when  R  =  R^y  the  relative  normal  velocity  is  likewise  zero. 
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Hence  we  have  two  equations  to  determine  Ri  and  the  cor- 
responding value  of  F.  At  the  end  of  the  impact  R  =  {l-\-  e)Ri\ 
and  the  relative  tangential  velocity  being  still  zero,  the  cor- 
responding value  of  F  can  be  determined. 

If  the  bodies  slip  on  each  other  in  the  same  direction  during 
the  whole  of  the  impact^  dF  is  always  equal  to  fidR ;  hence 
F=  fiR  throughout.  Ri  is  then  determined  from  the  equation 
expressing  that  the  relative  normal  velocity  is  zero  ;  and  the 
final  values  of  R  and  F,  which  determine  the  motion  after  the 
impact,  are 

(l  +  e)i?i,     and     fx{l-ve)Rx. 

For  a  discussion  of  the  problem  in  more  complicated  cases 
the  reader  is  referred  to  Routh,  Rigid  Dynamics^  Art.  187-198. 

If  a  sphere  impinges  against  a  fixed  surface,  or  two 
spheres  collide  with  each  other,  the  relative  tangential  velo- 
city Vi^  independent  of  the  normal  reaction,  and  the  relative 
normal  velocity  is  independent  of  the  friction.  In  this  case, 
if  V  become  zero  it  must  remain  zero,  as  friction  cannot 
initiate  a  relative  tangential  velocity  in  its  own  line  of  direc- 
tion. Hence  V  must  be  either  zero  at  the  end  of  the  impact, 
or  in  the  same  direction  as  at  the  beginning.  Moreover,  the 
value  of  Rx  is  independent  of  F.  The  problem  is,  therefore, 
reducible  to  one  of  the  two  cases  treated  above. 

Examples. 

1 .  A  homogeneous  cylinder,  having  its  axis  horizontal,  rolls  without  slipping 
down  a  rough  inclined  plane ;  neglecting  the  couple  of  rolling  friction,  deter- 
mine the  amount  of  friction  brought  into  play  {see  Ex.  1,  p.  136). 

The  equations  of  motion  are 

M^-^  =  Mg  sin  i  -  F,     MP  ^  =  aF; 

the  axis  of  y  being  a  line  in  the  inclined  plane  at  right  angles  to  ita  intersection 
with  the  horizon.     Also,  add  =  dy  \  whence 

F=Mg  sin  i   .,  ; 

,o      «"  -1  .1       c  -n      -3/7  sint 

but  F  =  — ,     and  therefore     F  =  —^ . 

A  o 

2.  If  a  sphere  be  substituted  for  a  cylinder  in  the  last  example,  determine 

the  amoimt  of  friction  brought  into  play.  ^        ^     2  .    . 

°  Ans.  F=  -My  smt. 
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3.  A  plane  area  is  made  to  rotate  with  an  angular  velocity  «  round  a  fixed 
axis  in  its  own  plane  by  the  expenditure  of  a  given  amount  of  work.  When 
rotating  it  strikes  a  sphere  of  mass  m,  at  a  distance  a  from  the  fixed  axis,  whose 
velocity  at  the  instant  of  impact  is  zero.  Determine  the  moment  of  inertia  of 
the  plane  area  round  the  fixed  axis  in  order  that  the  velocity  imparted  to  the 
sphere  should  be  a  maximum. 

If  i2  be  the  impulse  on  the  sphere  in  the  first  period  of  impact,  and  v  its  vi  * 
locity  at  the  end  of  this  period, 

mv  =  H,     Id  =  —  aE,     a{w  +  d)  =  v, 
maid} 


whence  R  = 


i"+  md^' 


The  whole  impulse  given  to  the  sphere  is  (1  +  <?)i?.     Hence  R  is  to  be  a  maxi- 

mum ;  but  loi^  =  given  constant ;  therefore -„  =  maximum,  and  therefore 

/  +  mw 
I  =  ma^. 

4.  An  inextensible  string,  whose  mass  is  negligible,  passes  over  the  line  of 
intersection  of  two  smooth  inclined  planes.  EacJi  end  of  the  string  passes  under 
and  round  a  smooth  circular  homogeneous  cylinder,  to  which  it  is  attached,  and 
which  rests  on  one  of  the  inclined  planes.  The  line  of  intersection  of  the  inclined 
planes  is  parallel  to  the  axes  of  the  cylinders,  and  perpendicular  to  a  vertical 
plane  containing  theii"  centres  of  inertia  and  the  string.  Determine  the  tension 
of  the  string. 

As  in  Ex.  6,  Art.  218,  the  portion  of  the  string  wrapped  round  one  of  the 
cylinders  may  be  regarded  as  in  equilibrium  under  the  action  of  the  tensions  at 
its  extremities,  and  of  the  pressure  produced  by  the  cylinder.  Hence  all  the 
forces  exerted  by  the  string  on  the  cylinder  are  equivalent  to  the  tension  T  act- 
ing at  the  point  of  contact  of  the  cylinder  with  the  inclined  plane. 

If  s  and  6-'  be  the  distances  at  any  time  of  the  points  of  contact  of  the  cylin- 
ders and  inclined  planes,  from  the  point  of  intersection  of  the  latter  with  the 
vertical  plane  perpendicular  to  them;  6  and  d'  the  angles  through  which  the 
cylinders  have  tiu-ned  from  their  initial  positions ;  a  and  a  their  radii ;  m  and  m' 
their  masses,  and  i  and  i'  the  inclinations  ol  the  inclined  planes  to  the  horizon, 
the  equations  of  motion  are 

■    m  — —  =  tnff  sm  t  —  T,       m =  Ta, 

dt  2i  cLt" 

m  ——  =  mg  sui  i  —  T,      /)/ =  Id  . 

If  (T  be  the  distance  the  string  has  slipped  at  any  time  along  the  inclined 
planes,  and  b  and  b'  the  initial  values  of  s  and  «',  we  have,  since  the  string  is 
inextensible, 

s  =  b  +  aO  +  a;     a'  =  b'  +  dd'  -  (T,    and  therefore  s  +  s'  =  b  +  b'  -^  ad  +  d  %' . 

Differentiating  twice  we  obtain,  by  means  of  the  equations  of  motion, 

mm  ■     ,. 

T=t  — -, — , 9  (sin  t  -t-  sm  t ). 
m  -\-  m 


The  motion  can  then  be  completely  determined. 
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6.  Tlie  base  of  a  smootli  homogeneous  circular  semi-cylinder  rests  on  a  hori- 
zontal plane.  A  heavy  particle  is  placed  at  a  point  on  the  surface  of  the  semi- 
cylinder,  situated  in  a  vertical  plane  containing  its  centre  of  inertia  and  perpen- 
dicular to  its  axis.     Show  that  the  particle  will  describe  an  ellipse. 

liCt  the  axis  of  x  be  the  intersection  of  the  vertical  plane,  in  which  th(^ 
particle  moves,  with  the  horizontal  plane  on  which  the  semi-cylinder  rests ;  the 
aiis  of  y  being  vertical.  Let  x,  y  be  the  coordinates  of  the  particle,  m  its  mass, 
x'  the  coordinate  of  the  centre  of  inertia  of  the  semi-cylinder,  m'  its  mass,  and 
a  its  radius. 

Considering  the  whole  system  as  one  body,  we  have  (Art.  203), 

d-x         ,d-x' 

Hence,  since  the  system  starts  from  rest,  mx  -\-  m'xf  is  constant,  or  the  pro- 
jection on  the  horizontal  plane  of  the  centre  of  inertia  of  the  whole  system 
remains  fixed  in  space.      Taking  this  point  for  origin,  we  have     mx  -f  m'  oif  —  0. 

Again,  since  the  semi-cylinder  is  homogeneous,  we  have,  from  the  geometri- 
cal conditions. 

Substituting  for  x'  we  obtain 

(m  +  m'Y  x"^  +  m''^y'^  =  m'-a^. 

6.  A  homogeneous  bar  falling  freely  without  rotation  impinges  upon  a 
smooth  horizontal  plane  ;  find  the  velocity  of  rotation  immediately  after  impact. 

If  li  be  the  impulse  exerted  by  the  plane  on  the  bar  in  the  first  period  of 
impact,  V  the  velocity  of  any  point  of  the  bar  just  before  the  impact,  m  its 
mass,  and  a  half  its  length  ;  since  the  direction  of  R  is  vertical,  the  equations  for 
deteimining  the  angular  velocity  w  are, 

m:  —  ii',     mk~ui  =  i(R  cos  a,      F+  F-f  aw  cos  a  =  0, 

where  a  is  the  angle  which  the  bar  makes  with  the  horizontal  plane  ;  whence, 

,^     a^  ,  -  3eos  o      F 

as    /;-=  —  ,    we  have    w  = .  — , 

3  1  t  3  cos-o    a 

7.  In  what  direction  must  an  impulse  be  applied  to  a  sphere  in  order  that  its 
initial  motion  may  be  one  of  rotation  round  a  given  tangent  ? 

The  direction  of  the  initial  motion  of  the  centre  of  inertia  of  the  sphere  is  in 
this  case  given.  Hence  the  direction  of  the  impulse  is  a  liae  parallel  to  this, 
lying  in  the  plane,  which  passes  through  the  centre,  at  right  angles  to  the  given 
tangent,  and  distant  from  the  centre  by  f  radius. 

8.  A  beam  placed  in  a  smooth  horizontal  plane  is  turning  with  a  given  velo- 
city round  a  pi  rot  which  passes  through  a  given  point.  The  pivot  breaks ;  de- 
termine the  subsequent  motion. 

If  b  be  the  distance  of  the  centre  of  inertia  of  the  beam  from  the  pivot,  this 
point  of  the  beam  continues  to  move  with  a  constant  velocity  bw  in  the  straight 
line  which  is  at  right  angles  to  the  beam  at  the  moment  when  the  pivot  breaks, 
and  the  beam  rotates  with  a  constant  angular  velocity  w  round  a  vertical  axis 
through  its  centre  of  inertia. 
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9.  If  a  hoop'I'^lls  down  a  rough  inclined  plane  without  sliding,  show  that 
tant  <  2yn ;  the  initial  position  of  the  hoop  being  in  a  vertical  plane  at  right 
angles  to  the  intersection  of  the  inclined  plane  with  the  horizon,  and  the  couple 
of  rolling  friction  being  neglected. 

Take  the  initial  position  of  the  centre  of  the  hoop  for  origin,  and  the  inter- 
section of  the  inclined  plane  with  a  vertical  plane  at  right  angles  thereto  as  axis 
of  f/,  its  positive  direction  being  downwards.  Let  the  positive  direction  of  rota- 
tion be  from  the  upper  side  of  the  inclined  plane  towards  y  positive.  Then,  y 
being  the  coordinate  of  the  centre  of  the  hoop,  m  its  mass,  a  its  radius,  and  F 
the  friction  brought  into  play,  the  equations  of  motion  are 


di 


=  Faj     m  — -  =  my  siu  i  -  F; 

Ctft 


but  the  motion  being  pure  rolling,  <?«  =  -—;  hence,  eliminating,  wo  obtain 

at 


F  = 


my  sm  t 


;  but  F<fimy  cos  i ;  therefore  tan  t  < 


10.  A  homogeneous  circular  disk,  whose  radius  is  a,  rolls  inside  a  rough  ver- 
tical circle  whose  radius  is  b ;  the  motion  is 
pure  rolling  imder  the  action  of  gravity ;  show 
that  the  rolling  forward  and  backward  of  the 
disk  is  isochronous  with  the  oscillations  of  a 
simple  pendulum  whose  length  is  f  (i  —  «), 
the  couple  of  rolling  friction  being  neglected. 

"We  have,  /being  the  moment  of  inertia  of 
the  disk  round  an  axis  through  F,  a  the 
angular  velocity,  and  6  the  angle   between 

CA  and  CF,  -  -  (Iu'^)  =  -2mya8me  {d  being 

C0  at  , 

reckoned  from  the  vertical  line  CA,  where  C 

is  the  centre  of  the  vertical  circle,  and  co  being  the  angular  velocity  of  the  disk 

rolling  up).     As  the  instantaneous  centres  of  rotation  are,  in  this  case,  points  on 

the  circumference  of  the  disk,  /remains  constant  throughout  the  motion  ;  there- 

dco 
fore  /-T-  =  -  ^ya  sin  6;  but  /  {Inteyral  Calculus,  Chap.  X.)  =  f  QKa"-,   and 


dt 


dd 


aw  =  (b  —  a)  "^  ,  since  either  represents  the  velocity  of  0. 
dt 


Hence 


d-d 
^{^-  ^)-^=  -y  &m9; 


&c. 


The  student  will  observe  that  the  force  of  friction  at  F  does  not  enter  this 
equation.  It  is  also  to  be  observed,  that  under  the  circumstances  supposed  the 
disk  would  go  on  rolling  forwards  and  backwards  for  ever. 

11.  A  body  is  moving  parallel  to  a  fixed  plane,  under  the  action  of  forces 
which  are  in  equilibrium  :  show  that  the  locus  of  the  instantaneous  centre  of  ro- 
tation in  the  body  is  a  circle,  having  the  centre  of  inertia  for  centre,  and  a  radius 

-,  where  v  is  the  velocity  of  the  centre  of  inertia,  and  w  the  angular  Telocity. 
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12.  The  locus  of  the  instantaneous  centre  of  rotation  in  space,  under  the 
circumstances  of  Ex.  11,  is  a  straight  line  parallel  to  the  path  of  the  centre  of 

V 

inertia,  and  at  a  distance  from  it  equal  to  — . 

(a 

13,  If  a  body  move  parallel  to  a  fixed  plane,  and  he  acted  on  hy  a  constant 
couple,  lying  in  the  plane  ;  show  that  the  locus  of  the  instantaneous  centre  of 
rotation  in  space  is  an  equilateral  hyperbola. 

228.  Tendency  of  a  Rod  to  Break. — "When  a  body 
is  under  the  influence  of  any  forces,  acting  either  with  finite 
magnitude  at  isolated  points,  or  continuously  throughout  its 
entire  mass,  it  experiences  pressures  or  tensions,  which  tend 
to  alter  the  relative  positions  of  its  molecules.  This  tendency 
is  resisted  by  the  mutual  action  of  the  molecules.  Under 
such  circumstances  the  body  is  said  to  be  in  a  state  of  stress. 

If  we  consider  a  small  rectangular  parallelepiped  in  the 
body,  the  stresses  acting  on  one  of  its  faces  may  be  resolved 
into  three  forces  at  riglit  angles  to  each  other — one  normal, 
and  two  parallel  to  the  face  under  consideration. 

To  ascertain  the  tendency  of  a  body  to  undergo  a  rupture 
in  any  part,  we  must  consider  the  stresses  to  which  it  is  sub- 
jected in  that  part.  If  the  mutual  cohesion  of  the  molecules 
is  unable  to  resist  these  stresses  the  body  must  give  w^y. 
The  question  is,  in  general,  one  of  great  complication,  and 
for  its  full  discussion  the  reader  is  referred  to  treatises  on 
Elasticity  and  Strength  of  Materials. 

If  the  body  under  consideration  be  a  rod,  that  is,  if  two  of 
its  dimensions  are  at  each  point  very  small,  the  question  be- 
comes much  simplified. 

The  axis  of  the  rod  may  be  a  straight  line,  or  may  form  a 
curve  of  any  kind. 

We  shall  suppose  that  this  curve  is  not  closed,  that  it  lies 
in  one  plane  P,  and  that  the  rod  is  in  equilibrium  under  the 
action  of  forces  in  this  plane.  If  we  consider  a  section  at 
right  angles  to  the  axis  of  the  rod,  at  any  'point  A  of  its 
length,  the  action  of  the  molecules  at  one  side  of  this  section 
on  those  at  the  other  must  equilibrate  all  the  forces  acting  on 
the  rod  at  the  latter  side.  These  may  be  reduced  to  a  force 
F,  passing  through  A,  and  a  couple  G,  round  an  axis  a,  at 
right  angles  to  the  plane  P.  This  force  and  couple  therefore 
are  equivalent  to  the  stresses  acting  on  the  rod  through  the 
section  containing  A, 
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That  the  tendency  of  the  rod  to  break  results  chiefly  from 
the  couple  may  be  shown  as  follows : — 

The  stresses  in  the  plane  of  the  section  cannot  give  any 
couple  round  the  axis  a,  since  a  either  meets  them  or  is  parallel 
to  them.  Hence  the  couple  O  must  produce  stresses,  parallel 
to  the  axis  of  the  rod  at  the  point  A,  whose  moment  round  A 
is  equal  to  G.  If  N  be  the  value  per  unit  of  area  of  the 
greatest  of  these  stresses,  and  a  be  the  distance  from  A  of  the 
most  remote  point  of  the  section,  whose  area  may  be  denoted 
by  S ;  the  moment  round  A  of  the  stresses  parallel  to  the 
axis  must  be  less  than  NSa,     Hence,  if  we  assume  G  =  Fp, 

NSa  >  Fp,  and  therefore  N  >  -^  -. 

iS  a 

If  we  now  seek  for  the  stress  per  unit  of  area  caused  by 

F 

the  force  F,  we  have  iV'  =  -^. 

o 

If  we  compare  iV  and  N'  we  see  that,  if  a  is  very  small 
compared  with  p,  N'  is  unimportant  compared  with  N. 
Hence,  in  general,  the  tendency  of  the  rod  to  break  at  any 
point  A  depends  simply  on  iV,  or,  on  G,  the  moment  round 
A  of  the  forces  acting  on  the  rod  at  all  the  points  of  its 
length  on  one  side  of  A. 

We  have  hitherto  supposed  the  rod  to  be  in  equilibrium.  If 
it  be  in  motion,  we  can,  by  D'Alembert's  Principle,  consider 
it  as  in  equilibrium  under  the  action  of  the  applied  forces  and 
the  forces  of  inertia,  and  the  question  of  stress,  or  tendency  to 
break  at  any  point,  becomes  the  same  as  before,  except  that 
we  must  now  add  the  forces  of  inertia  to  the  other  forces 
acting  on  the  rod. 

To  find  themojnent  round  a  point  b,  c  of  the  rod,  of  the  forces 
of  inertia  of  that  portion  of  the  rod  which  is  on  one  side  of  b,  c. 

Let  m'  be  the  mass  of  this  portion  of  the  rod,  //  its  radius 
of  gyration  round  the  centre  of  inertia  of  the  whole  rod,  //'  its 
radius  of  gyration  round  its  own  centre  of  inertia;  y,  z  the 
coordinates  of  its  centre  of  inertia  referred  to  the  fixed  origin, 
and  r\\  X^  its  coordinates  referred  to  parallel  axes  through  the 
centre  of  inertia  of  the  whole  rod,  then  the  moment  of  the 
forces  of  inertia  of  wl  round  the  point  ft,  c  is,  by  Art.  222, 

,(    ,         d'^z         ,        d-y      j^^dwi 
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Also,  since 

r 

y  ■- 

=  y  -^  r{, 

+  r, 

dy{ 

dt 

-  Uit), 

dz; 

dt 

we  have 

dh/ 

df 

d^y 
df 

y,dlO 

^  dt 

/        0 

-    1/  W   , 

d^z 
df 

d^'z 
~  df-  ^ 

,dit) 
"^dt- 

-  4  (u   ; 

whence, 

substituting  and  remembering  that 

d'y 

sr 

d''z 

2Z 

df  " 

"    m' 

df" 

'   m' 

and  that  h""  =  F*  +  r,'^  +  T', 

we  obtain  for  the  required  moment 

SF 


^m'\[^^-b)^-{z-c) 


?n 

If  the  rod  be  straight,  since  r{  =  y  -y,  Z!  =  z  -  i,  and 
i,  c,  ?/',  s',  ^,  z,  are  each  points  on  the  rod,  the  coefficient 
of  <u^  Tanishep,  and  the  moment  of  the  forces  of  inertia  of 
rrl  round  6,  c  becomes 

To  ^?i^  the  couple  G  which  measures  the  tendency  of  a  rod  to 
break  at  any  point  of  its  length. 

Adopting  the  same  notation  as  above,  if  Z'  be  the  moment 
round  this  point  of  the  forces  applied  to  the  portion  of  the  rod 
at  one  side  of  the  point,  we  have 

G  =  r-  m'  \(y-  b)  ^-  (2'-  c)  ^ 
[  m  m 

"''-[A'.  +  (y_6)„'+(i_c)2:']-a,'[(/-«)r-(s'-c),']j.  (7) 


^dt 
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If  A'  be  tlie  moment  round  5,  e  of  the  acceleration  of  y\  z\ 
G  may  be  put  into  another  form,  which  follows  immediately 
from  the  first  expression  for  the  moment  of  the  forces  of 
inertia,  viz., 


0  =  L'-m'(A'+k"^^^y  (8) 


If  the  rod  be  free,  equation  (7)  is  usually  most  con- 
venient; whilst,  on  the  other  hand,  if  it  be  constrained  to 
move  in  a  particular  way,  equation  (8)  may  sometimes  be  used 
with  advantage. 

The  first  expression  for  G  may,  if  we  please,  be  written 

«  =  x'-»'j(/-*)f-(.'-)f 


Examples. 

1 .  A  uniform  rod  is  turning  in  a  vertical  plane  round  a  horizontal  pivot  A,  at 
one  of  its  extremities.     Find  the  tendency  to  break  at  any  point  P. 

Let  the  length  of  the  rod  =  2a,  and  let  |  be  the  distance  of  the  point  F  from 
O/j t  9^ t 

the  pivot :  then  m'  =  m  — - — .    If  C  be  the  centre  of  inertia  of  m',  FC  =  -, 

^  2a  2 

wherefore,  if  fl  be  the  angle  which  the  rod  makes  with  the  horizontal  Hue 

-r,         2a   -  I         , 

jL  =  — - —  m  g  cos  Q. 

Moreover,  since  C  is  moving  in  a  circle  round  A  as  centre,  its  acceleration  has 
two  components — one  at  right  angles  to  PC,  which  is 


and  the  other  along  FO,    The  latter  gives  no  moment  round  P;  hence 

2a  +  I   2a  -  I  d^-Q 


A'  = 


2  2       df^' 


and  (y  =  _-i^Vcosa-,n'{-^   m^^'d^V 


T 
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but  g  wa2  — -  =  mga  cos  d,    and    h  ^  =  — ^y-  ; 

(2a  -  ^)2  , 
whence  G  =  -  mg     ^^^^     |  cos  6. 

2.  A  cracked  hoop  rolls  on  a  perfectly  rough  horizontal  plane.  Determine 
the  inclination  to  the  horizon  of  the  line  joining  the  crack  to  the  opposite  point 
when  the  tendency  to  break  at  this  point  is  the  greatest  possible. 


In  this  case  the  centre  of  inertia  of  the  hoop  moves  in  a  straight  line  with  a 
constant  velocity.     Hence  its  acceleration  is  zero,  also 


da) 

dt 


^.      in     /  2fl   .      \      .        ^-w     2a 

=  0,     i  =  —  <7 1  a  cos  0  +  —  8in  0    ,  since  CO  =  — , 
2     V  ■""  /  ""■ 


0  being  the  centre  of  inertia  of  the  semi-hoop  comprised  between  the  crack  Q 
and  the  opposite  point. 

Taking  FC  and  CO  for  the  directions  of  the  axes, 

2«  2a 

i/'-b  =  a,     z'-e  =  —,     V=0,      C'  =  —- 

IT  IT 

Hence 

m  (     /  2a  \      2a2       ) 

G  =  L'  ^  rn'oy"^  {{y'  -  b)  C  -  {^  -  c)-n'\  =-  \g  (  a  cos  0  +  —  sine  j  +  —  «2j; 

consequently  G  is  greatest  when 

2    .       .  .  2 

cos  0  +  -  bin  0  is  a  maximum,  i.e.  when  tan  B  =  ~, 

IT  IT 

3.  A  semicircular  wire,  of  radius  a,  lying  on  a  smooth  horizontal  table,  turns 
round  one  extremity  A,  with  a  constant  angular  velocity  w.  Find  the  tendency 
to  break  at  any  point  P. 

Let  0  be  the  centre  of  inertia  of  the  arc  PB,  and  let  PC  A  =  <p.  Join  AO, 
AP,  and  PO ;  then,  since  the  angular  velocity  is  constant,  the  acceleration  of  0 

is  (^  .AO.     Consequently  —  is  double  the  area  of  the  triangle  APO ;  but,  since 

w 

^Pand  CO  are  parallel,  the  triangle  APO  is  equal  to  the  triangle  ^  CP,  or  equal 

to  c^  sin<^. 

TT  —   d> 

Hence  A'  =  d^  (^  sin  ^,     and     (7  =  m cfi «-  sm  <^. 


1 
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Accordingly  tlie  tendency  to  break  is  a  maximimi  at  the  point  determined  by 
the  equation  tan^  =zir  -  <p. 


This  example  and  the  two  preceding  are  taken  from  Eouth,  Rigid  Dynamics. 

4.  A  uniform  sphere,  resting  on  a  rough  horizontal  plane,  is  set  in  motion  by 
an  impulse  applied  in  a  vertical  plane  passing  through  its  centre.  Show  that, 
when  sliding  ceases,  the  rolling  motion  will  be  direct,  stationary,  or  retrograde, 
according  as  the  direction  of  the  impulse  intersects  the  vertical  diameter  above, 
at,  or  below  the  point  of  contact  with  the  plane.  Impulsive  friction  and  the 
couple  of  rolling  friction  are  neglected  (Mr.  Townsend). 

Let  V  be  the  velocity,  at  any  time,  of  the  centre  of  the  sphere  parallel  to  the 
intersection  of  the  horizontal  plane  with  the  vertical  plane  containing  the 
impulse ;  the  direction  of  the  latter  making  an  acute  angle  with  the  positive 
direction  of  v.  Let  w  be  the  angular  velocity  of  the  sphere,  counted  from  the 
vertical  towards  the  direction  of  v  positive :  then  V  and  XI,  the  initial  values  of 
V  and  w,  are  determined  by  the  equations 

mV=r,    mk^a=¥b, 

where  Fis  the  horizontal  component  of  the  impulse,  and  b  the  distance  from 
the  centre,  at  which  its  line  of  direction  intersects  the  vertical  diameter  of 
the  sphere.    Eliminating  Y,  we  obtain 

bF 

n  =  — . 
k^ 

For  the  subsequent  motion,  if  F  be  the  force  of  friction,  we  have  the  equations 

1  ^V       ,„  da      ^ 

whence  a  —  +  k^  —  =0, 

dt  dt        * 

Integrating,  we  obtain 

av  +  k^ti)  =  constant  =  aV  +  k^D.  =  («  +  *)  V. 

When  sliding  ceases,  v  =  ««,  Substituting  for  v  in  the  preceding  equation,  we 
have 

{a  +  b)V 

CO  =  

a'  +  k-i 
T  2 
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Hence,  since  V  is  necessarily  positive,  w,  wlien  sliding  ceases,  is  positive,  zero, 
or  negative,  according  as 

a  ^  b>0,     a+J=0,     or     a  +  b  <Q. 

The  first  condition  holds  good,  if  J  is  either  positive,  or  negative  and  less 
than  a  in  absolute  magnitude  ;  the  second,  M  b  =  —  a;  the  third,  if  b  is  nega- 
tive and  greater  than  a  in  absolute  magnitude. 

The  results  of  this  example  may  he  extended  to  other  solids  of  revolution. 

5.  The  extremities  of  a  heavy  rod  are  attached  by  cords  of  equal  length  to  a 
horizontal  beam.  One  cord  is  cut ;  find  the  initial  tension  on  the  other,  and 
determine  the  angle  at  which  the  cords  should  intersect  the  beam,  in  order  that 
the  tension  should  be  the  greatest  possible. 

Let  (p  be  the  angle  which  the  cord  makes  with  the  horizontal  beam  at  any 
time,  and  B  the  angle  which  the  rod  makes  with  its  initial  position  ;  then,  if  T 
be  the  tension  of  the  cord,  I  its  length,  2a  the  length  of  the  rod,  and  y  and  z  the 
coordinates  of  its  centre  of  inertia, 

m  —  =-  Tcos  <p,      in  —  =  mg  -  T  sin  </>, 

the  origin  being  taken  at  the  point  of  the  fixed  beam  to  which  the  uncut  cord 
is  attached.    Also 

y  =  I  cos  <p  -y  a  cos  d,     z  =  /  sin  ^  +  «  sin  fl ; 

whence,  difiercntiating  twice,  and  remembering  that  initially 
d<b  dd 

£  =  "'    at-''    *  =  "'    "  =  "• 

we  obtain  for  the  determination  of  the  initial  tension 

ma^  dH       „  .  ,   .       ^> 

——-—  =  aT &VD.  a,     —mlaina--^=—Tcosa, 

ml  cos  a  -^  ■\-ma——=mg-  Tsm  a; 

sino 
whence  T=mg 


1  +  3  sin2a 

This  is  a  maximum  when 

•    1  1 
a  =  Bin^  — 


V3 

6.  A  uniform  bar,  of  length  2a,  is  suspended  from  a  fixed,  parallel  and  equal, 
horizontal  bar,  by  strings  each  having  a  length  2a  joining  the  adjacent  extremi- 


Examples. 


277 


ties  of  tlie  bars.  An  angular  velocity  w  is  imparted  to  the  suspended  bar  round 
a  vertical  axis  through  its  centre  of  inertia.  Determine  the  vertical  height 
through  which  its  centre  of  inertia  will  rise. 

As  each  extremity  of  the  bar  moves  on  the  surface  of  a  sphere  to  which  the 
attached  string  is  radius,  the  tensions  of  the  strings  do  not  appear  in  the  equation 

of  vis  viva ;  hence  h  =  —- — . 

7.  Determine  in  the  last  example  the  initial  tensions  of  the  strings,  and  their 
tensions  when  the  bar  is  at  its  greatest  height. 

If  6  be  the  angle  one  of  the  strings  makes  with  a  vertical  line  at  any  time, 
^  the  angle  the  bar  makes  with  a  horizontal  line  parallel  to  the  fixed  bar,  and 
T  the  tension  of  one  string  ;  then 

^^(^^ 
tn  —  -j-z-  =  -  2aTsm  6  cos  |»//, 

d'^z 

also,  from  the  geometrical  conditions, 

6  =  |^t|/,  as  2a  Bind  =  2a  sin Ivf/, 
z  =  2a{l  -COS0). 

Substituting  ^  i|/  for  6  in  the  last  equation,  differen- 
tiating twice,  and  observing  that  initially  ^  =  0,  and  —  =  to,  we  get  for  the 
initial  tension  of  one  string  T=  -—  +  \mau^. 

To  get  the  tension  when  the  bar  is  at  its  highest  position,  make  —  =  0, 

2a  —  h 
eos  i  i/'  =  —^ — ,  where  h  has  the  value  in  Ex.  6  ;  then 


2a 


T=  mg 


4a3 


(2a-A){4a2+3A(4«- A)} 


=  mg 


288^3 


( 1 2(7  -  a«2)  {  48  ^2  +  «2  (24ay  -  a'^  «2)  I  ' 


8.  A  circular  plate  rolls  down  the  inner  circumference  of  a  rough  circle  under 
the  action  of  gravity.  The  plane  of  the  plate  coincides  with  that  of  the  rough 
circle,  which  is  vertical.  Determine  the  amount  of  friction  brought  into  play 
if  the  plate  start  from  rest,  the  motion  being  pure  rolling,  and  the  couple  of 
rolling  friction  being  neglected.     (See  Example  9,  Art.  227.) 

The  equations  of  motion  are 


jm»^=ji., 


d'^e 

M{b-a)~~  =  -Mg  am  9 -\'  F 

(vt 


together  with  the  equation  of  condition 


do  drl, 


whence  F=  ^Mg  sin  d. 
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9.  Show  that  the  plate  in  the  last  example  will  ascend  to  the  same  height  as 
that  from  which  it  started,  and  that  the  motion  will  go  on  for  eyer. 

By  vis  viva  :S,mv^  =  2Mg  (s  —  zo),  this  will  vanish  when  «  =  «©;  therefore,  &;c. 

10.  Determine  the  velocity  of  rotation  of  the  plate  at  any  time. 

This  is  most  easily  done  hy  means  of  the  equation  -  —  (/«2)=2/{Art.  221), 

w  at 

whence 

(b  —  a)g 

afl  =  J  — ^  (cos  e  -  cos  do). 

a* 

This  result  can  also  he  obtained  from  the  equations  of  Ex.  8. 

1 1 .  Taking  into  account  the  couple  of  rolling  friction,  and  supposing  the 
motion  to  be  still  pure  rolling,  determine — (1)  the  angular  velocity ;  (2)  the  vis 
viva ;  (3)  the  amount  of  friction  brought  into  play. 

If  /  be  the  ratio  of  the  couple  of  rolling  friction  to  the  normal  pressure 
(/being  a  Hnear  magnitude), 

«-  =  t      ~/      j  (cos  6  -  cos  do)  -  -  (sin  Bq  - sinO)), 

2mv3  =  2M{b  -  a)g\  (cos  0  -  cos  Qq)  -  -  (sin  Bq  -  sin  6)  [ , 

f 
F  =  \Mg  mid-^-  %  - Mg  cos B. 
a 

12.  Determine,  under  the  circumstances  supposed  in  Ex.  11,  the  height  h  to 
which  the  disk  will  ascend. 

If  ^0  be  the  height  of  the  initial  position  of  the  centre  of  the  disk  above  its 
lowest  position,  and  r  =  i  —  a,  A  is  given  by  the  equation, 

h  =  ho-^  (v(2rAo  -  Ao2)  +  V (2rA -h^)]. 

It  follows  from  this  that  A  is  less  than  Ao,  and  that  the  disk  will  finally 
come  to  rest. 

13.  A  circular  plate  is  projected  along  a  rough  horizontal  plane,  with  an 
initial  velocity  v  of  translation,  and  an  angular  velocity  w,  round  an  axis.through 
its  centre,  at  right  angles  to  its  plane.     Determine  the  motion. 

Let  —  be  the  angular  velocity  at  any  time,  and  let  x^  the  horizontal  co- 
ordinate  of  the  centre,  be  measured  in  the  diiection  of  v,  as  in  the  figure. 
The  rotation  -^  roimd  C  is  equivalent  to  -^  round  P,  together  with  the  velo- 
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city  of  translation,  —  a  —  along  FX.     Hence  the  whole  velocity  of  translation 
dt 

of  P  is  -77  —  » -T- ,  where  a  is  the  radius  of  plate. 
at         dt 


X  P  X 

Different  phenomena  present  themselves  according  to  the  initial  values  of 
V  and  m. 

Neglecting  the  couple  of  rolling  friction — 

(1)  CO  positive,  and  v  >  a«. 

Since  v  -aw  is  positive,  Phegins  to  slip  along  PX;  therefore  F=fxMg,  and 
the  equations  of  motion  are 

JIf  — r-  =  -  u.Mg,     hMa^  -^  =  uMaa  : 

dx        d<^  V  -  ao) 

hence  —  -  « -rr  =  0,     when        t  =  — . 

at        at  itig 

The  motion  then  becomes  pure  rolling,  and  we  have  the  equations 

-r>-^'  *^«':-?=-. 

where  F  is  the  amount  of  friction  brought  into  play. 

dx        d(b      .  ^      ^ 

Also  -—  =  a  ^-,  whence  P  =  0, 

dt         dt 

a~  =  —-  =  constant  =;  f  v  +  ^  aw, 
dt      dt 

and  the  disk  will  roll  on  with  a  constant  velocity  of  rotation  round  the  instan- 
taneous axis. 

(2)  w  positive  as  before,  v  <  aw. 

Since  v  —  aw  is  negative,  F  commences  by  slipping  back  towards  X' ;  the 
equations  of  motion  are  then, 
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aw  —  V 
When  t  =  — pure  rolling  coniniences,  and,  as  before, 

The  initial  velocity  of  translation  of  the  centre  is,  in  this  case,  increased. 

(3)  Initial  angular  velocity  negative  and  equal  to  —  «. 

The  initial  velocity  of  P  is  then  v  +  aw.     Slipping  commences  and  continues 

v  +  aw 
tni    t  =  — ,  after  which  pure  rolling  begins,  and  continues  for  ever  ;  the 

velocity  of  the  centre  being  given  by  the  equation 

dx        d(f> 

dx  d<b 

If  aw  >  2t>,  —   and  --  wiU  both  be  negative,  that  is,  the  motion  of  translation 
cct  ctt 

of  the  centre  will  be  in  the  direction  opposite  to  that  originally  imparted,  and 

the  rotation  will  be  in  the  same  direction  as  the  initial  rotation. 

If  we  take  into  account  the  couple  of  rolling  friction,   the  equations  of 

motion  become,  for  (1), 

d-x  ,  d^<b 

M  -J-  =  -  tiMg,     i Ma- -^^-  =  luMga  -  fMg. 

V  —  aw 
Pure  rolling  commences  when  t  = 


2V  Ifl j  +  fJLOW 

^~  3^-2^" 

a 

After  this  the  equations  of  motion  become 


at  this  instant 


\dtjo 


d-x  d^<b 

.  ,      dx        d<p         .  Ti      ■>  f  ■.,■ 

along  with     —  =a— ;     whence    F=%-Mg. 
dt         dt  a 

This  expression  shows  that  the  friction  brought  into  play  varies  inversely  as 
the  radius  of  the  plate,  provided  its  mass  be  constant.  The  plate  will  come  to 
rest  at  a  time 

Idx\ 

where  t'  is  counted*f rem"  the  instant  when  pure  rolling  begins. 
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In  order  that  pure  rolling  should  continue,  as  assumed  above,  it  is  necessary 
f 
that^>f -. 
a 

The  student  will  have  no  difficulty  in  investigating  cases  (2)  and  (3)  vrhen  the 
couple  of  rolling  friction  is  taken  into  account. 

14.  A  sphere,  rotating  with  an  angular  velocity  a»  round  a  horizontal  axis 
at  right  angles  to  the  plane  of  the  trajectory  of  its  centre,  impinges  on  a  perfectly 
rough  horizontal  plane  :  find  the  motion  immediately  after  impact. 

Suppose  the  sphere  is  moving  from  left  to  right  before  impact  with  velocity  v, 
whose  direction  makes  an  angle  i  with  the  plane  of  the  horizon.  Let  w'  be  the 
angular  velocity  in  the  direction  of  the  motion  of  the  hands  of  a  watch,  and 
v  the  horizontal  velocity  of  the  centre  from  left  to  right  at  the  instant  after 
impact.     F  being  the  impulse  arising  from  friction,  the  equations  of  motion  are, 

Mv  =  Mv  cos  i  +  F,  ^ 

^^Ma^  u'=  %Ma^u)  —  aF. 
The  geometrical  condition  for  no  slipping  is 

v'  —  ao)'  =  0  ; 

F 

whence  ■— .  =  —  f  (v  cos  i  -  aw), 

v  =  aa>'  =  yV  cos  *  +  jaa. 

If  V  cos  i  =  «w,  no  impulsive  friction  is  called  into  play.  If  v  cos  i  >  aw,  the 
horizontal  velocity  of  the  centre  of  the  sphere  is  diminished,  add  the  sphere  re- 
bounds at  a  greater  angle  than  if  there  were  no  friction.  If  v  cos  i  <  aw  the 
horizontal  velocity  of  the  sphere  is  increased,  and  the  sphere  rebounds  at  a 
smaller  angle  than  if  there  were  no  friction.  In  this  case  friction  accelerates  the 
horizontal  velocity  of  the  centre  of  the  sphere. 

If  u  is  opposite  in  direction  to  the  motion  of  the  hands  of  a  watch, 

v'  =  jrv  cos  i  —  -f  aw. 

The  velocity  of  the  centre  of  the  sphere  along  the  horizontal  line  is  dimi- 
nished, and  the  sphere  will  rebound  at  a  greater  angle  than  if  there  were  no 
friction.  If  5v  cos  i  =  law  the  sphere  will  rebound  vertically.  If  'law>  bv  cos  i 
the  sphere  will  hop  back.  This  explains  the  eliect  of  slow  under-cut  in  tennis. 
The  numerical  factors  for  a  tennis  ball  may  of  course  be  different  from  those 
given  above. 

15.  If  the  plane  in  the  last  example  be  imperfectly  rough,  so  that  the  impul- 
sive friction  is  not  sufficient  to  destroy  the  whole  tangential  velocity  of  the  point 
of  contact  of  the  sphere  with  the  plane,  determine  the  motion. 

The  equations  are — (1)  If  v  cos  i  >  a«, 

Mv  =  Mv  cos  i  —  ij.{l  +  e)  Mv  sin  i, 
f  Ma^w  =  f  Ma'^w  +  yit  (1  +  e)  Mva  sin  i. 


\ 
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(2)  If  V  cos  i  <  ««, 

Mv  =  Mv  cos  i  +  ^  (1  +  e)  Mv  sin  i, 

f  Mol^di  =  f  ilfa-a>  -  ^  (1  +  ^)  JfVa  sin  i. 

(3)  If  «  be  in  the  opposite  direction  to  the  motion  of  the  hands  of  a  watch, 

Mv  =  Mv  cos  i  —  /it(l  +  e)  Mv  sin  i, 

f  Mc^ta  =  -  f  Ma^u)  -V  tx(\  -\  e)  Mva  sin  i. 

16.  A  sphere  is  projected  down  a  rough  inclined  plane,  along  the  line  of  in- 
tersection of  the  plane  with  the  vertical  plane  at  right  angles  thereto.  The 
sphere  has  an  initial  velocity  of  rotation  round  a  horizontal  axis  parallel  to  the 
inclined  plane;  determine  the  motion — (1)  neglecting  the  couple  of  rolling 
friction  ;  (2)  taking  into  account  the  couple  of  rolling  friction. 

Let  the  line  of  projection  be  the  axis  of  x,  and  let  x  positive  be  measured  to 

the  right,  and  -j-,  the  angular  velocity,  be  in  the  direction  of  the  motion  of  the 

hands  of  a  watch.     Let  v  be  the  initial  velocity  of  translation  of  the  centre  of 
the  sphere,  and  «  the  initial  angular  velocity. 

(1)  The  equations  of  motion  are, 

JM-^*=ify  sin i-i^;     ^Ma^^=Fa, 
at'  at* 

and  the  conditio^  for  pure  rolling  is 

dx        d<b     ^ 
—  -  a  -7  =  0. 

dt         dt 

If  ^0  be  the  time  at  which  pure  rolling  begins,  then 

2  (v  —  aw)  2  {aoi  -  v) 

^0=7;; : T-^ — r-,     or    = 


[7 /J.  cos  i  —  2  sin  i)ff  (7^  cos  i  +  2  sin  t)^' 

according  as  v  >  aw,  or  aw  >  v,  where  /*  is  the  coefficient  of  dynamical  friction. 
li  V  —  aw>  Oy  7/x  cos  i  >  2  sin  i,  in  order  that  pure  rolling  should  be  attainable. 
li  V  —  aw  =  0,  pure  rolling  will  continue,  provided  7jx  cos  i  >  2  sin  t  (where  /x' 
is  the  coefficient  of  statical  friction).  li  v  —  aw<0,  pure  rolling  will  be 
reached  necessarily,  and  will  then  continue,  provided  7/*'  cos  i  >  2  sin  i. 

If  I  TT  I     and    I  ^  )    be  the  values  of  —  and  -^  when  pure  rolling  is  at- 
\dtJo  \dt/o  dt  dt  ^  ° 

tained, 

(d<p\    _  /dx\    _  5/xv  cos  t  —  2  (sin  t  — /i  cos «)  flfw 
dt  /  0      \dt  /  0  Tfi  cos  t  —  2  sin  i 

(d(f>\        /^*\        'V^  cos  t  +  2  (sin  i  +  fx  cos  i)  aw 
dt  I  Q      \dt  J  I,  7yt*  cos  i  +  2  sin  t  ' 


or 
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according  as  v  —  a«  is  positive  or  negatiye.     After  pure  rolling  begins,  if  it  con- 
tinues, -F  =  f  Mg  sin  i, 


=  a|=*«-«.)^smi  +  »|(^)^. 


dx        d<f> 


(2)  The  equations  of  motion  are 

M—-t=Mgsmi-F,        ^Ma^-^  =  Fa -fMg  coai. 

Hence,  according  as  i;  >  au,  or  aou>  v,  a>  being  positive, 

2  (t;  -  aoS) 2  (ao)  -  v) 

I  (7^  -  5  -  j  cos  t  -  2  sin  1 1  ^  |  [  7/x  +  5  -  )  cos  i  +  2  sin  i  ( ^ 

In  the  former  case  we  must  have 

(  7;tt  -  5  -  J  cos  »■  >  2  sin  i, 

in  order  that  pure  rolling  may  be  possible. 

I  ^  —  \v  cos  i  —  2  (sin  t  -  /*  cos  i)  act 


^-©o  =  ^(l)r 


'  COS  ^  —  2  sin  e 


6  (/*+-)  ^  cos  1+2  (sin  i  ■\-  fx.  cos  i)  aa» 
or  =  > 

[7/1*  +  5  -  J  cos  »■  +  2  sin  i 

and,  at  any  time  after  pure  rolling  is  established, 

If  «  be  negative,  that  is,  in  a  direction  opposite  to  the  motion  of  the  hands^ 
of  a  watch,  the  equations  of  motion  are 

d:^x 

-3f  ~  =  Mg  sin  i  -  ^Mg  cos  t, 

d'^<i) 
t  Ma^  — -  =  aixMg  cos  i  +  fMg  cos  i, 
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.   d<b  . 

until  —  =  0.     This  takes  place  at  a  time 

dt  ^ 

.     ,,  =  ! "J!^ 


g  cos  I 
where  u  =  —  w. 


(-9 


2a(a'  (sin  i  -  /i  coBt)  +  5v  cos  i  f  /t  +  - ) 


Then 

6  cos  i 


J. 

After  this  ^  is  positive,  and 
at 


to  =  ii  + 


("). 


=  2 


I  (  7/i  -  o  —  j  cos  t  —  2  sin  i  I  ^ 


and 


(^+/j|(7M-5{)cost-2sine|; 

_/ 
o  I  M  —  -  1  vcos  i  +2  ,(smt  —  fi  cos  t)  au 

\iU/i,         \dtlo 


('"-9 


cos  i  —  2sin  t 


17.  A  uniform  bar,  resting  on  a  smooth  horizontal  table,  revolves  round 
a  vertical  axis  through  its  middle  point.  The  bar  suddenly  snaps  at  its  middle 
point.     Determine  the  subsequent  motion  of  the  parts. 

18.  In  the  same  case,  find  the  point  of  its  length,  at  which  either  half  of  the 
bar  would  strike  pei-pendicularly  against  a  fixed  obstacle  with  the  greatest  force 
of  percussion. 
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CHAPTEE    X. 

MOTION    OF    A    RIGID    BODY   IN    GENERAL. 

Section  I. — Kinematics. 

229.  Motion   of  a  Body   having    one    Point  fixed. — 

If  a  rigid  body  have  a  fixed  point,  a  spherical  surface  S  fixed 
in  the  body,  with  this  point  as  centre,  must  move  about  on  the 
surface  of  an  equal  concentric  sphere  fixed  in  space.  The 
position  in  space  of  S,  or  of  any  definite  great  circle  on  it, 
determines  that  of  the  body.  Hence  the  motion  of  a  body 
having  a  fixed  point  is  reducible  to  the  motion  of  a  spherical 
figure  on  a  sphere  fixed  in  space.  The  position  of  such  a 
figure  is  determined  by  the  positions  of  any  two  definite 
points  A  and  B  in  it.  If  the  points  A  and  B  move  into  new 
positions  A'  and  B\  arcs  of  great  circles  bisecting  A  A'  and 
BB^  at  right  angles  will  meet  in  a  point  0,  and  the  angle 
ADA'  =  BOB')  but  the  great  circle  OA  can  be  moved  into 
the  position  OA'  by  turning  it  through  the  angle  ^0-4' round 
the  axis  CO  (C  being  the  centre  of  the  sphere) ;  and  since 
AOA'  =  BOB\  the  same  rotation  brings  OB  into  the  position 
0B\  Hence  a  rotation  round  OC  brings  the  spherical  figure, 
of  which  A  and  B  are  definite  points,  from  the  first  position 
into  the  second.  The  point  0  is  called  the  pole  of  rotation 
[Differential  Calculus^  Art.  300). 

Consequently,  a  rigid  body  having  a  point  fixed  can  he  moved 
from  any  one  position  into  any  other  by  a  rotation  round  an 
axis  through  the  point. 

230.  Composition  of  Rotations  round  Axes  meet- 
ing in  a  Point. — If  a  body  receive  rotational  displacements 
round  two  axes  fixed  in  space,  passing  through  the  same 
point,  the  resultant  displacement  may  be  effected  by  a  rota- 
tion round  a  single  axis. 

If  the  displacements  be  infinitely  small,  it  appears,  as  in 
Article  196,  that  the  order  in  which  they  are  effected  is  in- 
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different,  and  also  that  it  is  indifferent  whether  the  axes  be 
fixed  in  space  or  be  axes  fixed  in  the  body,  whose  positions  at 
the  commencement  of  the  infinitely  spiall  motion  coincide 
with  those  of  the  axes  fixed  in  space.  If  the  two  displace- 
ments be  regarded  as  simultaneous,  the  resultant  rotation  is 
the  actual  motion  of  the  body.     Hence  we  see  that — 

A  velocity  of  rotation  round  a  single  axis  is  equivalent  to 
velocities  of  rotation  round  two  axes  meeting  the  axis  of  the 
resultant  rotation  in  the  same  point. 

Being  given  the  velocities  of  rotation  of  a  rigid  body  round 
two  axes  meeting  in  a  point,  to  determine  the  velocity  of  the  re- 
sultant rotation  and  the  position  of  its  axis. 

Let  OA  and  OB  be  the  axes  of  the  component  rotations, 
and  R  a  point  on  the  axis  of 
the  resultant  rotation.  As  R  is 
at  rest  duriug  the  motion,  its 
displacement  from  the  rotation 
round  OA  must  be  equal  and 
opposite  to  that  from  the  rota- 
tion round  OB.  Hence  the 
circles  passing  through  R,  and 
having  their  planes  at  right 
angles  to  OA  and  OB,  and  their 
centres  on  those  lines,  touch  at  R. 
Hence  OA,  OB,  and  OR  lie  in  the  same  plane.  This  appears 
readily  from  the  fact,  that  if  two  small  circles  of  a  sphere 
touch,  the  arc  of  a  great  circle  joining  their  poles  passes 
through  the  point  of  contact.  Again,  AR  multiplied  by  the 
angular  velocity  round  OA  is  equal  and  opposite  to  BR  mul- 
tiplied by  the  angular  velocity  round  OB.  If  these  angular 
velocities  be  denoted  by  a  and  j3,  we  have 

a  /3 


BinBOR      sin  AOR 

To  find  ID,  the  angular  velocity  of  the  resultant  rotation, 
consider  the  motion  of  ^.  It  is  unaffected  by  the  rotation 
round  OA,  and  may  be  regarded  indifferently,  as  rotating 
round  OB  with  angular  velocity  j3,  or  as  rotating  round  OR 
with  angular  velocity  w. 
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If  perpendiculars ^P  and  AQhQ  let  fall  on  OB  and  OR^ 
we  have  then  AP .f5  =  AQ.<jj.     Hence 


ft) 


P 


BinAOB     sinAOR     sinBOR 

Hence,  finally — The  axis  of  the  resultant  rotation  lies  in  the 
same  plane  as  the  axes  of  the  component  rotationSy  and  makes 
with  each  an  angle  ivhose  sine  is  proportional  to  the  velocity  of 
rotation  round  the  other ;  and  the  velocity  of  the  resultant  rota- 
tion  is  proportional  to  the  sine  of  the  angle  between  the  axes  of  the 
component  rotations. 

Accordingly,  velocities  of  rotation  are  compounded  in 
precisely  the  same  manner  as  velocities  of  translation,  or  as 
forces  meeting  in  a  point. 

By  reversing  the  reasoning  above,  it  can  be  shown  that  a 
point  R,  taken  as  above,  remains  at  rest  under  the  influence 
of  two  velocities  of  rotation  round  OA  and  OB',  whence  we 
have  an  independent  proof,  that  infinitely  small  rotations 
round  two  intersecting  axes  are  equivalent  to  a  single  one 
round  an  axis  lying  in  the  plane  of  the  two  former,  and 
passing  through  their  point  of  intersection. 

We  have  already  seen,  Article  196,  that  velocities  of 
rotation  round  parallel  axes  are  compounded  in  the  same  way 
as  parallel  forces.  Hence,  in  general —  Velocities  of  rotation 
are  compounded  like  forces  ivhose  directions  coi?icide  with  the 
axes  of  rotation,  and  whose  magnitudes  are  jjroportional  to  the 
magnitudes  of  the  velocities  of  rotation. 

The  attention  of  the  reader  has  been  directed  in  Article 
196  to  the  algebraical  signs  of  velocities  of  rotation.  In 
addition  to  what  was  there  stated,  it  may  be  observed, 
that  the  axis  of  a  rotation  may  be  made  to  represent  the 
rotation  both  in  magnitude  and  direction.  In  this  case  the 
axis  is  drawn  so  that  the  rotation  round  it  is  always  positive. 
For  example,  instead  of  speaking  of  a  negative  rotation 
round  the  axis  of  X,  we  may  designate  it  simply  as  a  ro- 
tation round  the  axis  of  X  negative.  When  the  axis  of  a 
rotation  determines  the  direction  of  the  rotation,  the  latter  is 
always  understood  to  be  in  the  positive  direction  round  this 
axis,  that  is,  according  to  the  convention,  counter-clockwise. 


288  .  Motion  of  a  Rigid  Body  in  General. 

When  rotations  are  compounded  by  means  of  their  axes,  like 
forces,  the  direction  of  the  axis  determines  in  this  way  the 
direction  of  the  rotation. 

For  example,  rotations  wi,  wo,  W3  round  three  rectangular 
axes  produce  a  resultant  rotation  w  which  is  always  positive ; 

but  the  direction  of  its  axis  is  determined  by  --,   — ,  — ,  the 

U)        to        (X) 

cosines  of  the  angles  made  with  the  coordinate  axes ;  and 
these  again  depend  on  the  signs  of  wi,  wo,  and  0^3,  as  well  as 
on  their  magnitudes. 

231.  Oeometrieal  representation  of  the  ]9Iotion  of 
a  Body  having  a  fixed  Point. — When  a  body  has  a  fixed 
point,  its  motion  may  be  represented  in  a  manner  analogous 
to  that  mentioned  in  Article  199.  In  the  present  case  the 
curves  which  correspond  to  the  space  centrode  and  the  body 
centrode  are  spherical  curves  lying  on  the  surface  of  the  same 
sphere. 

The  motion  of  the  body  is  represented  by  the  rolling  of  a 
cone  fixed  in  the  body  on  a  cone  fixed  in  space  (see  Differen- 
tial Calculus,  Article  301). 

232.  Motion  of  a  Body  ivhich  is  entirely  Free. — 
A  rigid  body  can  he  moved  from  any  one  2)osition  into  any  other 
by  a  motion  of  translation,  combined  icith  a  motion  of  rotation 
round  an  axis  through  any  arbitrary  point  A  of  the  body. 

Let  Ay,  A2  be  the  two  positions  in  space  occupied  by  A 
in  the  different  positions  of  the  body.  Give  to  every  point 
of  the  body  a  motion  equal  and  parallel  to  A1A2 ;  this  brings 
A  into  the  required  position,  and  a  rotation  round  an  axis 
through  A  will  then  (Article  229)  complete  the  body's 
change  of  place. 

If  two  positions  of  a  body  in  motion  are  infinitely  near 
each  other,  any  infinitely  small  displacements,  by  which  it 
can  be  moved  from  the  first  of  these  positions  to  the  second, 
may  be  regarded  as  the  actual  motion  of  the  body. 

The  actual  motion  of  a  rigid  body  during  an  infinitely 
short  time  is,  therefore,  a  motion  of  translation  together  with 
a  motion  of  rotation  round  an  axis  through  any  arbitrary 
point  of  the  body. 

The  initial  and  final  positions  of  a  body  being  given,  the  mag- 
nitude of  the  rotation,  which  is  required  to  make  it  pass  from  one  to 
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the  other,  and  the  direction  of  its  axis  are  determined;  but  the 
motion  of  translation  varies  according  to  the  point  through 
which  the  axis  of  rotation  is  supposed  to  pass. 

First,  let  the  axis  of  rotation  be  supposed  to  pass  through 
a  point  A,  whose  initial  and  final  positions  are  Ax,  A^.  The 
motion  of  translation  A^A^  is  composed  of  two  parts,  one^i^' 
in  the  direction  of  the  axis  of  rotation  through  A^  and  the 
other  A'A^  at  right  angles  to  it.  By  means  of  the  first  a  defi- 
nite plane  section  of  the  body,  passing  through  A  and  at  right 
angles  to  the  axis  of  rotation,  is  moved  into  the  plane  in  space 
in  which  it  lies  in  its  final  position,  and  the  subsequent  motion 
of  the  body  is  therefore  parallel  to  this  plane.  If,  now,  the 
axis  of  rotation  be  regarded  as  passing  through  another  point 
B  of  the  body,  whose  initial  and  final  positions  are  J5i,  B2,  we 
can  suppose  the  translation  j5ij&3  made  up  of  two  parts — one, 
ByB\  equal  and  parallel  to  AiA'\  the  other,  B'  Bo,  which 
depends  on  the  position  of  the  point.  B^B'  brings  the  body 
into  the  same  position  as  AiA\  Hence,  a  translation  B'B-i 
and  a  rotation  round  an  axis  through  B  are  equivalent  to 
an  equal  rotation  round  a  parallel  axis  through  A  and  a 
translation  A'Ai  (Art.  195).  The  translation  Bi  B>  is  the 
resultant  of  BiB'  and  B^B^;  A1A2  is  the  resultant  of  AiA^ 
and  A'Ai'f  B^B'  is  equal  and  parallel  to  AiA';  but  B'Bz  is 
not  in  general  either  equal  or  parallel  to  A'A2. 

233.  Analytical  Treatment  of  tbe  Motion  of  a 
Body  having  a  Fixed  Point. — Suppose  three  rectangu- 
lar axes  fixed  in  the  body,  passing  through  a  point  0;  and 
three  others  fixed  in  space,  which  at  the  beginning  of  the 
motion  coincide  with  the  former.  Let  the  coordinates  of 
any  point  of  the  body  referred  to  the  former  be  5,  rj,  Z,  and 
referred  to  the  latter,  x,  y,  z.  Let  the  cosines  of  the  angles 
which  ^  makes  with  x,  y,  z  be  ai,  az,  a^;  of  those  which  rj 
makes,  6i,  bi,  b^ ;  and  of  those  which  Z  makes,  Ci,  C2,  c^ ; 
and  the  angles  themselves  ai,  a^,  as;  |3i,  /Sa,  jSa;  71,  72,  73. 

If  the  point  0  remain  fixed  we  have  at  any  instant 

x  =  ax^^rbx^^  CxZ,,   y  =  a.,^  +  b-2r]+  c^Z,   s  =  as ?  +  ^sr^  +  c,?* 

If  at  this  instant  any  other  point  of  the  body  besides  0 
occupy  the  same  position  in  space  as  at  the  beginning  of  the 
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motion,  for  this  point,  ^  =  S,  y  =  »?,  s  =  2j  and  therefore  we 
should  have 

ffj  -  1         bi 


(I2 
^3 


^.-1 


C3  -  1 


=  0. 


But  it  is  easy  to  see  that  this  condition  is  fulfilled,  for 
putting 

fli       ^1       Ci 


^2     ho     d     =  A, 

^3         ^^3         ^3 

and  denoting  the  former  determinant  by  A',  we  have 


fdA      dA 

A'=A-  — +  -TT- 


dA\      (PA  d'^A  d'A 

+  -r-  1+  -^ —  +    „     .     + 


r/=*A 


V^fiPi  '  c/ftj      dCiJ    dttidbi     dhidcz     dc^doi   daidhidc-i 

d^A 


Now       A  =  1,    -|r-  =  ^1,  <XC.,  =  <?3,  &C.,        ,       ,,     , 


=  1; 


therefore  A'  =  0.     This  result  can  also  be  seen  immediately 
by  the  multiplication  of  the  determinants,  which  gives 

AA'=- A'. 

Hence  we  conclude  that  if  a  rigid  body  have  a  fixed  point, 
any  two  positions  have  a  line  in  common. 
Again,  if  0  be  fixed, 

dx  =  ^ dax  +  1/ dhx  +  t dcx^      dy  =  ^da^^  i]  db-z  +  Z dc^, 

dz  =  ^  da^  +  ridhz-\-  Z  dd ; 

but,  since  at  the  beginning  of  the  motion  5,  >?,  ^  coincide 
with  x^  y,  s,  we  have  at  that  instant 

tty  =  cos  oi,     ddi  =  -  sin  oi  dai  =  0,    since    oi  =  0. 

In  like  manner  dbz  =  0,     dCi  =  0; 

also  (fibi  +  a.bi  +  a^bi  =  0. 
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Differentiating,  and  remembering  that  initially 

«!  =  1,      ff2  =  0,      ttz  =0,      6i  =  0,     hi  =  1,    ^3  =  0, 

we  have  dhi  +  da2  =  0. 

In  like  manner     dc^  +  da^  =  0,     dbs  +  dct  =  0. 
Let  now  da..  =  dip,     dhz  =  dO,     dcx  =  d(fi; 

then  dx  ^  -  7}  d^  +  Z  (^(l>  "=  -  1/  dip  +  z  dcj)   ' 

df/  =  -i:d9  +  KdiP  =  -zde  +  xdxP    -.  (1) 

dz  =  -  Zd(p  +  T)  dO  =  -  X d(i}  +  p dO  - 
But  a  rotation  dd  round  x  would  give  (Art.  197), 

dy  =  -  Zdd,     dz  =  rjdO ; 
d<^  round  y  would  give 

dz  =  -  ^  d(p,     dx  =  Z^^0  ; 
and  dxfj  round  z  would  give 

dx  =  -  ridxpy     dy  =  ^d\p. 

Hence  the  most  general  infinitely  small  displacement  the 
body  can  take,  0  remaining  fixed,  is  equivalent  to  rotations 
round  any  three  rectangular  axes  through  0. 

Moreover,  from  the  values  of  dx,  dy,  dz,  given  above,  it 
appears  that  for  a  point  whose  coordinates  fulfil  the  condi- 
tions '^  =  ~r  =  -fi  ^^  displacements  are  zero. 

Hence  the  three  rotations  dd,  d^,  dip,  round  the  axes  x,  y,  z, 
are  equivalent  to  a  single  rotation  round  an  axis  whose  posi- 
tion is  defined  by  these  equations.     If  we  put 

dd  =  du)  cos  A,     c/^  =  dvj  cos  /n,     dip  =  du)  cos  v, 


where  dio  ■=  ^/^^^  +  d<{>'^  +  d^^^) 

the  equations  of  the  fixed  axis  are 

cos  X       cos  lu       COS  V 
V2 
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Also,  for  any  point  of  the  body, 

dx"^  +  dy^  +  dz^  =  [  (rj  cos  y  -  ^  cos  ^)^  +  (?  cos  X  -  ?  cos  vY 

+  (5  cos  jLt  -  r?  cos  \)']d(jj^  =  2rd(i)^, 

if  p  be  the  perpendicular  from  the  point  on  the  fixed  axis. 
Hence  do)  is  the  magnitude  of  the  resultant  rotation. 

Whence  infinitely  small  rotations,  and  therefore  velocities 
of  rotation,  are  compounded  like  forces  meeting  at  a  point. 

234.  Motion  of  a  Body  entirely  Free. — If  the  point 
of  intersection  of  the  axes  fixed  in  the  body  be  not  fixed  in 
space,  and  if  its  coordinates,  referred  to  axes  fixed  in  space, 
be  X,  y\  s';  then,  for  any  point  x,  y,  z  of  the  body, 

X  =  X  +  a^^  ■\-  hxr\  ^-  CxZ,      y  =  y  -\-  a2K  +  hrt  +  CiZ, 

whence 

dx  =  dx'-\-  Kdai  +  ridbi+  Z,dci,  dy  =  dy'  +  ^c?«2  +  i]dhz->r  Zdcz^ 

dz  =  cfe'  +  ^da^  +  rjdb3  +  Zdc^. 

If  we  suppose  the  axes  of  5j »?»  Z  parallel  to  those  of  .r,  ?/,  s 
at  the  beginning  of  the  motion,  we  get,  as  in  the  last  Article, 

dx  =dx'-rid\p+  Zd(p  =  dx' -{y  -  y)  d\p+  {z-  s')  d<f>    x 
dy=  di/-Zd9+UiP  =  dy'-{z  -  z)  dO  +  (x-x)dxl^     .,  (2) 
dz  =  dz' -^d^  +  rj d6  =  dz  -  {x- x')  d<f>  +  (y-  y')  dd    , 

and  we  see  that 

The  most  general  infinitely  small  displacement  which  a 
rigid  body  can  receive  consists  of  a  movement  of  translation, 
and  a  movement  of  rotation  round  an  axis  through  any  arbi- 
trary point  of  the  body. 

Whatever  he  the  point  through  tvhich  the  axis  of  rotation  is 
supposed  to  pass,  the  direction  and  magnitude  of  the  rotation 
remain  unaltered. 

Suppose  two  points  whose  coordinates  are  x\  y,  z',  x',  y\  x", 
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successively  regarded  as  the  points  througli  whicli  the  axis 
of  rotation  passes ;  then, 

dx  =  dx'- {y  -  y") ^/f '+  (z  -  z') df; 
also  dx  =  dx'-  {y'  -  f) d^"  +  [z  -  z) d(t>'\ 

Subtracting,  we  get 

dx  =  dx-  (y  -  /)  d^j''  +  (s  -  z)  df) 
but  again, 

dx  =  dx'  -{y  -  y)  dxf,'  +  (s  -  2')  d(p\ 

Comparing  these,  we  see  that 

#'=^^",     d(p'=df; 
therefore,  &o. 

235.  ITelocity  of  any  Point  of  a  Body. — Infinitely 
small  displacements  divided  by  the  element  of  time  during 
which  they  are  effected  become  velocities.  If  the  axes  of 
X,  y,  z  be  three  rectangular  axes  fixed  in  space,  and  if  the 
velocities  of  rotation  round  parallel  axes  meeting  at  the  point 
x',  y\  z,  be  Wx,  wy,  Wz,  we  have,  from  equations  (2), 

dx     dx       /         ,v  ,         ,v 

-  (y  -  .y )  wz  +  (s  -  s )  (Uy 


dt      dt 

dy      dx/  /x       .  /         /x  I 

Tt^  dt   ~  ^^  ~  ^'  '^''^^  ~  ^'  "^^^     ^' 

dz      dz'     ,         ,.  {         '\ 


(3) 


If  the  point  x',  y\  z  be  fixed  in  space,  as  well  as  in  the 
.  body,  and  be  taken  for  the  origin,  we  have 

dx  \ 


dt 

dl 
dt 

dz 
dt 


—  —  y(Oz  +  ^(tfy 


=    —    ZtJr.    +    X(t)i 


=  -  xwy  +  ywx 


y 


(4) 
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If  we  suppose  the  axes  fixed  in  space  to  coincide  at  the 
instant  under  consideration  with  axes  fixed  in  the  body,  and 
if  the  angular  velocities  round  the  latter  be  wi,  wz,  W3,  we 
have  Wa;  =  wi,  Wy  =  wo,  Wz  =  W3.  If  we  call  the  coordinates 
of  any  point,  referred  to  the  axes  fixed  in  the  body,  ^,  rj,  ^, 
and  the  components  of  its  velocity  parallel  to  these  axes 
u,  V,  w,  we  have 

^«  =  -  1JW3  +  Zit)2    \ 

v=  -Z(Oi  +  ?a»3     I .  (5) 

Equations  (3),  (4),  and  (6)  hold  good  for  every  instant, 

dx 
whereas  the  equations  ;r  =  5,  &c.,   wx  =  wi,  &c.,   —  =  w,  &c., 

ctv 

hold  good  only  for  one  particular  instant. 

236.  Accelerations  of  Rotations. — If  wi,  ws,  0)3,  be 

the  angular  velocities  round  three  rectangular  axes,  OA^  OB, 

OC  fixed  in  the  body,  and  wx,  w^,  ws  the  velocities  round  axes 

OX,  0  Y,  OZ  fixed  in  space ;  and  if  at  any  instant  we  suppose 

OX,  OY,  OZ  to  coincide  with  the  positions  occupied  at  the 

instant  by  OA,  OB,  OCy  not  only  is  cui  equal  to  a>x,  ^3  to  Wyy 

and  a>3  to  w.,  but  also 


dwi 

dwx 

dit)o      d(i),f 

dws      dws 

dt 

~  dt  ' 

dt    ~  dt  ' 

dt        dt 

Let  oi  be  the  velocity  of  rotation  round  a  line  fixed  in  the 
body,  which  passes  through  0,  and  makes  angles  a,  j3,  7  with 
the  axes  OX,  OY^  OZ;  then 

(jj  =  Wx  cos  a  +  Wy  cos  j5  +  loz  cos  y  ; 

,.        „  d(t)      du)x  dwy        ^      d(Oz 

therefore     77  =  37"  cos  a  +  -j—  cos[5  +  -z—  cos  y 


da  .    ^  dQ  .        dy 

Now,  if  the  line  coincide  with  OX, 

a  =  0,     /3  =  Itt,     7  =  ^tt; 
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.  dwi      d<o      du>x  d^  dy 

then  — —  =  —=  — —  ^y  TT  ~  ^^  'JT'i 

dt       dt      dt  dt  dt 

dB 
but  -~  is  the  angular  velocity  with  which  a  line  of  the  body, 
at 

which  at  the  instant  coincides  with  OX,  is  turning  from  0  Y 

towards  OX,  whence 

dfi 

dfr'""" 


In  like  manner  -rr  =  (*>y', 


therefore,  finally, 


dy 
dt 

du)i      dtJx 
dt    ^  df' 


The  same  may  be  proved  geometrically  as  follows  : — 

The  body  at  any  instant  is  rotating  round  a  certain  axis 
with  an  angular  velocity  w.  Draw  a  line  through  the  fixed 
origin  in  the  direction  of  the  instantaneous  axis,  and  measure 
off  on  it  a  portion  01,  proportional  to  a>,  then  the  projec- 
tions of  this  line  on  the  axes  fixed  in  space  represent  Wx,  (Oy,  wz ; 
and  its  projections  on  the  axes  fixed  in  the  body  represent 
wi,  (U2,  W3.  At  the  next  instant  the  body  is  rotating  round 
another  line  with  a  velocity  (i)\  represented  by  0I\  and  the 
projections  of  0/' represent  w'j-,  w'^,  lo'z'y  (o\,  (o\,  uj\.  But  the 
projection  of  Or  is  equal  to  the  sum  of  the  projections  of 
01  and  //'.  Also  01  (the  instantaneous  axis  of  rotation) 
occupies  the  same  position  both  in  space  and  in  the  body  as 
it  did  before.     Hence, 

dwx  =  w'a:  -  wx  =  projection  of  //'  on  axis  of  x  fixed  in  space, 

duii  =  (o'l  -  wi  =  projection  of  //'  on  axis  of  ^  fixed  in  the  body. 

At  the  first  instant  these  axes  coin-  l' 

oide ;  and  at  the  next  the  two  projec- 
tions of  //'  differ  only  by  a  quantity 
infinitely  small  compared  with  //',  which 
is  itself  infinitely  small  of  the  first 
order.  Hence  dujx  and  dijji  differ  by  an 
infinitely  small  quantity  of  the  second 
order ; 
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dtvi      d(t)x      dwi      dix)y      d(t)z      dwz  ,^. 

df  "  df'     df  "  df'     df  ^  df'  ^  ^ 

237.  Accelerations  of  a  Point,  parallel  to  three 
Axes  fixed  in  the  Body. — If  ti,  v,  w  be  the  velocities  of  the 
point  parallel  to  axes  fixed  in  the  body,  its  velocity  F,  along 
a  line  making  angles  a,  /3,  7  with  these  axes,  is 

u  cos  a  +  V  cos  j3  +  «^  cos  y. 

If  we  suppose  this  latter  line  fixed  in  space,  the  acceleration 

of  the  point  parallel  to  it  is  -— ,  and  we  have 

ctz 

dV     du  dv         ^      dto 

-jr  =  -TT  cos  a  +  —  cos  p  +  -rr  cos  7 

dt        dt  dt         ^      dt  ' 

f       .        da  .     ^d^  •         dy\ 

-    u  sm  a  — ■  +  t?  sm  p  ^  +  w  sin  7  -77  . 
\  dt  dt  dt  J 

Let  us  now  suppose 

a  =  0,     /3  =  ^7r,     7=i7r; 

^,  dV     du        dS  dy 

then  -—  = t-^-ffj—L; 

dt       dt        dt  dt  ' 

but  -—  is  now  the  acceleration  of  the  point  parallel  to  one  of 

the  axes  fixed  in  the  body,  whilst  -7-  and  -^  have  values 

•^  dt  dt 

equal  in  magnitude  and  opposite  in  sign  to  those  of  Art.  286  ; 
whence  we  have,  for  the  accelerations  of  a  point  parallel  to 
three  rectangular  axes  fixed  in  the  body,  the  expressions 

du  dv  dw 

at  dt  dt 

where  ^/,  Vy  to  are  the  velocities  of  the  point  parallel  to  the 
axes  fixed  in  the  body. 

238.  Complete  Determination  of  the  Motion  of  a 

Body. — Every  motion  which  a  rigid  body  can  take  is  redu- 
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cible  to  a  motion  of  translation  and  a  motion  of  rotatioji. 
In  order  tken  to'  determine  the  motion  of  tHe  body,  a  point 
in  it  is  selected  (usually  the  centre  of  inertia),  and  the  motion 
of  the  body  is  reduced  to  the  motion  of  this  point,  together 
with  the  rotatory  motion  of  the  body  round  it. 

Geometrically  the  motion  may  be  represented  by  the 
rolling  of  a  cone,  fixed  in  the  body,  on  a  movable  cone 
unattached  to  the  body,  except  at  one  point  (the  common 
vertex  of  the  cones),  the  latter  cone  undergoing  a  motion 
of  translation.  If  the  two  cones  and  the  rate  at  which  the 
one  rolls  on  the  other  are  known,  as  well  as  the  position  in 
the  body  of  their  common  vertex,  its  velocity  at  each  instant, 
and  the  path  which  it  describes,  then  the  motion  of  the  body 
is  completely  determined. 

It  is  usually  most  convenient  to  consider  the  motion  of 
translation  and  the  motion  of  rotation  separately.  The  in- 
vestigation of  the  former  motion  is,  as  we  have  seen  (Art. 
204),  reducible  to  the  problem  of  the  motion  of  a  particle. 
The  latter  motion  is  completely  determined  if  we  can  assign 
at  each  instant  the  position  of  the  body  and  its  velocities  of 
rotation  in  reference  to  axes,  through  the  centre  of  inertia, 
whose  directions  are  fixed  in  space. 

The  equations  of  Kinetics  usually  give  the  velocities  of 
rotation  round  axes  fixed  in  the  body;  and  in  order  fully 
to  determine  the  motion,  it  is  necessary  to  ascertain  the 
effect  of  these  velocities  when  the  position  of  the  body  is 
referred  to  axes  whose  directions  are  fixed  in  space.  As  the 
points  of  intersection  of  these  two  sets  of  axes  coincide,  the 
velocities  of  rotation  have  no  effect  on  the  motion  of  this 
point ;  and  therefore,  so  far  as  the  present  inquiry  is  con- 
cerned, we  may  regard  it  as  fixed,  not  only  in  the  body,  but 
also  in  space. 

Call  the  space-axes  OX,  OZ,  OZ]  the  body- axes  OA, 
OB,  OC,  each  set  being  rectangular. 

Round  the  point  O  as  centre  describe  a  sphere,  and  let 
the  axes  meet  it  at  the  points  X,  T,  Z,  A,  B,  C. 

Three  independent  angles  are  required  to  determine  the 
position  of  the  body  in  space. 

Those  selected  by  the  great  mathematicians  who  solved 
the  problem  of  Precession  and  Nutation  are  the  angular  co- 
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ordinates  of  the  point  C,  or  of  the  line  OC,  and  the  angle 
which  OB  makes  with  the  line  of  intersection  of  the  planes 
AOB  and  XOY.  It  is  obvious  that  the  position  oi  00  fixes 
the  plane  ^05,  but  does  not  determine  the  position  of  the  lines 
OA  and  OB  in  this  plane.  Hence,  when  C  is  fixed,  so  is  OE, 
the  line  of  intersection  of  the  planes  XOY  and  AOB:  if, 


then,  the  angle  ^  between  OE  and  OB  is  given,  the  position  of 
the  body  is  completely  determined.  The  angular  coordinates 
oi  OC  are  ^,  the  angle  which  it  makes  with  OZ,  and  ^  the 
angle  which  the  plane  COZ  makes  with  the  plane  XOZ. 

Suppose  now  that  the  body  has  three  velocities  of  rota- 
tion :  tuj  round  OA ;  wo  round  OB ;  and  a>3  round  OC,  in 
the  direction  of  the  arrow  heads.  We  have  to  express 
dB  dcj)        .  d\P  , 


dt'  dt 


,  and  -jj  in  terms  of  these  velocities,  remembering  that 

the  changes  of  0,  <p,  and  ^//  are  caused  solely  by  wi,  wz,  wa- 
The  motion  of  the  point  C  on  the  sphere  is  unaffected  by  a>3. 
If  the  radius  of  the  sphere  be  unity,  the  point  C  has  two 
velocities,  wx  and  a>2,  along  the  tangents  to  the  great  circles 
-B(7  and  CA.  Resolving  these  velocities  along  the  great 
circle  ZC,  and  at  right  angles  to  it,  we  have 
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dt 


=  Wi  COS  (f)  +  wi  Sin  0, 

sm  d  -J-  =  W2  sm  <p  -  (oi  cos  (p. 
etc 


(7) 
(8) 


These  equations  are  obvious,  since  JE  is  the  pole  of  ZC^  and 
therefore  the  angle  A  CS  is  0  ;  and  since  the  arc  of  a  small 
circle,  on  a  sphere  whose  radius  is  unity,  is  equal  to  the  angle 
subtended  at  its  pole,  multiplied  by  the  sine  of  the  spherical 
radius.  As  regards  the  algebraical 
signs,  it  is  well  to  observe  that  \p  is 
counted  from  ZX  towards  ZY;  and 
that  0  is  positive  and  acute,  when 
£  lies  in  the  quadrant  AB,  because 
<p  is  counted  from  OE  in  the  direc- 
tion from  ^  to  -B. 

If  (1)3  were  zero,  the  change  in 
(j)  would  result  entirely  from  the 
motion  of  the  plane  A  OB,  the  body 
having  no  motion  parallel  to  that 
plane :  a>i  and  W3  would  then  change 
the  position  of  the  planed  0^,  or 
(which  is  the  same  thing)  of  the 
line  0(7,  and  consequently  the  position  of  01^.  Let  AB, 
AB'  be  two  consecutive  positions  of  the  plane  AB,  resulting 
from  the  rotation  wi  alone.  Draw  EP  perpendicular  to  AB'; 
then  E'F  =  Sep.     But 

E'P  =  EP  cot  EE'P  =  a>i  cos  0  cot  ddt. 

In  like  manner,  from  a»2  alone, 

§0  =  -  Wo  sin  0  cot  B  dt. 

If  wi  and  (02  were  each  zero,  the  plane  AOB  would  be  fixed, 
and  the  whole  change  of  0  would  result  from  the  motion 
of  the  body  parallel  to  this  plane — in  other  words,  from  W3. 
In  this  case  OE  would  be  a  line  fixed  in  space,  and  S^  =  uy^dt. 
Hence,  adding  the  three  displacements, 

dcp  =  tosdt  -  cot  9{wo  sin  0  -  wi  cos  (p)  dt ; 
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therefore,  by  (8),  ~^  ^  ^^~  ^^^  ^   iJ'  (^) 

This  last  equation  may  be  obtained  more  readily  by  consider- 
ing the  motion  of  the  point  A  in  the  plane  AB.  The  angular 
velocity  of  A  in  the  plane  AB  is  wz ;  but  it  is  also  the  angu- 
lar velocity  of  S  resolved  in  the  direction  AB,  together  with 
the  rate  of  increase  of  SA.  Since  SE  =  90',  SA  =  EB  =  (p ; 
and  since  SZ  and  SA  are  at  right  angles,  and  S  lies  on  ZC 
at  a  distance  90°  +  0  from  Z,  the  velocity  of  S  along  AB  is 

cos  0  — - ;  therefore  Wi  =  cos  0  -y^  +  -^. 
dt  dt       dt 

More  symmetrical  modes  of  treating  the  connexion  be- 
tween velocities  of  rotation  round  axes  fixed  in  space,  and 
round  axes  fixed  in  the  body,  will  be  given  in  the  examples 
at  the  end  of  the  section. 

239.  Screws. — It  was  shown  in  Article  232  that  a  body 
can  be  moved  from  any  one  position  into  any  other  by  a 
translation  combined  with  a  rotation  round  an  axis  through 
any  arbitrary  point  of  the  body. 

The  translation  may  be  resolved  into  two — one  parallel  to 
the  axis  of  rotation,  and  the  other  at  right  angles  thereto. 
The  latter  translation,  along  with  the  rotation,  may  be  re- 
placed by  a  pure  rotation  round  a  parallel  axis,  and  so  the 
whole  motion  will  consist  of  a  translation  parallel  to  a  certain 
fixed  line  and  of  a  rotation  round  it.  Such  a  motion  is  simi- 
lar to  that  of  a  nut  on  a  screw,  and  is  called  a  Twist.  Hence 
a  body  can  be  moved  from  any  one  position  into  any  other 
by  means  of  a  twist. 

In  order  to  determine  a  twist  it  is  necessary  to  specify — 
(1)  the  magnitude  of  the  rotation,  called  the  amplitude  of  the 
twist ;  (2)  the  position  and  direction  of  the  line  round  which 
the  rotation  is  effected,  or  the  axis  of  the  scretv ;  and  (3)  the 
ratio  of  the  translation  to  the  rotation.  This  last  is  a  linear 
magnitude,  and  is  called  the  pitch  of  the  screiv.  In  order, 
then,  to  determine  a  twist,  we  must  specify  its  amplitude, 
and  the  position  and  pitch  of  the  screw  round  which  it  is 
effected. 

The  twist  hy  ivhich  a  body  can  be  moved  from  any  one  position 
into  any  other  is  in  general  unique. 
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This  readily  appears  from  considering  that  if  two  posi- 
tions of  a  hody  are  given,  the  magnitude  of  the  correspond- 
ing rotation  and  the  direction  of  its  axis  are  invariable ;  and 
that  if  two  positions  of  a  plane  figure  in  its  own  plane  are 
given,  the  position  of  the  corresponding  centre  of  rotation  is 
thereby  determined. 

The  same  thing  is  proved  directly  by  Dr.  Ball  (to  whom 
the  Theory  of  Screws  is  principally  due),  as  follows  : — 

Any  point  of  the  body,  which  lies  on  the  axis  of  the 
twist,  must  continue  thereon  after  the  motion.  If,  therefore, 
the  motion  could  be  effected  by  two  different  twists,  there 
would  be  two  different  lines  along  which  points  of  the  body 
would  continue  throughout  the  motion.  In  order  that  this 
should  be  possible,  the  lines  must  be  parallel,  and  the  motion 
one  of  pure  translation. 

If  two  successive  positions  of  a  body  in  motion  are  infi- 
nitely near  each  other,  the  twist  by  which  it  can  be  brought  from 
the  one  position  to  the  other  is  the  actual  motion  of  the  body. 
We  see  then  that  the  most  general  motion  of  a  rigid  body 
consists  of  a  succession  of  twists.  The  screw  round  which  it 
is  twisting  at  any  instant  is  called  the  instantaneous  screw.  As 
the  position  of  a  straight  line  in  space  is  determined  by  four 
independent  quantities,  four  magnitudes  must  be  assigned  to 
fix  the  position  of  a  screw.  In  order  to  determine  a  twist, 
its  amplitude,  and  the  pitch,  as  well  as  the  position,  of  the 
corresponding  screw,  are  required.  Hence  the  motion  of  a 
rigid  body  in  general  depends  on  six  independent  variables, 
and  we  see,  as  in  Article  191,  that  a  rigid  body  entirely  un- 
restrained has  six  degrees  of  freedom. 

240.  Composition  of  Twists. — If  a  body  receive  in 
succession  two  twists  whose  amplitudes  are  infinitely  small, 
the  order  in  which  they  are  effected  is  indifferent,  and  the 
resulting  change  of  position  may  be  produced  by  a  single 
twist,  which  is  the  resultant  of  the  two  former. 

More  symmetrical  results  are  obtained,  if  instead  of  seek- 
ing for  the  twist  which  is  the  resultant  of  two  others,  we 
inquire  how  three  twists  having  infinitely  small  amplitudes 
must  be  related,  in  order  that  the  position  of  a  body,  after 
being  aflfected  by  them,  may  remain  unaltered. 

The  question  proposed  may  be  solved  directly,  but  the 
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method  of  solution  devised  by  Dr.  Ball  leads  to  results  of 
a  more  instructive  character. 

Both  modes  of  procedure  will  be  found  in  the  Examples. 


Examples. 

1.  Determine  the  velocity  with  which  the  plane  of  the  horizon,  at  a  place 
whose  latitude  is  given,  tiuTis  round  a  vertical  axis. 

Ans.  a>  sin  A,  where  w  is  the  earth's  angular  velocity,  and  \  the  latitude. 

2.  If  the  velocities  of  rotation  of  a  hody  round  three  rectangular  axes  are 
given  in  terms  of  the  time,  show  how  to  determine — (1)  the  velocity  of  rotation 
round  the  instantaneous  axis;  (2)  the  position  of  the  instantaneous  axis  ;  (3)  the 
equation  of  the  cone  which  is  the  locus  of  the  instantaneous  axis. 

3.  If  the  velocities  of  rotation  round  three  rectangular  axes  are  proportional  to 
the  time  which  has  elapsed  from  a  given  epoch,  the  position  of  the  instantaneous 
axis  is  fixed. 

4.  If  the  accelerations  of  rotation  round  three  rcctangulai-  axes  are  constant, 
the  instantaneous  axis  lies  in  a  fixed  plane. 

6.  A  hody  receives  in  a  given  order  rotations  of  finite  magnitude  round 
two  axes  fixed  in  space,  or  in  the  hody,  and  meeting  in  a  point.  Find  the  posi- 
tion of  the  axis,  a  single  rotation  round  which  would  bring  the  body  into  the 
same  position,  and  determine  the  magnitude  of  the  residtant  rotation. 

This  question  is  solved  in  a  manner  similar  to  that  employed  in  Examples  3 
and  4,  Art.  200 ;  tlm  construction  in  the  present  case  being  on  the  surface  of  a 
.sphere  instead  of  a  plane. 

When  the  rotations  round  the  given  axes  are  in  the  same  direction,  the 
resultant  rotation  is  double  the  supplement  of  the  vertical  angle  of  a  spherical 
triangle,  whose  base  and  base  angles  are  the  angle  between  the  axes  and  the 
semi-amplitudes  of  the  rotations  round  them. 

6.  A  rigid  body  receives  a  motion  of  translation,  whose  components,  parallel 
to  the  axes,  are  a,  b,  c,  and  a  rotation  d  roimd  an  axis  fixed  in  the  body,  which, 
at  the  beginning  of  the  motion,  coincides  with  the  axis  of  z.  Determine  the 
position  and  pitch  of  the  scrcM^,  a  twist  round  which  would  bring  the  body  into 
the  same  position  ;  and  find  the  amplitude  of  the  twist. 

The  screw  passes  through  a  point  whose  coordinates  are 

a  sixi.\d  —  h  co&^Q  b  sin^d  ■\- a  cob  ^B 

^  ^  2lmp         *        ^  ^  28in^0         ' 

Pitch  of  screw  =  -.     Amplitude  of  twist  =  6. 

7.  A  body  receives,  in  succession,  rotations  of  finite  magnitude  round  two 
non-intersecting  axes  A,  B,  either  fixed  in  space  or  fixed  in  the  body ;  ii  dhe 
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the  shortest  distance  between  the  lines  A  and  B ;  B  and  Q'  the  amplitudes  of  the 
rotations  round  them  ;  e  the  angle  between  them;  <p  the  amplitude  of  the  twist 
equivalent  to  the  motion  ;  and  p  the  pitch  of  its  screw ;  prove  that 

\p<p  mi^<p  =  dsin^B  sin  \d'  sin  e. 

(This  theorem  is  due  to  Eodrigues  :  Ziouville,  T.  5,  p.  390.) 

Take  the  shortest  distance  between  A  and  JB  for  axis  of  ?/;  the  point  of  inter- 
section of  this  line  with  B  for  origin  0 ;   and  a  parallel  to  A  for  axis  of  z. 

After  the  body  has  received  its  rotation  round  A,  suppose  it  receives  in  suc- 
cession two  eqiial  and  opposite  rotations  round  OZ,  the  first  of  these  being  equal 
and  opposite  to  that  round  A.  These  rotations,  being  equal  and  opposite,  do  not 
change  the  position  of  the  body.  If  A  and  B  be  fixed  in  space,  so  are  OZ  and  B ; 
if  A  and  B  be  fixed  in  the  body,  but  not  in  space,  so  are  OZ  and  B. 

The  rotation  round  A,  and  the  equal  and  opposite  one  round  OZ,  are  (Ex.  6, 
Art.  200)  equivalent  to  a  translation,  whose  magnitude  is  2d  sin  ^6,  and  whose 
direction  lies  in  the  plane  XOY,  and  is  at  right  angles  to  a  line  OF  or  OP', 
which,  if  the  axes  be  fixed  in  space,  makes  with  OZan  angle  —  ^0  ;  if  fixed  in 
the  body,  an  angle  +  ^0. 


Describe  a  sphere  roixnd  0  as  centre.  If  the  axes  be  fixed  in  space,  the 
direction  of  translation  meets  the  sphere  in  T;  and  the  axis  of  rotation,  which 
is  equivalent  (Ex.  5)  to  the  rotations  round  OZ  and  B,  in  ]i.  If  the  axes  be  fixed 
in  the  body,  these  lines  meet  the  sphere  in  T'  and  B',  where 

XT  =  XT' =  ^6,    XZT  =  XZT'  =  ^e,    ZBB  =  ZBB' =  i^, 

brt=bb:t'  =  \<p,  zb  =  €. 

^Ye  have,  then,  p<p  =  component  of  translation  parallel  to  axis  of  screw 

^2dsm^e  cos  TB  (or  cos  T'B')  =  2d  sin  ^9  sin  ZB  (or  sin  ZB'), 


whence 


^p<(>  sin  -J0  =  dsbf.ie  sin  ZB  sin^<p  =  d  sin  ^6  sin  y  sin  e. 
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8.  A  body  receives  twists,  having  infinitely  small  amplitudes,  round  two 
screws  intersecting  at  right  angles.  Determine  the  amplitude  of  the  resultant 
twist,  and  the  position  and  pitch  of  its  screw. 

Take  the  screws  for  axes  of  x  and  y,  let  their  pitches  be  p  and  $■,  and  the 
amplitudes  of  the  twists  round  them  6  and  (p. 

The  rotations  0  and  <p  are  equivalent  to  a  single  rotation  ^  round  an  axis 
lying  in  the  plane  xy,  and  making  an  angle  A  with  the  axis  of  x,  where 

;//  cos  \  =  0,      y\i  sixiX  =<p. 

The  translations  pQ  and  qcp  are  equivalent  to  a  translation 

pd  cos  A.  +  5'0  sin  A.  =  ( j;?  cos^  A.  +  ^  sin*  A) »// 

along  the  axis  of  the  resultant  rotation,  and  to  a  translation 

q<p  cos  \  —  pd  sin.  \  =  {q  —  p)  1^  sin  \  cos  A. 

at  right  angles  thereto.  This  translation,  together  with  the  rotation  ^  round 
the  axis  through  the  origin,  is  equivalent  to  a  rotation  »//  round  a  parallel  axis 
passing  through  a  point  on  the  axis  of  z,  whose  distance  from  the  origin  is 

[q  —  p)  sin  A  cos  A. 

Hence  the  position  of  the  straight  line  coinciding  with  the  resultant  screw  is 
given  by  the  equations 

y  =  X  tan  a,     z  =  ((?  —  ^)  sin  a  cos  A, 

0 

where  tan  A.  =  -  ; 

the  pitch  of  the  screw  r  =p  cos'  A  +  s^  sin'  a, 

and  the  amplitude  of  the  twist  being  y\i, 

,|/2  =  02  +  ^2, 

9.  Any  screw,  a  twist  roimd  which  is  the  resiiltant  of  twists  round  two 
given  screws  intersecting  at  right  angles,  lies  on  a  surface  determined  by  the 
given  screws ;  and  its  pitch  depends  on  the  angle  M'hich  its  direction  makes 
with  one  of  these  screws.  The  amplitudes  of  the  twists  are  supposed  to  be 
infinitely  small. 

If  we  eliminate  A  from  the  equations  of  the  last  example,  which  define  the 
position  of  the  screw  belonging  to  the  resultant  twist,  we  obtain 

z  («2  +  t/2)  -{q-p)xy  =  0, 

which  is  the  equation  of  the  surface.  It  is  called  the  eylindroid  by  Dr.  Ball,  by 
whom  it  was  discovered. 

The  pitch  r  of  the  screw  is,  as  shown  in  the  last  example,  given  by  the 
equation 

r  =p  cos-  A  +  J  sin-  A* 
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If  we  describe  in  the  plane  of  xy  the  conic  whose  equation  is 

px^  +  qy^  =  6^, 

where  e  is  a  linear  constant,  the  square  of  the  reciprocal  of  any  diameter  of  this 
conic  is  proportional  to  the  pitch  of  the  parallel'screw  on  the  cylindroid.  When 
a  screw  is  spoken  of  as  belonging  to  the  cylindroid,  it  is  understood  that,  not 
only  is  it  one  of  the  generating  lines  of  the  surface,  but  also  that  its  pitch  is 
defined  in  the  manner  just  mentioned. 

10.  Prove  that  any  two  screws  belong  to  the  same  cylindroid;  and  two 
screws  being  given,  determine  the  cylindroid  to  which  they  belong. 

Take  the  common  perpendicular  to  the  two  screws  as  axis  of  « ;  we  have  then 
to  determine  the  position  of  the  origin  and  of  the  axis  of  x,  and  the  magnitudes 
of  the  quantities  p  and  q,  so  as  to  satisfy  the  equations 

n  =  p  cos^  K\-\-  q  sia^  Ai,         zi  =  {q  -  p)  sin  Ai  cos  Ai, 

vz  =  p  cos2  M^  q  dv?  A2,         sa  =  (?  -  p)  sin  A2  cos  A2, 

^  =  Ai  -  A2,  h  =  zi-  Z2, 

where  A  is  the  angle,  and  h  the  distance  between  the  given  screws.  As  the 
number  of  quantities  at  our  disposal  is  equal  to  the  number  of  equations  to  be 
satisfied,  it  is  always  possible  to  determine  a  cylindroid  containing  the  given 
screws.     The  equations  are  solved  as  follows: — Subtracting, 

n  -  rz  =  {q  -p)  (sin^  Ai  -  sin^  A2)  =  {q  -p)  sin  (Ai  +  A2)  sin  (Ai  -  A2) 

h  =  {q  -p)  cos  (Ai  +  A2)  sin  (Ai  —  A2). 
Adding, 

ri  +  rz  =  2p  -  {p  -  q)  (sin^  Ai  +  sin^  A2)  =  2q  -i-  {p  -  q){cosr  Ai  -f  cos^  A2) 
=  P  +  q  +  l{p-q)  (cos  2Ai  +  cos  2A2 ) 
=  p  +  q  +  {p  -  q)  COB  (Ai  +  M)  cos  (Ai  -  A2), 
zi  +  Z2  =  {q  -  p)  sin  (Ai  +  A2)  cos  (Ai  -  A2), 

whence  (g  -p)  sin  (Ai  +  A2)  =  —. ,     zi  +  z->  =  (ri  -  ro)  cot  A, 

sva.A 

h 

{q  -  p)  cos  (Ai  +  A2)  =  -:: 7,      2l  -  32  =  /*, 

sm  A 
^  4-  J'  =  n  +  r2  +  h  cot  A,     Ai  —  A2  =  A, 

and  the  mode  of  completing  the  solution  is  obvious. 

11 .  A  body  receives  three  twists  having  infinitely  small  amplitudes.  Deter- 
mine the  relations  between  the  twists,  in  order  that  the  position  of  the  body 
should  remain  unaltered. 

X 
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Dr.  Ball's  solution  is  as  follows :  — 

Determine  the  cylindroid  containing  two  of  the  screws.  Take  its  screws 
intersecting  at  right  angles  for  axes  of  z  and  y.  Let  the  amplitudes  of  ^he 
three  twists  be  Xli,  fla,  Xis,  and  the  angles  which  their  screws  make  with  the  axis 
of  X,  \i,  A.2,  A3.  If  the  third  Screw  belongs  to  the  cylindroid  containing  the 
other  two,  and  if  the.  angle  it  makes  with  the  axis  of  z,  and  the  amplitude  of 
the  corresponding  twist  satisfy  the  equations 

Hi  fl2  •  fla 


sin  (a.3  —  A3)      sin  (A3  -  Ai)      sin  (Ai  —  Aa)' 

the  twists  compensate  each  other. 

In  fact  each  twist  can  be  resolred  into  two  round  the  t>crews  iv.iig  aiong  ihe 
axes  of  X  and  y.  The  whole  motion  is  thus  reduced  to  two  twists  round  these 
screws;  and  if  the  amplitudes  of  these  twists  are  zero,  the)  ma  undis- 

turbed.    But  the  equations  above  are  the  conditions  that  th<  round  the 

axes  of  X  and  y  should  be  zero,  and  these  rotations  are  the  ^Amplitudes  of  the 
twists. 

As  the  twist  by  which  a  given  motion  can  be  effected  is  unique,  there  is  only 
one  twist  by  which  two  given  twists  can  be  compenBated ;  and,  therefore,  if 
three  twists  compensate  each  other,  the  third  screw  must  belong  to  the  cylin- 
droid containing  the  other  two,  and  the  above  equations  must  hold  good. 

This  problem  may  be  solved  directly  as  follows  : — 

If  one  point  of  a  body  continue  at  rest,  and  the  rotations  round  axes  throngh 
it  compensate  each  other,  the  body  must  remain  undisturbed.  Let  the  three 
axes  of  rotation  be  transferred  to  the  origin.  In  order  that  the  rotations  should 
compensate  each  other,  the  three  axes,  when  transferred,  must  lie  in  the  same; 
plane.  Hence  the  three  screws  are  at  right  angles  to  the  same  line.  Take  it 
for  axis  of  z,  and  let  the  coordinates  of  its  intersections  with  the  screws  be 
*i,  23i  Z3,  and  the  pitches  of  the  screws  j?i,  ^2,  p3  :  then,  in  order  that  the  origin 
should  have  no  motion  of  translation, 

pi  Cli  cos  Ai  +  Pi  Clz  cos  A2  +  i?3  ila  cos  A3  -  zi  Xli  sin  Ai  -  zz  fla  sin  A2 

-  ^3  Hs  sin  A3  =  0. 

pi  Hi  sin  Ai  +  P2  Ha  sin  A3  +  Ps  fis  sin  A3  +  «i  fli  cos  Ai  +  «»  XI2  cos  A2 

+  «3  G3  cos  A3  =  0  ; 

and,  in  order  that  the  rotations  round  axes  through  the  origin  should  compensal ; 
each  other, 

111  cos  Ai  +  n,2  cos  A2  +  ris  cos  A3  =  0, 

Xli  sin  Ai  +  0,3  sin  A2  +  XI3  sin  A3  =  0. 
From  the  last  two  we  get 

fls^  =  Cli^  +  ili^  +  2ni  ^2  cos  (Ai  -  A2), 

Li  sin  Ai  +  n.2  sin  A2 


tan  Aj  = 


Xli  cos  Ai  +  ila  cos  A2 
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Eliminating  pz  from  the  first  two,  we  get 

ils  «3  =  Hi  {i?i  sin  (\8  -  Ai)  -  «i  cos  (A3  -  Ai)}  +  n2  { P2  sin  (As  -  A2) 

-  zz  cos  (A3  -  A2) } . 
If  we  substitute  for  cos  A3  and  sin  A3  their  values,  we  obtain 

Clz^  «3  =  Hi^  zi  +  ^2^  23  +  Xli  Ha  { («!  +  za)  cos  (Ai  -  A3)  +  {pi  -  Pi)  sin  (Ai  -  A2) } ; 

and,  in  like  manner, 

Hs' P3  =  fli^i?!  +  ^2- p%  +  ni  a2{{pi  +i)3)  COS  (Ai  -  A2)  -  {zi  -  %%)  sin (Ax  -  A2)} . 

12.  A  body  is  moving  round  a  fixed  point.     Determine  the  accelerations  of 
any  point  parallel  and  at  right  angles  to  the  instantaneous  axis  of  rotation. 
Taking  three  lines  fixed  in  space  through  the  fixed  point  as  axes, 


dx  dy 


dz 
=  03t  X  -  ux  z,     —  =  ««  y 
at 


«yz; 


dx  dy  dz 

differentiating,  and  substitutmg  for    --,  -— ,  —,     from  these  equations,  we 

at  at  dt 

obtain 


d^x  ,  \       t  ^<^v 

-—-  =  ux {uxx  +  wyi/  +  uzz) - ti^x  -i-z  —^ 
at^  at 

d^y  dctz 

—-  =  wy  (w^o.'  +  wyy  4  «,z)  -  «2y  ^  X  — 


vP-z  .  ,        .,  d(ax 

-—  =  «8  [fiixX  +  «yy  +  «,«)  -u'Z-\-y  — - 
dt^  dt 


dwz 
df 

dw, 
di  ' 

dWy 
'df' 


remembering  that 


«^^  +  ««*  +   Wi- 


Let  us  now  suppose  the  axis  of  z  to  coincide  with  the  instantaneous  axis,  then 
Ux  =  0,  uy  =  0,  <Dz  =  <i).  Let  the  plane  of  xz  pass  through  the  next  con- 
secutive position  of  the  instantaneous  axis ;  that  is  be  a  tangent  plane  to  the 
cone  U  fixed  in  space,  the  lotus  of  the  instantaneous  axis.  Measure  off  0/ pro- 
portional to  «  on  OZ,  let  01'  be  the  consecutive 
position  of  the  instantaneous  axis,  and  take  01' 
proportional  to  the  corresponding  angular  velo- 
city «  +  «f« ;  draw  I'P  perpendicidar  to  01 ; 
then  o)  -\-  dot  round  01'  is  resolvable  into  OF 
roimd  OZ,  and  IP  round  OX. 

Let  I'OF=  d<Ty  then  rF=OT  d<r,  therefore 


dux        d(f 

dT^^dt^""^^ 

if  the  angular  velocity  of  the  instantaneous  axis      X 

X  2 
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be  denoted  by  ^.    Also 

dwy  _  dwz      do) 

If  ^    *        df  ^dt' 

since  dwz acIP  =  01' -  01. 

Introducing  these,  we  obtain 

d-.f  du 

d"y      du 

d^z 

13.  Find  the  position  of  the  acceleration -centre  in  a  body  rotating  round  a 
fixed  point. 

The  only  acceleration- centre  which  in  general  exists  is  the  fixed  point 
itself. 

14.  A  body  is  rotating  round  a  fixed  point:  find  the  locus  of  a  point  whose 
acceleration  along  its  path  iit  any  given  instant  is  zero. 

As  the  path  at  the  instant  touches  a  circle,  having  its  centre  on  the  instan- 
taneous axis  and  its  plane  at  light  angles  thereto,  il  y  be  the  distance  of  any 
point  from  the  axis,  6',  the  tangential  acceleration, 

y   d^x      X   d''-y  _  .r*  +  y^   dw  xz 

^~r  dF'^r  d^~       'r        dt~^'^7' 

The  required  locus  is  therefore  the  cone 

du 

—  (a;2  +  2/2)  _  a^xz  =  0. 

15.  Show  that  a  point  whose  normal  acceleration  at  right  angles  to  the 
instantaneous  axis  vanishes  lies  on  the  cone 

o  {x-  +  2/-)  +  ^yz  =  0. 

16.  A  body  is  rotating  round  a  fixed  point :  determine  at  any  instant  the 
positions  of  the  osculating  plane,  and  of  the  principal  nonnal  to  the  path 
described  by  one  of  its  points. 

A  plane  passing  through  the  point,  and  the  instantaneous  axis,  is  a  norm;;i 
plane  to  the  path.  Hence  the  perpendicular  to  the  osculating  plane  is  the 
intersection  of  t'wo  planes,  the  first  of  which  passes  through  the  instantaneous 
axis  and  the  point ;  the  second,  thi'ough  the  next  consecutive  positions  of  the 
instantaneous  axis  and  the  point.  The  direction  of  the  principal  normal 
coincides  with  that  of  the  resultant  normal  acceleration ;  hence,  if  j'  be  the 
angle  it  makes  with  the  instantaneous  axis, 

«r-'  +  \l,yz 
tan  y  = ^-^  . 
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17.  Find  the  radius  of  curvature  of  the  path  of  a  point. 
If  N  be  whole  nonnal  acceleration, 


,2*.2 


P  = 


w*r 


«H 


N         V{  («r2  +  y\,yzf  +  ^^yh'*\ 


18.  A  body  is  moving  in  any  manner.  Determine  the  accelerations  of  a 
point  parallel  and  at  right  angles  to  the  axis  of  the  instantaneous  screw. 

Let  xo,  yo,  zo  be  the  coordinates  of  a  point  fixed  in  the  body,  |,  77,  f  the 
coordinates  of  any  point  referred  to  xo^  yo,  ^o  as  origin  ;  then 


d^x      d'Xf, 


d(o,, 


dfi       dt 


dt 


dct>i 
dt 


.  dux 
^df' 


d^z      d'^zo  .,        o  >       '^*'«      >  ^"y 


Take  as  xq,  yo,  zo  that  point  of  the  body  which  at  the  instant  coincides  with 
the  point  on  the  instantaneous  screw  in  space  which  is  nearest  the  consecu- 
tive position  of  the  instantaneous  screw.  If  C  be  the  ruled  siu-face  in  space, 
generated  by  the  positions  of  the  instantaneous  screw-axis,  xo,  yo,  •^o  will  coin- 
cide with  the  point  of  intersection  of  the  instantaneous  screw-axis,  and  the 
line  of  striction  on  C.  Let  0  be  this  point,  and  0'  the  point  in  which  the 
shortest  distance  between  the  consecutive  positions  of  the  instantaneous  screw - 
axis  meets  the  consecutive  screw-axis.  At  the 
time  t  +  dt  the  body  is  twisting  round  a  screw 
through  0'.  Let  T  be  the  velocity  of  trans- 
lation at  the  time  t,  and  T'  and  w'  the  velocities 
of  translation  and  rotation  at  the  time  t  +  dt. 

Now,  the  rotation  w'  roimd  O'S  (screw-axis 
through  0')  is  equivalent  to  «'  round  01'  (pa- 
rallel to  O'S),  and  a  translation  w'.  00  at  right 
angles  to  00'  and  01'. 

The  velocity  of  rotation  co'  round.  01'  is'. 
equivalent  to  a  round  OZ,  and  (o'dcr  round  OX. 
Hence,  at  the  time  t  -f  dt,  the  point  xo,  yo,  zo 
has  two  velocities  of  translation:  T'  along  OZ, 
and  («'.  00'+  T'da)  along  OX.  Again,  as  00' 
is  infinitely  small  of  the  first  order,  being  equal  to 
Udt,  the  velocity  of  translation  along  OZ,  result- 
ing from  OC/.  0) ,  is  infinitely  small  of  the  second  order.  At  the  time  t  the  point 
Xo,  yo,  -0  had  the  velocity  T  along  OZ.  Hence,  if  U  be  the  velocity  of  trans- 
lation, and  ^  the  angular  velocity  of  the  axis  of  the  instantaneous  screw,  at 
the  instant,  we  have 


da  d'^xo  d'^'tjo 


(Pzo 
di^- 


dT 
dt' 
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I 

n  .  ^  dasx  duti      ^     d(i)z      dee 

Also    «,  =  o,    «,  =  o,    «.  =  «,   ^=-^^  ^  =  0,:^-^; 

1  rf^^i^  ^     ^.         .         da 

whence  — -  ==  « ?7+  TtL  -  «« ^  -  —  t;, 

at*  dt 

d:^y     dot 
^2^      dT 

19.  A  body  is  moving  in  any  way  :  determine  the  position  of  the  accelera- 
tion-centre. 

Its  coordinates  are  formed  from  the  equations  of  the  last  example,  by  making 

d*x     ^  d^y  d^z 

20.  A  body  is  moving  in  any  way:  the  acceleration  of  any  point  is  the 
same  as  if  the  body  were  rotating  round  the  acceleration -centre  as  an  absolutely 
fixed  point. 

Express  the  accelerations,  by  the  last  example,  in  terms  of  the  coordinates 
relative  to  the  acceleration-centre  as  origin,  and  the  results  are  the  same  as  the 
expressions  of  Ex.  12  would  become,  if  we  made 

a,.  =  0,     a,,  =  0,     «.=  «,     -=«4^,     --  =  0,     -  =  -. 

The  theorem  is  likewise  obvious,  d  priori. 

The  theorems  contained  in  the  Examples  given  above  are  taken  from  Schell's 
Theorie  der  Beivegung  und  der  Kriifte,  to  which  the  student  is  referred  for  more 
extended  investigations  on  the  subject. 

21.  A  body  is  rotating  roimd  a  fixed  point  0.  If  OX,  OF,  O^^be  rectangu- 
lar axes  fixed  in  space,  and  OA^  OB,  06^ rectangular  axes  fixed  in  the  body;  and 
if  the  dii-ection  cosines  of  the  latter  referred  to  the  former  be,  respectively, 
«i,  02,  as;  ^1,  hi  ds;  c\,  Ci,  C3:  show  that 

dai  dbi  dci 

-J—  =  hm-  ci «2,        TT  =  ciui  -  a\  a»3,     ^7-  =  <»i «a  -  *i  «i> 

at  at  at 

dax  dbi  dci 

——  —  biuz  —  Ci  W3,        J-  =  Ciu\  —  at  ft»3,     —  =  «»  «2  -  63  «i, 

daz  dbz  dcs 

-—  =  03  a>3  —  03  «2,        -TT  =  Cz  wi  —  as  «3,       —  =  03  a>3  —  63  «i, 

dt  at  lit 

where  «i,  wz,  «3  are  the  angular  velocities  of  the  body  round  OJ,  OB,  OC. 
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To  form  these  equations  we  may  suppose  velocities  of  rotation—  wi,  —  wi,  —  wj 
round  OA,  OB,  00,  applied  to  these  axes,  as  well  aato  OX,  OT,  OZ;  the  relative 
motion  is  then  undist'irbed.  Take  a  point  on  OX,  at  a  distance  R  from  the  origin, 
and  call  its  coordinates  referred  to  OA,  OB,  OC,  |,  ij,  ^.  OA,  OB,  and  OC  axe 
in  consequence  of  the  applied  velocities  fixed  in  space,  whereas  OX  is  moving. 

^da\       d^  M  -n  tr.  \ 

R  —~  =  —  =  7]  «;j  -  f  a>2  =  R  {b\  a>z  —  C\  w%)  ; 
at       at 


whence 


da 
di 


-  =  bi  oo'i  —  0\  wi ', 


and  the  others  are  obtained  in  a  similar  manner. 

22.  A  right  circular  cone  is  rolling  on  another  fixed  in  space,  the  two  cones 
havinu:  a  common  vertex.  Given  the  velocity  of  rotation  of  the  rolling  cone, 
determine  the  velocity  with  which  the  plane  passing  through  the  instantaneous 
axis  turns  round  the  axis  of  the  fixed  cone. 

The  normal  plane  thi-ougli  the  instantaneous  axis  contains  the  axes  of  both 
cones.  Hence  the  angle  between  the  two  axes  remains  invariable :  and  a  point 
on  the  axis  of  the  rolling  cone  describes  a  circle  having  its  centre  on  the  axi«  of 
the  fixed  cone,  and  its  plane  perpendicular  thereto.  It  is  also  at  any  instant 
rotating  round  the  instantaneous  axis  If  we  equate  the  two  expressions  for  the 
velocity  of  this  point,  we  get 


«  sin  r  =  fl  sin  (C+  r), 


(1) 


or 


«  sin  r  =  n  sin(C-  r), 


(2) 


or 


sin  r  =  a  sin(r  -  C), 


(3) 


where  w  is  the  angular  velocity  of  the  rolling  cone  round  the  instantaneous  axis ; 
n  the  angular  velocity  of  the  plane  containing  the  instantaneous  axis  round  the 
axis  of  the  fixed  cone ;  C  and  r  the  semi-angles  of  the  fixed  and  moving  cones. 


The  first,  second,  or  third  formula  is  to  be  used,  according  as — (1)  the  cones  are 
outside  one  another,  having  convex  surfacaa  in  contact ;  (2)  the  rolling  cone  is  a 
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small  cone  rolling  inside  a  larger  one ;   (3)  the  rolling  cone  is  tlie  larger  cone, 
and  rolls  outside  a  smaller  fixed  cone,  -w'liicli  it  contains  within  it. 

In  each  of  these  figures  OC  is  the  axis  of  the  fixed  cone ;  Or  of  the  rolling 
cone ;  and  01  the  instantaneous  axis.  If  the  angles  are  supposed  to  contain 
their  signs  implicitly,  each  heing  measured  from  01,  the  last  formula  contains 
the  other  two. 

23.  A  hody  is  moving  round  a  fixed  point.  The  motion  of  the  instantaneous 
axis  in  the  hody  being  completely  given,  determine  its  motion  in  space. 

Describe  a  sphere  of  radius  a  round  the  fixed  point ;  the  cone  C  fixed  in  space 
and  the  cone  r  fixed  in  the  body  trace  out  cui-ves  on  this  sphere,  and  the  motion 
is  accomplished  by  the  one  curve  rolling  on  the  other.  The  osculating  circle  of 
each  of  these  curves,  as  it  passes  through  three  points  on  the  surface  of  the  sphere, 
will  be  a  circle  of  the  sphere  ;  and  the  rolling  at  any  instant  will  be  the  same  as  if 
one  of  these  circles  rolled  on  the  other,  or  as  if  the  right  cone  on  the  osculating 
circle  of  r  as  base  rolled  on  the  right  cone  having  the  osculating  circle  of  C  as 
base.     Let  r  be  the  radius  of  curvature  of  the  curve  C;  p  of  the  curve  T;  then 

r  p 

sin  C  =  -,  sin  r  =  -,     and  therefore  (Ex.  22), 

a  a 

P  •     (  .     1 P        .     1  **) 

w  -  =  n  sm  <  sin"'  -  +  sin"'  -  > . 

a  [a  a) 

ds 
Now,  if  «  be  the  arc  of  the  cuiTe  C,  and  —  the  velocity  of  the  point  of  contact 

at 

of  r  along  it, 

n  = 


1    ds  _1    da 
r  ^  ~  r   di' 


where  tr  is  the  arc  of  r ;  whence 

p      1   rfo-   .    (  .    ,  p       .    ,  ♦') 

(tf  -  =  -  -—  sin  <  sin"*  -  -f  sin'^  -  [ . 
a      r   dt  \  a  a) 

From  this  equation  r  can  be  determined  in  terms  of  t  (in  terms  of  which  p,  «, 

d(f  ds      dff  ... 

and  -7-  are  supposed  to  be  expressed) ;  and,  as  —  =  3-,  by  eliminating  t  an  equa- 
dt  at      dt 

tion  is  obtained  between  r  and  s,  which  is  the  equation  of  the  curve  C;  there- 
fore, &c. 

24.  A  body  is  rotating  about  a  fixed  point.  Express  the  element  of  the  curve 
described  by  the  instantaneous  axis  on  a  sphere  fixed  in  the  body  in  terms  of  the 
angular  velocities  round  the  body-axes. 

Let  the  instantaneous  axis  at  any  time  make  angles  A.,  fi,  v  with  the  body- 
axes  ;  let  the  spherical  surface  be  intersected  by  the  two  consecutive  positions  of 
the  instantaneous  axis  in  /and  I' ;  let  01  —  Kv.  take  0"  =  A.«'  =  A  («  +  dt»). 
The  projections  of  //"  on  the  body-axes  are 

A  do}\.     \  d(i>2,     A  ^ft>3, 


ai3 
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whence  Ji"2  =  \^  [dooi^  +  dm^  +  dm^) ; 

but  7/"2  =  /'7"2  +  0/2  ^,|/2  =  ^2  (^co^  +  0,2  (?,//2). 

Hence  d^"^  =  — -  (f?«i2  +  rfw2^  +  dw^—  dwl^). 

0,2 

If  «  be  the  radius  of  the  sphere,  and  o-  the  arc  of  the  curve, 
■\re  have,  therefore, 

\dt)  ~''\di)  ~w^\dr)  '^[dTj  '^[df)  ~\dt)  ]' 


25.  A  body  is  moving  round  a' fixed  point.  Being  given  the  axis,  a  rotation 
round  which  brings  the  body  from  one  position  to  another,  and  the  magnitude 
of  the  rotation,  determine  the  angles  which  body-axes  make  in  the  second 
position  with  the  space -axes  which  in  the  first  position  coincide  with  them. 

Describe  a  sphere  round  the  fixed  point  0.     Let  two  of  the  space-axes  meet 


it  in  the  points  X,  Y;  and  the  corresponding  body-axes  in  the  points  A,  B,  when 
the  body  is  in  its  second  position  ;  let  P  be  the  pole  of  rotation  ;   then 

XPA  =  TF£  =  <{>, 

where  <f>  is  the  given  rotation.     Let  a,  /3,  y  be  the  angles  which  the  given  axis 
of  rotation  makes  with  OX,  OT,  0Z\  and  let 

■  cos  o  =  I,     cos  P  =  m,     cos  7  =  «  ; 

then  XP=AF=  a,     YF  =  BP  =  &. 

Let  angle  APY  =  e ;  then 

cos  XA  =  cos  (p  sin2  o  +  cos2  a  =  P+{1  —  l^)  cos  <f>, 

cos  YA  =  cos  6  sin  a  sin  i8  -f  cos  o  cos  )8. 

Now  cos  -  =  cos  AB  =  cos  {<p  +  e)  sin  o  sin  jS  +  cos  o  cos  /8, 

2  k 


whence 


cos  (^  +  e)  =  -  cot  o  cot  )8  ; 
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therefore 


sin  (^  +  e)  = 


Vl  -  CDs'*  a-  cos^^S 


sin  a  sin  )8  sin  o  sin  )8 

Hence  sin  a  sin  )8  cos  e  =  «  sin  ^  —  cos  a  cos  ^  cos  <f>, 

and,  therefore,  cos  TA  =  Im  (1  -  cos  ^)  +  w  sin  <p. 

Again  cos  XB  =  cos  (2^  +  e)  sin  a  sin  /8  +  cos  a  cos  /8- 

Expanding  cos  (20  +  e),  and  substituting  for  sin  {<p  +  e)  and  cos  (^  +  e)  their 
ralues  given  above, 

cos  XB  =  lm{\  —  cos  ^)  -  «  sin  <p. 

The  values  of  the  cosines  of  the  remaining  angles  can  now  be  Trritten  down 
from  symmetry.     If  we  put 

v  =  cos\<p,     \  =  lBxa.\<f>,     /u  =  w  8in^</>,     v  =  n  &\n\<f>, 
we  have  the  following  table  of  the  values  of  cos  XA,  &c. : — 

r  z 

2  {fx\  +  vv)  2  {vK  -  u/x) 

1 
u^ -\- fjT- -  v^  -  K'^  2{vn^v\) 

2{fiy-  v\)  v^  +  v'^  -  \2  -  /i' 

The  quantities  /,  m^  n,  ^  are  called  Rodiigues'  coordinates.     (Thomson  and 
Tait,  Niitiiral  Philosophij,  §  95.) 

26.  The  body  is  rotating  roimd  OA  with  an  angular  velocity  wi  ;  determine 
the  differential  coefficients  of  0,  l,  m,  n  with  respect  to  the  time. 


X 

A 

u'  +  A»  -  /n2  _  , 

B 

2  (A/A  -  vv) 

C 

2  (Aj/  +  vn) 

"We  have  to  find  the  magnitude  and  axis  of  the  rotation  which  is  the  result- 
ant of  the  rotation  <p  round  {I,  m,  n),  and  of  «i  dt  round  OA.     If  this  rotation 

be  <p',  and  its  direction  cosines  I',  ♦»',  n';  <p'  —  <p  =  —  dt,     f -  I  =—  dt,  &c. 
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We  proceed,  according  to  the  method  of  Ex.  5.  Let  A,  B,  Che  tlie  points 
in  which  OA,  OB,  OV  meet  the  sphere  described  round  0,  and  P  the  point  in 
which  the  sphere  is  met  by  the  line  [l,  m,  n).      Make  AFR  =  ^  <p,  and  FAB  \ 

=  —  ^«i  dt.     (The  positive  direction  of  rotation  is  supposed  to  be  counter-clock- 
wise).    B  is  the  pole  of  the  resultant  rotation. 

Draw  i2  F  at  right  angles  to  AF, 

AB  =  AF-rF  =  AF-  FB  cos  AFB. 

In  like  manner         BB  =  £F-  FB  cos  BFB, 

CB=CF-  FB  cos  CFB ; 

whence,  remembering  that  FB  is  infinitely  small,  we  have 

I'  =  cos  AB  =  l+  FB  sin  ^Pcos  AFB, 

m'  =  cos  £B  =  m  +  FB  sin  £F  cos  BFB, 

n'  =co8  CB  =  n-\-  FB  sin  CF  cos  CFB, 

__      ,        „    sin  AB      .        ,     sin  AF 
FB  =  lu,idt.    .    ,      =^widt.  -,—— ■ ; 
sm  1^  ^       ^  sin  I  ^ 

^  ^^  .  o  .T>cos  AFB 

therefore  2  —  =  «i  sin^^P  -^— ; =  «i  (1  -  P)  cot  **, 

di  sm  ^  ^  ^  '        *^' 

^  dm  .       .  ^   .     ^  „  cos  J5PiJ 

2  -—  =  wi  sin  AF  sin  ^P  -^ — -, —  , 

dt  sm  f  <p 

r.  dn  .      ,  ^    .     ^^  cos  CFB 

2  —  =  0)1  sm  ^P  sm  CF  -r— ; , 

dt  sm^  (^ 

COB  5PP  =  cos {BFA  -  AFB), 

IT 

and                   cos     =  cos  BFA  sm  ^P  sm  -4P  +  cos  BF  cos  ^P ; 
whence      cos  BFA  =  -  — — — — —  ,  sin  BFA  = 


V{{l-P){l-m')y  v{(l-^-)(l-m»)}' 


dfft 
and  2  —  =  «i  {«  -  ^w  cot  |  <^) ; 

and,  in  like  manner,  as 

CFB  =  CFA  +  ^PiJ, 

2  —  =  —  wi  (m  J-  «;  cot  ^  <^). 
Again  <^' =  2  (7r-^i?P), 

J  ^    -r^-r^  ^\dt  .  <t>  4> 

and  cos  ABF=  —-^  cos  ^Psm  ^  -  cos  ^  ; 
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therefore  cos  ^  ^'  =  cos  ^  <^  -  ^  Km^<plw\dt, 

whence  — =/wi. 

dt         ^ 

27.  A  body  is  moving  round  a  fixed  point  0,  with  velocities  of  rotation  w\,  «j, 
0)3,  round  three  rectangular  axes  OA,  OB,  OC  fixed  in  the  body.  Determine  the 
difierential  coefficients  of  Rodrigues'  coordinates  with  respect  to  the  time. 

By  means  of  the  last  example  we  can  write  down  the  changes  produced  on 
<p,  I,  m,  n  by  each  of  the  rotations  «i  dt,  a>2  dt,  wzdt. 

Adding,  and  dividing  by  dt,  we  get 

2—  =  —  »aw  +  ci>3  m  +  cot  \<p{w I  —  I [lu)\-\-  mui  +  wwa)}, 
2  — -  =  —  «3  ^  +  wi «  -f  cot  \<p{ui  —  m  {l<a\  +  m<ji%  +  wws) } , 

2—  =-ft>ifn  +  »3^+COt^^{«3-«  (?»!  + W«2+  WW3)}, 
QfZ 

<  dip 

— ■  =  Iwi  +  WCi>2  +  w  »3  ; 

dt 
whence,  also,  we  obtain 

dv 
2  —  =  —  0)1  A  —  a>2  ju  —  «3  V, 
at 

^d\ 

2  3-  =  Wl  U  —  0)2  V  +  0»3  u, 

at 

2  —  =  0)2  U  —  W;i  A  +  0)1  »/, 

dt 

dv 

2  —  =  o)3U—  o)i;U  +  0)2  A, 

where  u,  A,  /i,  r  have  tlie  same  meaning  as  in  Ex.  25. 

28.  If  Q,  <p,  y^,  0)1,  0)2,  0)3  have  the  same  significations  as  in  Art.  238,  show 
that 

de       .  dyb 

0)1  =  sm  d)  - —  sm  6  cos  <6  — ^, 

^  dt      '  ^  dt' 

de     .       .      # 

0)2  =  cos  4)  —  +  sm  0  sin  <^  — , 
£?d>  d\L 
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29.  Show  also  that 

cos  AX  =  cos  0  cos  4)  cos  r//  —  sin  ^  sin  ^, 
coi  AY  =  cos  0  cos  ^  sin  if/  +  sin  ^  cos  i//, 
cos  AZ  =  —  sin  0  cos  ^ ; 

cos  BX  =  -  cos  0  sin  0  cos  \//  -  cos  ^  sin  »|/, 
cos  BY=  —  cos  0  sin  ^  sin  i//  +  cos  ^  cos  ^, 
cos  BZ  =  sin  5  sin  (|» ; 

cos  CX  =  sin  0  cos  t//, 
cos  CY  =  sin  e  sin  i//, 
cos  CZ  =  cos  0. 
These  equations  follow  readily  from  the  figure  on  p.  298,  rememhering  that 
SEX  =  d,    AS  =  ACS  =<p,    EY=QX  =  ^, 


Section  II. — Kinetics, 

241.  ^Equations  of  motion  of  a  Body  having  a 
Fixed  Point. — As  the  body  has  a  fixed  point,  D'Alembert's 
Principle  requires  that  the  moments  of  the  forces  of  inertia 
round  three  axes  through  the  point  should  be  equal  and 
opposite  to  the  moments  of  the  applied  forces.  If  we  take 
for  axes  three  lines  fixed  in  space,  intersecting  at  right  angles 
at  the  point,  we  have,  Art.  203, 

_.      „     /   d'^z        d^y\     „     d  (  dz        dy\ 

^=^"'\yw-'  dfr  ^"'dt  [y^t  - '  ft} 

with  two  other  equations  of  like  form. 

Now,  the  body  having  a  fixed  point  must  (Art.  229)  be 
rotating  round  some  axis  through  it ;  and  if  wx,  wy^  wz  be  the 
angular  velocities  round  the  axes  of  coordinates,  we  have, 
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dii  dz 

substituting  for  -^  and  —  their  values  from  Art.  235, 
dt  dt 

d 

d 

2m  -j^  { (z'  +  xl)  wy  -  yzwz  -  yxwx)  =  M    },     (1) 

Performing  the  differentiations,  substituting  for  — ,  &c., 

their  values  from  equations  (4),  Art.  235,  and,  finally,  multi- 
plying by  the  element  of  mass,  and  integrating  through  the 
body,  we  obtain  the  complete  general  value  of 

/    d'z        d^'y 
^""Vd^-'df 

This  result  is  seldom  of  much  use,  as  the  definite  integrals 
which  it  contains  are  in  general  functions  of  the  time. 

If,  however,  we  suppose  the  axes  fixed  in  space  to  coin- 
cide with  the  instantaneous  position  of  the  principal  axes  of 
the  body  passing  through  the  origin,  the  result  becomes 
much  simplified,  and  is  readily  obtained,  as  follows  : — 

Let  the  coordinates  of  any  point  of  the  body  referred  to 
its  principal  axes  be  $,  »],  Z,  and  let  the  angular  velocities 
round  these  axes  be  wi,  (U2,  wa;  then 

dij  dz 

with  similar  expressions  for  -t-  and  —  ;  and,  by  Art.  236, 

d(jt)x      du)i      dioy      d(i)z     d(t)z      d(i)z 
df  ^  df'     df  ^  df'     df  ^  df' 

Also,  as  the  axes  are  the  principal  axes  at  the  origin, 
^mr}Z  =  2mK  =  2m$»|  =  0. 
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If  we  observe  that  —  does  not  contain  5,  we  see  that 
at 

^mx  — ,  and  the  two  similar  expressions  must  vanish. 

at  \ 

Again,  Sw  U  ^  +  y  ^  j  =  Sm  (£=  -  ij')  wa, 

and  ^m(xj^  +  Jj^-^m{Z'-^)u,,. 

Hence      2w  Ti  I  (y'  +  z")  w^  -xy  wy- x%t»}:,\=  ^  2m  {yf  +  D 

-  W2W3  2m  (^'  -  if). 

li  A,  B,  C  he  the  three  principal  moments  of  inertia  of 
the  body  at  the  origin, 

2m  {ri'  +  D  =  A,     2m  (?'  -  n')  =^  B  -  C. 

Hence,  finally, 

at 

where  i,  -M",  iV  are  the  moments  of  the  applied  forces  round 
the  three  principal  axes  passing  through  the  origin  which  are 
fixed  in  the  body  but  not  in  space. 

The  equations  above  are  due  to  Euler  and  are  called  by 
his  name. 

242.  Of  the  Terms  in  Euler's  Equations.  —  The 
change  produced  in  tvi  in  the  element  of  time  is  given  by 
the  equation 

Adioi  =  {B  -  C)  Wiio^dt  +  L  dt. 

The  first  term  on  the  right-hand  side  of  this  equation 
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results  from  the  angular  velocities  already  existing  round  the 
axes  of  y  and  s.  In  consequence  of  these  velocities  each 
point  of  the  body,  in  virtue  of  its  connexions  with  the  other 
points,  exerts  a  force  on  the  entire  body.  If  we  consider  the 
centrifugal  forces  resulting  from  the  motion  of  the  body,  we 
can  determine  the  moments  L\  M\  N'  of  these  forces  round 
the  axes,  as  follows  : — 

Let  a,  j3,  7  be  the  angles  which  the  instantaneous  axis  of 
rotation  makes  with  the  axes  of  coordinates  fixed  in  space ; 
^j  the  perpendicular  distance  from  this  axis  to  any  point  a?,  y,  z 
of  the  body  ;  q  the  intercept  between  the  origin  and  the  foot 
of  jt?  ;  r  the  radius  vector  to  the  point  xyz  ;  and  w  the 
angular  velocity  of  the  body  round  the  instantaneous  axis. 
The  centrifugal  force  at  the  point  x,  y,  z  is  mpto^  acting  along 
p ;  and  the  component  of  this  force  along  the  axis  of  x  is 
mu)^  multiplied  by  the  projection  of  7;. 

If  we  project  the  triangle  formed  by  rpq  on  the  axis  of 
X,  we  have 

projection  of  jt?  =  projection  of  r  -  projection  of  3' =  a;  -  5'  cos  a, 

and  ^^  =  a;  cos  a  +  ^  cos  /3  +  z  cos  7 ; 

whence  force  along  axis  of  x 

=  nut)^  [x  -  (x  cos  a  +  ^  cos  /3  +  s  cos  7)  cos  a] 

=  ma>'  [x  (cos^  j3  4  oos^  7)  -  y  cos  a  cos  j3  -  s  cos  a  cos  7  j 

=  m  [X  (wy*  +  Wz)  -  y  <m)x  iiiy  -  ^  (*>x  (iiz)  i 

remembering  that 

COS  a  =  — ,    COS  p  =  -^,    COS  7  =  — . 

(1)  (x)  b) 

In  like  manner  for  the  force  along  the  axis  of  y,  we  have 

m    [y  {Wz      +    W/)    —    Z  Wy  Wz    —    X  (t)y  Wx)  ) 

and  for  that  along  the  axis  of  z, 

m  [z  (a;/  +  h)/)  -  X  (x)z  (JiJx  -  y  u)z  Wy)  ; 
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whence,  taking  moments  round  the  axis  of  x,  and  integrating 
through  the  entire  body,  we  obtain 

Z'  =  [ijjy  -  Ws)  jyz  dm  +  wy  a>«  J  (2'  -  y^)  dm  -  wztoxj  xy  dm 

+  tox  My  j  xz  dm. 

If  we  now  suppose  the  axes  to  coincide  with  the  prin- 
cipal axes  of  the  body,  every  term  in  L'  vanishes  except 
t^y  (»>»  J  (2^  -  y^)  ^^^i  and  we  get 

L'--{B'C)w2tJ^.  (8) 

Accordingly,  the  couple  whose  components  round  the 
three  axes  are  {B  -  C)  wz  W3>  &c.  is  called  the  centrifugal 
couple. 

243.  Euler's  Equations  for  Impulses. — If  a  body 
having  a  fixed  point  be  acted  on  by  impulsive  forces,  and 
L,  M,  N  be  the  moments  of  their  impulses  round  the  princi- 
pal axes  through  the  point,  we  have,  from  equations  (4) 
Art.  203, 

A[ujx-io\)=L,  B{w2-<jo\)  =  M,   C  {u)s  -  w\)  =  JSr.    (4) 

In  fact,  Sm  (yz  -  zy)  =  A  {wi  -  w/)  when  the  axes  fixed  in 
space  coincide  with  the  instantaneous  positions  of  the  princi- 
pal axes  through  the  fixed  point,  wi  being  the  angular 
velocity  of  the  body  round  the  axis  of  S,  immediately  after 
the  impulse,  and  w/  its  angular  velocity  round  the  same  axis, 
immediately  before. 

Equations  (4)  can  also  be  deduced  easily  from  the  corre- 
sponding equations  for  continuous  forces. 

244.  Couple  of  Principal  Moments. — If  a  body  be 
moving  in  any  manner  round  a  fixed  point,  we  may  imagine 
its  actual  velocity  at  any  instant  to  be  produced  by  an  im- 
pulsive couple  which  acted  on  it  at  the  previous  instant.  By 
the  last  Article  the  components  of  this  couple  round  the 
principal  axes  of  the  body  are  AtJi,  Bwz,  C103,  and  the  axis 
of  the  couple  is  called  the  Axis  of  Principal  Moments. 

If  a  tangent  plane  be  drawn  at  the  point  of  intersection 
of  the  instantaneous  axis  of  rotation  with  the  momental  ellip- 
soid corresponding  to  the  fixed  point  round  which  the  body 
is  rotating,  the  perpendicular  from  the  centre  on  this  tangent 
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plane  is  the  Axis  of  Principal  Moments.  This  is  obvious, 
when  we  remember  that  the  direction  cosines  of  this  axis 
are  proportional  to  Awi,  Bwz,  Cwz ;  and  those  of  the  instan- 
taneous axis  of  rotation  to  wi,  wj,  (03 ;  and  that  the  equation 
of  the  momental  ellipsoid  is 

Ax'  +  By'  +  Cz'  =  K, 

The  axis  of  the  centrifugal  couple  is  at  right  angles  to  the 
axis  of  principal  moments,  and  to  the  axis  of  rotation. 

The  direction  cosines  of  the  axis  of  the  centrifugal  couple 
are  proportional  to 

[B  -    C)  Wi  0)3,        [C  -  A)  Wz  0)1,        {A  -  B)  CUi  W3; 

whence  it  is  seen  at  once  that  the  conditions  for  its  being 
perpendicular  to  the  two  other  lines  are  fulfilled. 

If  a  central  section  of  the  momental  ellipsoid  he  taken 
through  the  instantaneous  axis  of  rotation  "and  the  axis  of  the  cen- 
trifugal coupky  these  tivo  lines  coincide  with  the  principal  axes 
of  this  section. 

The  lines  in  question  are  at  right  angles,  and  one  is 
parallel  to  the  tangent  plane  through  the  point  where  the 
other  intersects  the  ellipsoid. 

245.  \i»  ITiTa  of  a  Body  having  a  Fixed  Point. — 

The  equation  of  vis  viva  is  in  this  case  immediately  deducible 
from  Art.  130.  As  the  body  has  a  fixed  point,  it  is  at  any 
instant  rotating  round  some  axis  through  it ;  whence,  / 
being  the  moment  of  inertia  round  the  instantaneous  axis, 
the  vis  viva  is  /(w^ 

Again,  since  — ,  — ,  —  are  the  direction  cosines  of  the  axis 

(M)         (1)        (Jj 

of  rotation  referred  to  the  principal  axes  through  the  fixed 
point, 

j=A  M\  B h^\  C h^' ;     (Int.  Calc,  Art.  215), 

whence  the  equation  of  vis  viva  becomes 
Aiox'  +  Bw^''  +  Ca>3'  =  22  J  {Xdx  +  Ydy  +  Zdz)  +  const.  (5) 
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246.  motion  consisting  of  Successive  Rotations. — 

If  the  whole  motion  of  a  body  consist  of  successive  rotations 
(not  necessarily  executed  round  lines  passing  through  the 
same  point),  the  vis  viva  at  any  time  is  /a>^  where  I  is 
the  moment  of  inertia,  and  w  the  angular  velocity  round  the 
instantaneous  axis ;  hence 

/(!>'  =  2^\[Xdx  +  Ydy  +  Zdz)  +  const. ; 

therefore       |-  {Iu>')  =  22  f  X  ^  +  F  f  +  Z  ^ 
at  \     at  at         at 

Let  p  be  the  perpendicular  on  the  instantaneous  axis  from 
the  point  a?,  y,  z  ;  and  let  the  direction  of  the  motion  of 
this  point  make  angles  a,  /3,  7  with  the  axes  ;   then 

dx  dy  ^     dz 

—  =i?a>cosa,      —=pa)G0sl3,    j^^ptJ  GOSy; 

whence     —  (/a>')  =  2w'2>p  (X  cos  a  +  Foos  j3  +  Zcos  7) ; 
at 

but  (X  cos  a  +  F  cos  j3  +  -^  cos  7)  p 

is  the  moment  of  the  force  applied  at  the  point  cc,  y,  z  round 
the  instantaneous  axis.  Hence,  if  J  be  the  moment  of  the 
entire  system  of  applied  forces  round  the  instantaneous  axis, 


d_ 
(D  dt 


or  -   ^  {/a,')  =  2J.  (6) 


If  the  body  be  such  that  the  moments  of  inertia  round 
the  different  instantaneous  axes  are  equal,  this  equation  takes 
the  simple  form 

/g  =  J-  (7) 

If  the  body  have  a  fixed  point,  equation  (6)  can  be 
deduced  at  once  from  Euler's  Equations.     For  if  we  mul- 

Y  2 
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tiply  the  first  of  these  by  wi ;  the  second  by  wj ;  the  third 
by  ^8,  and  add,  we  have 

diiix  dw2      ^     diDz      J.  -^ 

A(i)i-Tr  +  -0W2  -r. — ^-  C/W3  TT  =  J^^i  +  ittw2  +  iVwa ; 
at  dt  dt 

but    <^-i--^^-i^^^<-»:f)=i(^'-=)^ 

^nd,  as  — ,  — ,  —  are  the  direction  cosines  of  the  instan- 

U)        h)        it) 

fcaneous  axis, 

W  W  U) 

whence  -  -r.  [I(jo^)  =  2/. 

u)dt        ^ 

247.  Stress  Exerted  by  a  Body  on  a  Fixed  Point. 

— In  order  to  determine  the  force  exerted  by  a  fixed  point  on 
a  body,  we  have  only  to  consider  the  point  as  replaced  by 
a  force,  whose  components  are  X\  F',  Z'  passing  through  it. 
We  may  then  consider  the  body  as  free,  and  we  have,  by 
Article  204, 

de 


^3-  =  SX  +  X, 


with  two  similar  equations. 

But  as  the  body  is  rotating  round  the  origin,  if  we  sup- 
pose the  axes  fixed  in  space  to  coincide  at  the  instant  under 
consideration  with  the  principal  axes  through  the  origin,  we 
have 

d^x        -  d(i)3     _  dw-i  ,_  _     .      ,    ,  . 


df  dt  dt 

d(i): 

dt  dt 


Substituting  for  — ^  and  -j-^  from  Euler's  Equations,  we 


get,  finally, 
df 


Motion  of  a  Body  entirely  Free. 
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If  8xj  82,  S3  are  the  components  of  tlie  stress  on  the  fixed 
point  at  any  time,  in  the  directions  occupied  at  the  instant 
by  the  principal  axes  of  the  body,  81  =  -  X\  and  therefore 


S(8) 


where  ^,  rj,  K  are  the  coordinates  of  the  centre  of  inertia 
referred  to  the  principal  axes  through  the  fixed  point,  and 
are  absolute  constants;  SX  is  the  sum  of  the  components 
of  the  applied  forces  parallel  to  one  of  these  axes,  and  L  the 
moment  round  it  of  the  same  forces.  2X,  S  Y,  2Z,  L,  Jf,  iV 
are  in  general  variable  with  the  time. 

248.  Impulses   £xerted   by  a   Body  on  a   Fixed 
Point. — If  81,  82,  8i  are  the  impulses  of  the  instantaneous 

stresses  exerted  by  a  body  on  a  fixed  point,  in  consequence 
of  the  action  on  the  body  of  any  system  of  impulses,  we  ob- 
tain, in  a  similar  manner,  by  Arts.  204,  235,  and  243, 


(9) 


8.  =  :^T,m[l^.^^\   -. 

249.  Motion  of  a  Free  Body. — In  Art.  205  it  was 
shown  that  if  ^,  i],  ^  be  the  coordinates  of  any  point  of  a  body 
referred  to  axes  drawn  at  the  centre  j^of  inertia  parallel  to 
fixed  directions  in  space,  the  equations 


H^"^~^"J)-i^^-^^' 
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hold  good. 

As  the  coordinates  5,  r?,  Z  are  relative  to  a  point  fixed  in 
the  body,  their  differential  coefficients  can  he  expressed  in 
terms  of  the  angular  velocities  of  the  body  round  this  point. 
Hence  these  equations  can  be  transformed  in  a  manner  simi- 
lar to  that  employed  in  the  deduction  of  Euler's  Equations. 

Thus  we  obtain  the  equations — 


A.  -T. (-^  ~  C7)  Ola  W3  =  X 

at 
at 


s 


(10) 


where  a>i,  W2,  wa  ar©  the  angidar  velocities;  -4,  B^  C  the 
moments  of  inertia ;  and  i,  M,  N  the  moments  of  the 
applied  forces  round  the  three  principal  axes  of  the  body 
at  the  centre  of  inertia. 

If  we  call  the  mass  of  the  body  2)?,  we  have  also  the  three 
equations 


df 


^1-=^^, 


m 


d^ 
df 


=  sr,       3)?g  =  2Z,     (11) 


where  i,  //,  i  are  the  coordinates  of  the  centre  of  inertia  re- 
ferred to  any  three  rectangular  axes  fixed  in  space;  and  2X, 
2  F,  SZ  are  the  sums  of  the  components  of  the  applied  forces 
parallel  to  these  axes. 

If  the  body  be  subject  to  geometrical  conditions,  these 
conditions  must  in  general  be  replaced  by  indeterminate 
reactions  before  equations  (11)  can  be  employed,  and  these 
reactions  must  appear  among  the  applied  forces.  This  is 
obvious  from  considering  the  statical  problem  to  which,  by 
D'Alembert's  Principle,  the  dynamical  problem  is  reduced. 
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The  corresponding  equations  for  impulses  can  be  at  once 
written  down :  they  are 

A  (wi  -  w'l)  =  Ly  B  (a)2  -  w\)  =^M,   C  (a>3  -  (x)\)  =  iV\ 

If  the  motion  of  the  body  be  constrained  in  any  way, 
the  conditions  of  restraint  can,  as  in  the  former  case,  be  re- 
placed by  indeterminate  reactions. 

From  equations  (10),  (11),  (12)  it  is  obvious  that  a  force 
or  impulse  whose  direction  passes  through  the  centre  of 
inertia  of  a  free  body  produces  a  motion  of  translation  only, 
whereas  a  force  not  passing  through  the  centre  of  inertia  pro- 
duces both  a  translation  and  a  rotation. 

250.  £qnatioiis  of  Motion  referred  to  Body-Axes. 
- — If  u,  Vf  w  be  the  components  of  the  velocity  of  the  centre 
of  inertia  at  any  instant  in  the  directions  of  the  principal 
axes  of  the  body  at  that  point,  the  accelerations  of  the  centre 
of  inertia  in  these  directions  are,  by  Art.  237, 

du 

--  -  fws  +  w^w2,  &C. ; 

at 

whence,  if  SX,  S  F,  SZ  be  the  sums  of  the  components  of  the 
applied  forces  at  any  instant,  parallel  to  the  principal  axes 
through  the  centre  of  inertia,  its  equations  of  motion  are 

du  \ 


[dt  ) 

5!)l  j—  -  wcji  +  uwA  =  SF 

^[■£-  ww2  +  vwi  I  =  SZ 


h  (13) 


and  the  corresponding  equations  for  impulses  are 

m{u-  u')  =  SX,  Tl{v'  0  =  SF,  ^  {tv  -  w')  =  SZ.    (14) 

251.  Motion  of  a  Free  Body  relative  to  its  Centre 
of  Inertia. — As  the  equations  for  determining  the  motion 


328  Kinetics  of  a  Rigid  Body. 

of  a  body  relative  to  its  centre  of  inertia  are  the  same  as 
if  the  centre  of  inertia  were  a  fixed  point,  the  theorems 
of  Art.  244,  in  reference  to  the  instantaneous  axis  of  rotation, 
the  axis  of  the  centrifugal  couple,  and  the  axis  of  principal 
moments,  hold  good. 

252.  General  Expression  for  the  Tis  Tiva  of  a 
Body. — As  the  motion  of  a  body  relative  to  one  of  its  points 
must  always  consist  of  a  rotation  round  some  axis  through 
the  point,  it  follows,  from  Art.  131,  that  if  a  body  be  free, 

where  5D?  is  the  mass  of  the  body;  F  the  velocity  of  its  centre 
of  inertia ;  /  the  moment  of  inertia,  and  w  the  angular 
velocity,  round  the  instantaneous  axis  through  the  centre  of 
inertia. 

As  was  shown  in  Art.  245, 

7(u*  =  Att)i^  +  Bwz^  +  Cw^. 

Again,  if  «,  h,  c,  t,y,  k  be  the  moments  and  products  of 
inertia  round  three  axes  through  the  centre  of  inertia,  at 
right  angles  to  each  other,  and  parallel  to  fixed  directions  in 
space,  and  wx,  i*>y,  wa  the  angular  velocities  of  the  body  round 
these  axes, 

7a>'  =  awx  +  ^Wy'  +  cwz  —  2f*Wy  Ws  —  2J(jJt  (t)z  —  iJc(i)x  (*)y  ; 
whence  we  have  the  two  expressions 

^mv'  =  5D?F'  +  Awi'  +  Bw^'  +  Cwi,  (15) 

—  2/0)3  ^x  -  2/ia)ar  it)y.    (16) 

253.  Moments  of  momentum. — If  x,  y^  z  be  rectangu- 
lar axes  parallel  to  directions  fixed  in  space,  the  quantities 

/    d%        diA    ^     f  dx        dz\     ^    (   dy        dx\ 

H^ii-'M  H^di-'ut}  H'di-'dt} 
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are  at  any  instant  the  moments  of  the  momenta  of  the  diffe- 
rent elements  of  the  body  round  the  axes. 

If  we  call  these  moments  Hi,  ITz,  Hz,  they  are  equivalent 
to  a  single  moment  H  round  an  axis  whose  direction  cosines 

TT     TT     TT 

are  ^,  ^,  ^ ;  H  being  given  by  the  equation 
M    JbL    Jll 


m  =  H,'  +  m  +  H, 


This  line  is  called  the  momentum  axis  relative  to  the 
origin.  As  it  is  the  axis  of  the  couple  which  is  the  resultant 
of  the  moments  of  the  momenta  of  the  different  elements  of 
the  body,  it  is  plain  that  its  direction  is  independent  of  the 
directions  of  the  axes. 

If  Sell  be  twice  the  sum  of  the  projections  of  the 
elementary  areas  described  by  all  the  points  of  the  body 
round  the  origin,  each  multiplied  by  the  corresponding 
element  of  mass,  on  a  plane  whose  normal  makes  an  angle 
Q  with  the  momentum  axis, 

8  =  Ecoae.  (17) 

This  may  be  proved  in  the  following  manner  : — Let  hdi 
be  double  the  elementary  area  described  by  the  element 
whose  mass  is  m  round  the  origin ;  and  let  a,  /3,  7  be  the 
cosines  of  the  angles  its  plane  makes  with  the  coordinate 
planes ;  then,  X,  ju,  v  being  the  direction  cosines  of  the  normal 
to  the  plane  of  S, 

8=  ^mh  (aX  +  pjui  +  yv)  =  X^mha  +  fx'2mhj5  +  vSmAy 

=  \E^  +  fxH^+  vH^  =  h\x^  +  fi^  +  v^\  =  Hoose. 

Hence,  the  multiple  sum  of  the  projections  of  the  elementary 
areas  on  the  plane  at  right  angles  to  the  momentum  axis  is  a 
maximum. 

This  plane  is  called  the  Principal  Plane  relative  to  the 
origin.  From  what  has  been  just  proved,  we  see  again 
that  its  position  is  independent  of  the  directions  of  the  axes. 
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If  ^,  r^,  ^  be  a  second  set  of  rectangular  axes  tlirougli  tlie 
origin  parallel  to  directions  fixed  in  space,  and  if  the  direc- 
tion cosines  of  S,  referred  to  ^,  y,  s,  be  a^,  a^,  a^ ;  of  »j,  bi,  62,  ^s; 
of  Z,  Ci,  C2,  C3 ;  we  have,  as  particular  cases  of  what  has  been 
proved  above, 


(18) 


The  preceding  theorems  of  this  Article  are  true  for  any 
system  of  moving  points,  and  whether  the  origin  be  fixed 
or  movable. 

In  the  case  of  a  body  moving  round  a  fixed  point,  if  three 
lines  coinciding  with  the  instantaneous  positions  of  the  prin- 
cipal axes  through  the  point  be  taken  as  axes,  we  have,  by 
equations  (4),  Art.  235, 

ffi  =  Awi,    Hi  —  B(i)%y    J?3  =  C(jjz. 

Hence,  if  a  body  be  rotating  round  a  fixed  point,  its  moment 
of  momentum  H  round  this  point  is  given  by  the  equation 


E'  =  A'w,^  +  B'oj.'  +  C^W 


(19) 


Again,  if  x,  y,  z  be  three  rectangular  axes  fixed  in  space 
passing  through  the  fixed  point  of  the  body,  and  ai,  &i,  Ci, 
((■a  ^2,  C2,  fls,  ^3,  C3  be  the  direction  cosines  of  the  principal 
axes  of  the  body  referred  to  the  axes  fixed  in  space, 

2m  f  y—  -  ^-77]=  -4<*'i  <5fi  +  Bwt  at  +  Cws (h 
'2mlz—-x—]  =  Au}ibi  +  Bwzb2+CijJibz    y.    (20) 


^'"(*|- 


dx 

di 


=  Aijji  Ci  +  B(jji  Ct  +  Ci»)i  Cr^ 
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As  the  direction  cosines  of  the  momentum  axis,  relative  to 
the  principal  axes  through  the  fixed  point,  are  proportional  to 
Ami^  B(i)2,  C(t>3,  the  momentum  axis  coincides  with  the  axis  of 
Principal  Moments.  This  is  also  immediately  obvious  from 
D'Alembert's  Principle  applied  to  impulses. 

If  the  body  be  free,  these  theorems  still  hold  good  for 
the  motion  relative  to  any  point  of  the  body. 

The  moment  of  momentum  round  an  axis  through  any  point 
0  is  equal  to  the  corresponding  quantity  with  respect  to  a  parallel 
axis  through  the  centre  of  inertia,  together  ivith  the  moment  of 
7)iomentum  relative  to  0  of  the  ivhole  mass  concentrated  at  the 
centre  of  inertia  and  moving  with  it. 

For  let  X,  y,  z  be  the  coordinates  of  any  point,  referred  to 
axes  whose  directions  are  fixed  in  space  and  which  meet  in  0, 
and  let  ^,  rj,  Z  be  those  of  the  same  point,  referred  to  parallel 
axes  at  the  centre  of  inertia  ;  then 

^  ^     V     r.       ^    dn      „     dZ,      . 

since         Sw  r\  =  Sm  ^  =  0,      Sw  —  =  Sm  -77  =  0, 

dt  dt 

^    f  dz        df/\     .^  f^dz     -dy\     ^     (  dX,     ^dr} 


f 


dt        dt  V  dt        dt  \'dt      "dt 


254.  Relations  between  Forces  and  lHonients  of 
INEonientuni. — If  Hi,  IT^,  ^3  be  the  moments  of  momentum 
of  a  body  round  three  rectangular  axes  fixed  in  space  inter- 
secting at  0,  and  L,  M,  N  the  moments  of  the  applied  forces 
round  the  same  axes ;  then  by  Art.  241, 

dHx  dHi,  dHz      --.  ,_  . 

If  0  be  the  centre  of  inertia,  and  the  directions  of  the 
axes  be  fixed  in  space,  these  equations  hold  good,  whether  0 
be  fixed  or  moving  (Art.  205). 
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If  one  point  0  of  the  body  be  fixed  in  space,  and  a,  b,  c, 
i,  y,  k  be  the  moments  and  products  of  inertia  at  any  instant 
round  axes  fixed  in  space  intersecting  at  0,  the  equations 
above  may  be  put  into  the  form 


d  . 
d  . 
d  .      . 


(22) 


which  are  the  same  as  equations  (1),  Art.  241.    Another  form 
which  may  be  given  to  the  same  equations  is 


—  (Awi  Ui  +  B(Oi  at  +  Cwi  az)  =  L 
dt  *  ^ 


[Awi  hi  +  Bu)i  hi  +  Ctjji  hi)  =  M 


d_ 
dt 

—  [Awi  Ci  +  Bijji  Ci  +  CiJz  Cs)  =  iV 
dt 


>, 


(23) 


where  a^,  &c.,  have  the  same  meaning  as  in  Article  253. 
From  these  last  equations  Euler's  Equations  can  be  easily 
deduced. 

If  0  be  not  fixed  in  space,  equations  (22)  and  (23)  still 
hold  good,  provided  0  is  the  centre  of  inertia ;  the  directions 
of  the  axes  being  fixed  in  space. 

Impulses. — The  equations  for  determining  the  moments  of 
momentum  produced  by  impulses  are 

[H,-H^)  =  L,    [H,-H^)  =  M,    [E,-E^)  =  N,    (24) 

where  -ffi,  &c.,  can  be  transformed  as  before. 

255.  Impact. — When  two  smooth  bodies  moving  in 
any  way  collide,  the  results  of  the  impact  are  obtained  in 
a  manner  precisely  similar  to  that  employed  in  Article  226. 


Impact. 
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In  the  present  case  there  are  thirteen  unknown  quantities 
and  thirteen  equations. 

If  A,  ju,  V  be  the  angles  made  by  the  common  normal  at  the 
point  of  contact  with  axes  fixed  in  space ;  R  the  whole  impulse 
of  the  mutual  normal  action  during  the  first  period  of  impact ; 
p  and  p'  the  perpendiculars  on  its  line  of  action  from  the 
centres  of  inertia  of  the  two  bodies ;  a,  |3,  7,  a,  /3',  y  the 
angles  made  by  the  axes  of  the  couples  produced  by  R  round 
these  points  with  the  principal  axes  of  the  bodies ;  twelve  of 
the  equations  mentioned  above  are 


^x  =  R  cos  A, 
SD?^  =  R  cos  /u, 
SJii  =  R  cos  V, 

Wx=-Roo^\ 
m'y=-R cos  fly 
5D^'t'=-i2cosv, 


AiTi  =  Rp  cos  a 
Btti  =  Rp  cos  j3 
Ctts  =  Rp  cos  y 

A'lTi  =  -Rp' OOB  a' 
^7r/  =  -i2/cosi3' 
Ctts'  =  -  Rp^  cos  7' 


>     (25) 


where  W,  &c.,  are  the  changes  of  the  components  of  the  velo- 
city of  the  centre  of  inertia  of  the  first  body,  parallel  to  axes 
fixed  in  space,  produced  during  the  first  period  of  impact;  tti, 
&c.,  the  changes  of  the  angular  velocities  round  the  principal 
axes  through  the  centre  of  inertia  produced  during  the  same 

period ;  and  x\  &c.,  have  similar  significations  for  the  second 
body. 

At  the  end  of  the  first  period  the  actual  components  of 
the  velocity  of  the  centre  of  inertia  of  the  first  body  are 
'dx\      „  ,         /dx"" 


X 


+  I  —    ,  &c.,  where 


. ,  — ,  .       .  represents  the  component  of  this 

at  J  Q  \cit  J  Q 

velocity  immediately  before  the  impact.  In  like  manner,  7ri+ Qi 

is  the  actual  angular  velocity  round  the  first  principal  axis. 

We  can  then  write  down,  in  terms  of  ^  +  (  —  J ,  tti  +  Qi,  &c., 

the  relative  normal  velocity  of  the  points  of  the  two  bodies 
which  are  in  contact.     Equating  this  relative  normal  velocity 
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to  zero  gives  a  tMrteenth  equation ;  so  that  ^,  tti,  &c.,  become 

completely  known. 

dx 
If  —  be  the  component  of  the  final  velocity  assumed  by 

the  centre  of  inertia  of  the  first  body  at  the  end  of  the  second 
period  of  impact,  and  wi  be  the  final  angular  velocity  round 
the  first  principal  axis,  we  have, 


dx     [djc\     /I      V  ^  /I       N        o      ^ 

di'  \di j  =(l  +  ^)^»     wi-ai=(l  +  ^)7r„  &c., 


■•  (26) 


Since  the  positions  of  the  two  bodies  are  not  sensibly 
altered  during  the  whole  period  of  impact,  it  is  to  be  ob- 
served that  in  forming  equations  (25)  and  (26)  any  lines 
fixed  in  either  body  may  be  taken  as  fixed  in  space. 

256.  Impulsive  Friction. — When  collision  takes  place 
between  two  rough  surfaces  we  can  investigate  the  motion 
according  to  the  principles  laid  down  in  Article  227. 

The  elementary  impulse  dF  of  friction,  at  each  instant  of 
the  impact,  is  to  be  resolved  into  two  components,  dP  and  dQ, 
along  two  tangents  through  the  point  of  contact  at  right 
angles  to  each  other. 

If  w,  V,  10  be  the  relative  tangential  and  normal  velocities 
at  any  instant  during  the  impact  of  the  points  of  the  two 
surfaces  which  are  in  contact,  w,  v,  tc  can  be  expressed  in  terms 
of  the  velocities  of  the  two  centres  of  inertia  and  of  the 
angular  velocities  of  the  bodies  at  that  instant  ;  they  are 
therefore  linear  functions  of  P,  Q,  B.    If  slipping  take  place, 

—  =-,    and    ^{dP'  +  dQ')=:txdR. 

Initially  R  is  zero,  and  therefore  so  also  are  P  and  Q, 
except  the  colliding  surfaces  be  perfectly  rough.  When 
R  =  jRi,  at  the  end  of  the  first  period  of  impact,  ^  =  0 ;  and 
if  R2  be  the  value  of  R  at  the  end  of  the  whole  impact, 

iJjj  =  (1  +  e)  Ri. 
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If  the  surfaces  which  collide  be  perfectly  rough,  the  equa- 
tions w  =  0,  t?  =  0,  w  =  0  enable  us  to  determine  Pi,  Qi,  Pi. 
Knowing  the  value  of  P2  we  can  find  P2  and  Q2  from  the 
equations  w  =  0,  v  =  0,  which  hold  good  throughout  the 
impact. 

If  the  bodies  slip  on  each  other  in  the  same  direction 
during  the  whole  of  the  impact,  the  direction  of  dF  is  con- 
stant, and  we  may  take  dQ  =  0,  dP  =  judE.  Hence  Pi  =  juPi, 
Qi  =  0  ;  which  equations,  with  iv  =  0,  determine  Pi ;  then 

P2  =  ju  (1  +  e)  Pi. 

If  a  homogeneous  sphere  impinge  against  a.  fixed  surface,  or 
two  homogeneous  spheres  collide  with  each  other,  we  have,  by 
taking  as  axes  of  x,  y,  s  parallels  to  two  tangents  and  the 
normal  at  the  point  of  contact, 


dx     fdx\     P 
dt      \dtJo    m^ 

dt      \dt  Jq    in 

dz  (dz\  P 
dt      \dtJo    tri 

dx'    (dx'\     P 
dt     \dt)^'^m' 

dy_fdy\^Q 
dt      \dt  /o    ^'' 

d^'  (dz\  P 
dt  ~\dt  Jq    in' 

Wi   «=  ill    +  -J-, 

0       ^-P 
(jji  —  Hi        J-  , 

(1)3  =  Q3, 

a>i  =  Oi   +      ,, 

'    a'    "'^ 

0)2   —   i^2              w  ) 

a>3  =  Q,/, 

where  a,  w,  and  /are  the  radius,  mass,  and  moment  of  inertia 

dx 
round  its  diameter,  of  the  first  sphere :  — ,  &c.,  the  compo- 

nents  of  the  velocity  of  its  centre,  a>i,  &c.,  the  components 
of  its  angular  velocity,  at  any  instant  during  the  impact, 

fdx\ 

f  — ■] ,  &c.,  and  Qi,  &c.,  the  values  of  these  components  im- 
mediately before  the  impact :  and  a\  in\  &c.,  have  similar 
significations  for  the  second  sphere. 

The  velocities  of  the  points  of  the  spheres  which  are  in 
contact  are  given  by  the  equations 

dx     dx  „  dod     dx'      ,    ,     ^f    ,   ^ 
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where  S,  i],  2 ;  5',  V>  T,  are  the  coordinates  of  the  point  of 
contact  relative  to  the  centres  of  the  two  spheres ;  and  Uy  r,  iv 
are  then  determined  by  the  equations 

dx     dx'    p 

Since     ?  =  0,   „  =  0,   2  =  «,   £'=0,    „'=0,    l'=-a', 
we  deduce,  from  the  preceding  equations, 

(d^\     (di'\        ^        ,„,     /l       1      a?     a"\„ 


«i;  = 


dtjo    \dt  Jq    \7n     nij    ' 


or  u  =  Uo-  IP,    V  =  Vo  -  I  Qf    w  =  tVo  -  nit, 

where  /  and  n  are  constants. 

Hence     du  =-l dP,     dv  =-  I dQ.     -r-  =  -—r  ; 

dv      dQ 

but,  if  there  be  slipping, 

dP     u      ,,       ,  du      ti       J  J-     1    ^^  •  J.     . 

"TTT  =  - ;    therefore     -r-  =  -,  and  accordingly  -  is  constant, 
dQ     V  dv      V  ^  -^  V  ' 

or  the  dii'ection  of  slipping  is  invariable  throughout  the 
impact.  Moreover,  if  either  u  or  v  vanish  so  must  the  other. 
All  slipping  then  ceases,  and  cannot  recommence,  as  u  and  v 
are  independent  of  B,  and  friction  cannot  initiate  slipping. 
Since,  in  the  present  case,  Ei  is  independent  of  P  and  Q,  if 
there  be  no  slipping  at  the  end  of  the  impact  the  result  is  the 
same  as  if  there  had  been  no  slipping  at  all. 

Hence,  in  all  cases,  either  the  impulse  of  friction  is  a 
maximum,  and  the  direction  of  slipping  the  same  throughout 
the  impact,  or  else  the  surfaces  may  be  regarded  as  perfectly 
rough. 

If  the  problem  be  solved  on  the  latter  hypothesis,  and  the 
value  found  for  ^/[Pi  +  Q/)  does  not  exceed  ju  (1  +  e)  R^,  the 
solution  is  correct.  If  \/(P2^  +  Q2)  >  /u  (1  +  e)  R^,  slipping 
takes  place  in  the  same  direction  throughout  the  impact. 
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Examples. 
Motion  of  a  Body  unacted  on  by  Force. 

1.  The  direction  of  the  momentum  axis  through  the  centre  of  inertia  is  fixed 
in  space,  and  the  moment  of  momentum  is  constant. 

J?i,  ITs,  -^3  are  constant,  and  therefore  H. 

2.  The  angular  velocity  at  any  instant  is  proportional  to  the  intercept  on  the 
instantaneous  axis  of  rotation  through  the  centre  of  inertia  cut  off  hy  the 
momental  ellipsoid. 

The  equiition  of  the  momental  ellipsoid  is  Ax^  +  By"^  +  Cz^  =  K\  and  r  being 

.  .  .  '•'1         ^2        ftJS 

the  intercept  on  the  line  whose  direction  cosmos  are     — ,     — ,     — ,  we  have 

ui        <u        (a 

r^  (c^  w^  (I)"        or 

where  T  is  the  vis  viva  relative  to  the  centre  of  inertia ;  but  the  velocity  of 
this  point  being  constant  as  well  as  the  whole  vis  viva,  T  is  constant,  and 
therefore  o)  is  proportional  to  r, 

3.  The  component  of  the  angular  velocity  round  the  momentum  axis  through 
the  centre  of  inertia  is  constant. 

The  direction  cosines  of  the  momentum  axis  referred  to  the  principal  axes 
are  proportional  to  A<d\,  B(a2,  Cws ;  therefore  <p  being  the  angle  between  the 
momentum  axis  and  the  instantaneous  axis  of  rotation, 

Sw  cos  <^  =  ^a>i2  +  -Bao^  +  Cw3^'=  T ; 

but  S  (Ex.  1)  is  constant ;  therefore  w  cos  <p  is  constant. 

4.  If  a  tangent  plane  be  drawn  to  the  momental  ellipsoid  at  its  point  of 
intersection  with  the  instantaneous  axis  of  rotation  through  the  centre  of  inertia, 
the  distance  of  this  plane  from  the  centre  is  constant. 

\K  '^KT 

p  =  r  cos  <l)  =  ^—  «  cos  <^  =  — gT- . 

If  a  body  have  a  fixed  point,  the  results  of  the  preceding  examples  hold  good, 
the  fixed  point  being  substituted  for  the  centre  of  inertia. 

5.  A  body  moves  round  a  fixed  point:  give  a  geometrical  representation  of 
the  motion. 

The  momental  ellipsoid  relative  to  the  point  rolls  on  a  plane  fixed  in  space,  its 
centre  remaining  immovable,  so  that  the  instantaneous  axis  of  rotation  is  always 
the  line  joining  the  centre  to  the  point  of  contact. 

6.  A  body  is  moving  round  a  fixed  point  j  find  the  locus  of  the  instantaneous 
axis  of  rotation  in  the  body. 

Since  — ,  — ,  —  are  its  direction  cosines  referred  to  the  principal  axes  through 

(O        0}        <l> 

the  point,  its  locus  is  the  cone 

A  {E^  -  AT)  x"^  +B  {H^  -  BT)  y"^  \  G  {B?  -  CT)  2^  =  0. 

Z 
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7.  Find  the  locus  of  tlie  momentum  axis  in  the  hody. 

As  the  momentum  axis  is  the  perpendicular  on  the  tangent  plane  at  the 

— ,  -^,  —  1  to  the  momental  ellipsoid,  its  locus 
is  the  cone 

^2        ^2         2^  T 

ill^\. + £I^%= ,  ^^ ,.  =  0. 

8.  Determine  the  curve  traced  out  on  the  momental  ellipsoid  by  the  instan- 
taneous axis. 

The  equations  of  the  curve  are  got  by  combining  the  equation  of  the  ellip- 
soid with  that  of  the  cone  given  in  Ex.  6  ;  they  are,  therefore, 

This  curve  is  called  the  polhode. 

9.  The  projections  of  the  polhode  on  the  planes  perpendicular  to  the  axes  of 
greatest  and  least  moment  of  inertia  are  ellipses.  Its  projection  on  the  plane 
perpendicular  to  the  remaining  principal  axis  is  a  hyperbola. 

This  appears  at  once  by  eliininating  Xy  y,  z  successively  from  the  two  equa- 
tions of  Ex.  8,  remembering  that  A>  B>  C. 

10.  In  what  case  does  the  hyperbola  become  a  pair  of  straight  lines  ? 
If  If2  =  BT. 

11.  If  the  body  be  free,  give  a  geometrical  representation  of  the  motion  (see 
Ex.  5). 

The  momental  elHpsoid  relative  to  the  centre  of  inertia  rolls  on  a  plane  at  a 
constant  distance  from  the  centre  of  inertia  and  parallel  to  a  plane  fixed  in  space, 
the  instantaneous  axis  of  rotation  being  the  line  joining  the  centre  of  inertia  to 
the  point  of  contact,  whilst  the  whole  system  moves  with  uniform  velocity 
parallel  to  a  fixed  direction. 

12.  Integrate  Euler's  Equations. 

In  the  present  case  these  equations  become 

A^  =  {B-C)mm,    B^  =  {C  -  A)  w^wi,     C  ^  =  {A  -  B)  wi  u,2. 
at  a*  at 

Multiply  the  first  by  wi,  the  second  by  W2,  the  third  by  (03,  add,  and  integrate, 
and  we  have 

Aioi"^  +  Bo)2-  +  Cb)s^  =  T. 

Again,  multiply  the  first  by  Acji,  the  second  by  B(02,  the  third  by  Cojz,  add, 
and  integrate,  and  we  have 

A^wi^  +  B^a)2^-\-C'^uz^  =  H^. 

These  equations  were  obtained  before  from  the  equations  for  the  vis  viva  and 
the  moment  of  momentum. 
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Finally,  if  we  multiply  the  first  by  -^,  tlie  second  by  ^,  the  tkird  by  — , 
and  add,  we  get 

d(o\  db)z  d(i)z       (B-C      C-A      A  -  B\ 

'''df^'''dr^'''dr=  [-^r--^  -^-  +  -^^j«i<^2  0>3, 

doo         {A  -B){B-C){C-A) 
or  «-= -j^ a,io;ooi3. 

If  we  combine  the  two  equations  already  found  with  the  equation 

and  solve  for  wi'^,  we  get 
1,       1,      1 


A,     B,      C 
A\    B^,     C» 
whence  wi^  = 


(oi^  =  u,'^BC{C-B)-  T{C-i-B^)-\-B:^C-B); 
BO  (   „      T{B+C)-JIZ] 


r         TjB+O-H^^ 


T'lTi  4-  C) _H^ 

If  we  denote  — by  Ai,  and  the  two  corresponding  quantities 


{A-B){A-C) 

by  As  and  As,  we  have 

ABC 

"'  ''"''  =  {A-B){A-C){B-C)  ^^^'"^  -  ^^^  ^^^  -  """^  ^^'  -  ^^)^' 

whence  w  —  ='J{{\i  —  lo^)  (A2  -  oj^)  (A3  —  wl^)}. 

dz 

13.  Show  that  the  three  quantities  Ai,  A2,  A3  are  each  positive,  and  deter- 
mine the  order  of  their  magnitudes. 

If  we  substitute  for  Tand  H"^  their  values  in  terms  of  wi,  W2,  wa,  we  get 

\i  =  -—{A{B+C-A)  wi2  +  5Cwo3  +  BCb}^^] . 

Now,  as  .B+C-^  =  2ja;2<fw,      B+C>A; 

therefore  Ai  is  positive,  and  similarly  for  the  others.     Again, 

which  is  negative,  as  ^  >  ^  >  C 

In  like  manner  A3  -  A2  is  negative,  thus  A2  is  the  greatest,  and  Ai  —  A3  has  the 
same  sign  as  BT—H"^,  which  depends  on  the  initial  conditions. 

14.  Show  how  to  express  a»  in  terms  of  t  by  means  of  an  elliptic  integral  of 
the  first  kind. 

Since    <u\^,  012-,  &>3^  are  each  positive,     w^  >  Ai,  co^  <  A2,  w^  >  A3  (Ex.  12). 
Hence,  if  A  be  the  greater,  and  a'  the  lesser  of  the  two  quantities  Ai  and  A3,  w 
may  assume  w^  =  A  sin'^tf  +  A2  cos^d,  and  the  equation 

«  ^  =  V  { (Ai  -  0)2)  (A2  -  «2)  (A3  -  «2) } 

Z  2 
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dQ 
becomes  —  =  -  V{A2  -  A.'- (\2  -  a)  sin^e}. 

Hence  t  is  expressed  in  terms  of  0  by  an  integral  of  the  same  kind  as  that  which 
expresses  the  time  in  the  case  of  a  simple  pendulum  (Art.  105). 

The  student  will  observe  that  twi,  02,  wa,  are  expressed  in  terms  of  Q  by  the 
equations 

and  by  the  equations 


Wl 


{B-C){AT-H^) 
where  ^  =  (A  -  £)  {H^  -  Of)'    ^^^>^^- 

15.  If  a  body  be  moving  in  any  manner,  the  momentum  axis,  and  the  in- 
stantaneous axis  of  rotation  through  a  given  point  of  the  body,  are  the  radius 
vector  and  the  perpendiciilar  on  the  corresponding  tangent  plane  of  the  ellipsoid 
of  gyration  (see  Integral  Calculus,  Art.  216)  relative  to  the  point. 

This  is  the  reciprocal  of  the  theorem  given  in  Art.  244.  It  can  be  easily 
proved  directly :  <ri,  0-2,  0*3  being  the  angles  made  by  the  momentum  axis  with 
the  principal  axes,  and  a,  b,  c  the  principal  radii  of  gyration, 

H  cos  ffi  =  Aoji  =  Wla^(t)  cos  a,  &c  ; 

but,  if  a/,  y',  z'  be  a  point  on  the  ellipsoid  of  gyration,  a,  /8,  7  the  angles  made 
with  the  axes  by  the  perpendicular  on  the  corresponding  tangent  plane,  and  p 
the  length  of  the  perpendicular,  x'p  =  a?  cos  o ;    therefore,  &c. 

The  student  will  observe  that  the  results  obtained  in  this  Example,  and  in 
Examples  16,  17,  and  18,  hold  good  for  a  body  moving  under  the  action  qf  any 
forces. 

16.  If  a  tangent  plane  to  the  ellipsoid  of  gyration  relative  to  any  point  of  a 

body  be  drawn  at  right  angles  to  the  instantaneous  axis  of  rotation  passing 

through  the  point,  and  ^  be  the  angle  between  the  instantaneous  axis  and  the 

,         .        „  IL  cos  d) 

radius  vector  to  the  point  of  contact,  w  =  ■         ,    . 

jjip" 

From  the  equations  of  the  last  example,  if  iJ  be  the  radius  vector  of  the  ellip- 
soid of  gyration, 

pH  =  — — ;    but  p  =  E  COB  <l>;    therefore,  &c. 

17.  If  a  body  be  rotating  round  a  fixed  point,  or  a  free  body  round  its  centre  of 
inertia,  the  couple  resulting  from  centrifugal  forces  lies  in  the  plane  containing 
the  momentum  axis  and  the  instantaneous  axis  of  rotation,  and  its  magnitude 
is  ^uP  Up  sin  (p,  where  H,  p,  and  <p  have  the  same  significations  as  in  the  last 
Example. 
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The  components  of  the  couple  resulting  from  centrifugal  forces  are  (Art- 
242) 

[B  —  C)  U)2  <i)Zj       {C—A)i))ZM\,       {A—B)w\b)2, 

or  aJt  up'  ( J2  -  c2)  cos  )8  cos  7,  ^Ui  w^  (c^  _  a^)  cos  7  cos  a,  9Ji  w^  (a^  _  J2 j  ^Qg  «  cos  )8  ; 

but  double  the  projection  of  the  triangle  formed  by  the  origin,  x\  y\  z',  and 
p  cos  a,  p  cos  i8,  i?  cos  7,  is 

^  (a;'  cos  fi-  y  cos  a),    or     {a^  —  b^)  cos  a  cos  /8, 

and  double  the  area  of  the  same  triangle  is  Up  sin  <p ;  therefore,  &c. 

The  components  of  the  centrifugal  couple  may  be  obtained  directly  in  a 
manner  somewhat  different  from  that  given,  Art.  242. 

If  X,  y,  z  be  the  coordinates  of  any  point  of  the  body,  and  q  the  perpendicu- 
lar from  it  on  the  instantaneous  axis,  ew^  {x  cos  a  +  y  cos  )8  +  z  cos  7)  qdm  is  the 
moment  of  the  centrifugal  force  exerted  by  dm.  The  axis  of  the  corresponding 
couple  is  at  right  angles  to  the  lines  {x,  y,  z)  and  (a,  /3,  7),  and  its  direction 
angles  A,  fi,  v  are  therefore  given  by  the  equations 

y  cos  7  —  z  cos  )8      2  cos  a  —  x  cos  7      x  cos  fi  —  y  cos  a 
cos  K  cos  /t  cos  V 

Since  $-  =  a;^  +  y2  ^  2^  -  {x  cos  a  +  y  cos  j3  +  z  cos  7)^,  the  common  value  of 
the  above  fractions  is  q ;  and  the  components  of  the  centrifugal  couple  resulting 
from  dm  are 

«2  (a;  cos  a-\-  y  cos  i8  +  z  cos  7)  {y  cos  7  -  z  cos  j8)  <?m, 

«2  (a;  cos  a  +  y  cos  )8  +  z  cos  7)(z  cos  a  —  a;  cos  7)  dm^ 
«'  {x  cos  o  +  y  cos  i8  +  z  cos  7)  {x  cos  fi  -  y  cos  a)  rfm. 
If  we  integrate  these  expressions,  and  remember  that 
jxydm  =  jyzdm  =  ^zx  dm  =  0, 

we  get  the  values  already  obtained. 

18.  If  a  tangent  plane  be  diawn  to  the  ellipsoid  of  gyration  at  the  point  where 
it  is  met  by  the  axis  of  the  centrifugal  couple,  the  perpendicular  on  this  tangent 
plane  is  the  axis  of  the  rotation  produced  by  the  centrifugal  couple. 

i',  M',  N'  being  the  components  of  the  centrifugal  couple,  and  Swi,  5a>3, 
Sa»3j  the  rotations  produced  by  it  considered  alone,  we  have,  from  Euler's  Equa- 
tions, 

Ad(oi  =  L'dt,      BSojo  =  M'dt,     CScj^  =  J!^'dt ; 

but  these  equations  are  of  the  same  form  as  those  connecting  the  instantaneous 
axis  with  the  components  of  the  couple  of  principal  moments ;  therefore,  &c. 

It  follows  from  this,  that  the  axis  of  rotation  produced  by  the  centrifugal 
couple  is  at  right  angles  to  the  momentum  axis :  for,  if  Olt  be  the  momentum 
axis ;  OF  the  instantaneous  axis  of  rotation  ;  OH'  the  axis  of  the  centrifugal 
couple,  and  OF'  the  axis  of  the  centrifugal  couple  rotation  ;  0^',  being  at  right 
angles  to  OP  (Ex.  17),  is  conjugate  to  OE  :  hence  OJR  is  parallel  to  the  tan- 
gent plane  through  M',  and  therefore  at  right  angles  to  OF'.  Also,  OE  and 
OH'  are  the  principal  axes  of  the  section  of  the  ellipsoid  made  by  their  plane. 


342  Kinetics  oj  a  Rigid  Body. 

19.  If  a  body  be  rotating  round  a  fixed  point,  or  a  free  body  round  its 
centre  of  inertia,  under  tbe  action  of  no  forces,  the  component  of  the  angular 
velocity  round  the  momentum  axis  is  constant,  and  the  intercept  on  the  momen- 
tum axis  by  the  ellipsoid  of  gyration  is  of  constant  length  R. 

These  results  follow  at  once  from  Ex.  18  and  16. 

20.  The  momentum  axis  describes  in  the  body  the  cone  which  passes  through 
the  intersection  of  the  ellipsoid  of  gyration  and  the  sphere  whose  radius  is  R. 

21.  To  determine  the  nature  of  the  projections  on  a  cyclic  plane,  by  lines 
parallel  to  the  greatest  and  least  axes  of  the  eUipsoid  of  gyration,  of  the 
spherical  conic  described  by  the  momentum  axis. 

The  projections  of  the  spherical  conic  on  acyclic  plane  may  readily  be  obtained 
from  its  orthogonal  projections  on  the  planes  of  yz  and  xy.  The  projection  on 
the  plane  of  yz  is  found  by  eliminating  x  between  the  equations  of  the  ellipsoid 
and  the  sphere  a;^  +  ^/^  +  z-  =  R^:  it  is 

yHa\-P)       g2(fl;^-0  ^ 
{a^  -  R')b'^  ■•"  («2  _.  ^2)  c- 

If  B  be  the  angle  which  a  cyclic  plane  makes  with  the  plane  of  y2,  it  is  easily 
seen  that 


COS0 


_c_    ja^-b^ 


hence  lines  parallel  to  x  will  project  tbe  ellipse,  whose  equation  has  just  been 
given,  into  a  circle ;  since  lines  parallel  to  the  axis  of  y  remain  unaltered,  and 
those  parallel  to  the  axis  of  z  are  increased  in  the  ratio  1  :  cos  d.  If  we  call 
p  the  radius  of  this  ciicle, 

P'  =  *'  v^ IF- 

a-  —  0' 

In  like  manner,  the  projection  on  the  same  cyclic  plane  by  lines  parallel  to  z  is  a 
circle  whose  radius  is  p',  where 

li  R>  b,  the  spherical  conic  traced  by  the  momentum  axis  drawn  in  one  di- 
rection will  be  round  the  greatest  axis  of  the  eUipsoid,  and  lines  parallel  to  z 
each  meet  it  in  two  points,  while  those  parallel  to  x  meet  it  in  one  point. 
Moreover,  the  two  circles  formed  by  its  projections  on  the  cyclic  plane  are 
concentric,  the  larger  one  being  formed  by  Lines  parallel  to  z.  Also  the  piano 
containing  the  two  projecting  lines  drawn  from  any  point  on  the  spherical 
conic  meets  the  cyclic  plane  in  a  line  at  right  angles  to  the  axis  of  y,  so  that 
the  two  projections  of  a  point  on  the  spherical  conic  lie  on  the  same  ordinate 
of  the  circles,  at  right  angles  to  the  axis  oi  y;  and  the  projection  on  the  inner 
circle  performs  a  complete  revolution,  as  the  momentum  axis  moves  roxmd  the 
spherical  conic,  while  that  on  the  outer  circle  oscillates  between  the  tangents 
to  the  inner  circle  drawn  at  the  extremities  of  the  y  diameter,  li  R  <  b,  z  takes 
the  place  of  x,  and  x  of  z. 
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22.  To  determine  tlie  position  of  the  momentum  axis  in  the  hody  at  any 
time. 

This  may  he  done  hy  determining  the  position  of  the  projection  of  the 


m'Q 


extremity  of  the  momentum  axis.  Let  us  suppose  that  i?  >  5,  so  that  the  inner 
circle  is  the  projection  hy  lines  parallel  to  x.  Let  M  and  M'  be  the  positions  of 
the  projections  of  the  extremity  of  the  momentum  axis  at  any  time.  Let 
MY=  ^,  M'  Y  =  (,  OT  =  y.  If  ds  be  the  circiilar  arc  described  by  Jf  in  the 
time  dt, 

ds      p  d<b      p  d?/ 

—  =  — ,    whence    p  — ^  =  — '-, 
dy      ^  ^  dt      ^dt 

Now        —  =  -  «wi  +  xbiz  =  w  («  cos  7  -  z  cos  a)  =  wija^z  (  — -\    (Ex.  15) ; 

dt  \c''      a'' J 

and  d  being  the  same  as  in  the  last  example,  a;  =  ^  sin  0,  z  =  |  oos  0,  also  (Ex.  16) 


whence,  finally, 


dtp 
di 


1  1  \    ^      fl!<J\/(a2  -  J2)  (^a  _  ^2) 


/I       l\  H    ac 


d^  —  c^ 


H  ^l{a^-b'^){b'^-c^)  H  V(a3-32)(^2_,3)         ^.^ 

=  ^ ^c ^  =  mR -^c Vp^.p^smV 


^^-Ji^-^^'^' 
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In  like  manner,  if  QOM'  =  >/^,  we  have 

If  p'  >  p,  as  in  the  ease  supposed,  the  expression  for  -^  gives  ^  as  an  elliptic 

at 

integral  of  the  first  kind. 

H  R  <b,  then  p  >  p'  and  t  is  expressed  as  an  elliptic  integral  by  means 
of  1^. 

23.  A  body  is  rotating  round  a  fixed  point,  or  a  free  body  round  its  centre 
of  inertia  :  if  H"^  =  J?T,  determine  the  position  of  the  momentum  axis  in  the 
body  at  any  time. 

By  Ex.  16,  7>  _    -2"  -5"  ^ 

■^  ~  mT^  ~   '/^».o  n.  =  1^^\    whence    R  =  b. 

In  this  case  the  momentum  axis  lies  in  one  of  the  cyclic  planes  of  the  ellipsoid 
of  gyration. 
Again, 

^=m Ji '''^'^    andputting- J^ ^  =  k, 

we  obtain  cot  ( —  ?  )  =  cot  [  -  -  ?  |  «**. 

Hence  the  momentum  axis,  and  therefore  the  instantaneous  axis,  tends  to 
approach  without  limit  to  the  mean  radius  of  gyration. 

24.  If  the  moment  of  momentum  divided  by  the  square  root  of  the  product 
of  the  mass  and  vis  viva  be  nearly  equal  to  the  greatest  or  least  radius  of  gyra- 
tion ;  determine  the  motion. 

In  the  first  case  R  nearly  =  a ;  then  the  circle  produced  by  projecting  by 
lines  parallel  to  a;  is  in  general  small,  and  the  circle  produced  by  lines  parallel 
to  z  is  in  general  large,  and  the  projection  of  the  extremity  of  the  momentum 
axis  vibrates  only  through  a  small  arc  of  the  latter. 

Hence,  in  the  equations  of  Ex.  22,  we  may  take  sin  ^  =  ^-  We  then 
obtain,  k  having  the  same  signification  as  in  the  last  example, 

If  ^1  denote  the  time  which  the  body  takes  to  revolve  round  its  axis  of  rota- 
tion (which  is  approximately  constant  and  coincident  with  the  greatest  axis 
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of  the   ellipsoid   of  gyration),   and   ^2  the  time  of  a  complete  revolution  or 
oscillation  of  the  momentum  axis  round  the  axis  of  x  ;  since  approximately 


S 


h  =  27r, 


we  haye 


h  =  ti 


h  =  27r,    and    H  =  a. 


be 


V(«2-i2)(a»-c2)' 


A  corresponding  result  and  equation  may  be  obtained  in  the  second  case 
when  a  nearly  =  c. 

The  first  case  would  be  applicable  to  the  Earth,  if  its  axis  of  rotation  were 
nearly  but  not  exactly  a  principal  axis.  In  this  case  ti  would  be  the  length  of 
the  day.     Of  course  the  attractions  of  other  bodies  are  not  taken  into  account. 

25.  The  motion  of  the  momentum  axis  in  the  body  consists  of  a  series  of 
rotations,  the  axis  of  each  rotation  being  at  right  angles  to  the  momentum  axis 
and  the  centrifugal  couple  axis,  and  the  magnitude  of  the  rotation  being  equal 
and  opposite  to  the  rotation  of  the  body  round  the  same  axis. 

The  existence  of  the  centrifugal  couple  tends  at  each  instant  to  alter  the 
position  of  the  momentum  axis,  since  the  new  moment  of  momentum  is  the 
resultant  of  the  principal  couple  at  the  beginning  of  the  instant  and  the  momen- 
tum produced  by  the  centrifugal  couple  during  the  instant.  The  former  com- 
ponent is  Jff,  the  latter  Sco  sin  (pdt  (Ex.  17),  and  the  two  are  at  right  angles. 
Hence  the  momentum  axis  turns  towards  the  centrifugal  couple  axis  with  an 
angular  velocity  w  sin  (p,  which  is  equal  and  opposite  to  the  angular  velocity  of 
the  body  round  the  perpendicular  to  the  momentum  axis  and  the  centrifugal 
couple  axis. 

26.  The  axis  of  the  centiifugal  couple,  regarded  as  a  radius  vector  of  the 
ellipsoid  of  gyration,  describes  areas  proportional  to  the  time  in  the  invariable 
plane  of  principal  moments. 


Let  OE  and  05'  be  the  momentum  axis  and  the  centrifugal  couple  axis. 
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Describe  a  sphere  round  0  as  centre,  and  let  OP  and  OP'  be  the  positions  of 
the  actual  axis  of  rotation,  and  of  the  axis  of  rotation  due  to  centrifugal  forces 
corresponding  to  OR  and  OR'.  Let  the  lengths  of  OR  and  OR',  regarded  as 
radii  vectorea  of  the  ellipsoid  of  gyration,  be  R  and  r.  As  we  have  seen  (Ex.  18) , 
OR'  is  at  right  angles  to  OR  and  OP,  and  OR  is  at  right  angles  to  OP'.  Let 
the  body  be  rotating  clockwise  round  OP  at  the  beginning  of  dt ;  at  its  end, 
OR  in  the  body  will  have  turned  towards  OR' ;  but  the  rotation  of  the  body 
round  OQ  being  equal  and  opposite,  OR  remains  fixed  in  space.  Again,  OP  in 
the  body  will  have  turned  towards  OP',  into  the  position  01,  and  as  the  body  is 
rotating  round  OP,  its  motion  cannot  alter  the  position  of  01  in  space  by  more 
than  an  infinitely  small  quantity  of  the  second  order. 

Hence,  in  the  figure  the  line  OR  and  the  plane  at  right  angles  to  it  are  fixed 
in  space,  whilst  OP  and  01  are  the  positions  in  space  of  the  instantaneous  axis 
of  rotation  at  the  beginning  and  end  of  the  time  dt.  The  position  of  OR'  at  the 
end  of  the  time  dt  is  at  right  angles  to  the  plane  RIQ.  If  dv  be  the  angle  de- 
scribed by  OR'  in  the  time  dt,  dv  =  QOQ'.  If  &>'  bo  the  angular  velocity  pro- 
duced in  the  time  dt  by  the  centrifugal  couple,  we  have,  by  Ex.  16,  17,  and  18, 

mtjj'p'r  =  ^bi^pR  sin  ^  dt ; 

-  b)Rp  sin  <b  dt      o>'      sin  PI       sin  PI    sin  IR 

whence —  =  —  =  -: =  — • 

rp'  (o       sm  P'l      sm  IR    sm  P'l 

dv  sin  RP      dv  sin  0 

"  sin  P'PQ  '  sin  P'P~  "cos  </>'  ' 

but  p*=r  cos  <p',    and    p  =  R  cos  (p, 

whence,  finally,  r^  dv  =  (oR-  cos  <(>  dt ; 

and  as  R  and  w  cos  ^  are  each  constant,  the  theorem  is  proved.  It  is  to  be 
observed  that  it  follows  from  the  equations  of  Ex.  15  and  18  that  the  angles 
ROP  and  R'OP'  are  each  acute. 

27.  To  detennine  the  position  of  the  body  in  space  at  any  time. 

The  position  of  the  momentum  axis  in  the  body,  or  in  other  words  the  line 
in  the  body  which  at  a  given  time  coincides  with  the  momentum  axis,  is  known. 
If,  then,  we  make  this  line  of  the  body  coincide  with  the  momentum  axis  (whose 
position  in  space  remains  unaltered),  and  then  turn  the  body  through  the  proper 
angle  roimd  this  axis,  the  position  of  the  body  in  space  is  determined. 

In  order  to  effect  the  latter  part  of  the  determination,  we  must  consider  the 
position  in  space  of  the  line  which  is  at  right  angles  to  the  momentum  axis  and 
the  axis  of  the  centrifugal  couple. 

The  momentum  axia  describes  a  cone  C  in  the  body,  and  the  lines  at  right 
angles  to  the  tangent  planes  to  this  cone  C  foim  a  reciprocal  cone  C,  one  of 
whose  edges  always  lies  in  the  plane  of  principal  moments,  and  is  at  right  angles 
to  the  momentum  axis  and  the  centrifugal  couple  axis.  The  position  of  the 
momentimi  axis  in  the  body  being  known,  so  likewise  is  the  position  of  the 
corresponding  edge  of  C",  and  if  we  can  determine  the  position  of  the  latter  in 
space,  the  problem  is  solved.     Now,  OR  being  the  momentum  axia,  and^OQ  the 
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corresponding  edge  of  C,  the  instantaneous  axia  of  rotation  OP  lies  in  their 
plane  ;  and  the  angular  velocity  w  round  OF  is  equivalent  to  w  cos  <p  round  OR, 
and  0*  sin  ^  round  OQ.    If,  then,  we  suppose  the  cone  C  rigidly  connected  yith 


the  hody,  the  -whole  motion  consists  of  the  rolling  and  sliding  of  the  cone  C"  on 
the  plane  of  principal  moments.  The  angular  velocity  of  sliding  is  w  cos  <p,  and 
if  «?e  be  the  angle  between  two  consecutive  edges  of  the  cone  C",  the  velocity 

with  which  OQ  turns  in  consequence  of  the  rolling  is  — .    Hence  the  whole  angu- 


lar velocity  of  OQ  round  OR  is 


dt 


d€ 
a,cos<^--. 


if  the  cone  C"  he  on  the  same  side  of  the  plane  of  principal  moments  as  OP. 
Thus,  if  the  rotation  round  OP  be  counter-clockwise,  w  cos  <^  will  be  from  R'  to 
Q,  whilst  the  rolling  round  OQ  will  bring  an  edge  into  contact  with  the  plane 
of  principal  moments  which  is  nearer  to  OR',  and  this  will  impart  an  angular 

velocity ^  to  the  edge  oiC,  which  is  in  the'plane  of  principal  moments.  We 

dt 


may  arrive  at  the  same  result  in  another  way,  by  considering  the  motion  of  the 
cone  0  regarded  as  rigidly  attached  to  the  body.      The  rotation  round  OQ 
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^supposed  counter-clockwise)  brings  tlie  line  OSi  consecutive  to  OR  into  the 
position  OR,  and  moves  tlie  next  consecutive  tangent  plane  of  C  in  a  direction 
parallel  to  ORf.  The  next  rotation  is  effected  round  a  line  at  right  angles  to 
OSi  S2,  which  is  therefore  nearer  than  OQ  to  OR' :  thus  the  motion  of  OQ,  in 
consequence  of  a  counter-clockwise  rotation  round  OQ,  is  clockwise.  On  the 
other  hand,  the  motion  of  OQ,  in  consequence  of  a  coimter-clockwise  rotation 
round  OR,  is  likewise  counter-clockwise. 

Hence,  on  the  whole,  if  u  be  the  angle  described  by  the  line  at  right  angles 
to  the  momentum  axis  and  the  centrifugal  couple  axis  in  the  fixed  plane, 

V  =  j  (t)  COB  <f>  dt  —  j  —  dt. 

Since  de  is  the  angle  between  two  consecutive  edges  of  the  cone  C", 

if  s  be  the  arc  of  the  spherical  conic  in  which  the  cone  C"  meets  the  sphere  of 
radius  R ;  whence,  finally, 

s 

V  =  U)t  cos  fp  —  r^' 

R 

If  the  cone  C"  be  on  the  opposite  side  of  the  plane  of  principal  moments 
from  OF  and  OR,  or,  in  other  words,  if  the  curvature  of  the  cone  C  turned 
towards  OF  be  convex  instead  of  concave,  the  two  parts  of  the  motion  oi  OQ 
have  the  same  sign,  and 

s 
V  —  (i)t  cos  <p  +  -^^ 
R 

The  former  case  occurs  when  R  is  less  than  the  mean  axis  of  the  ellipsoid  of 
gyration ;  the  latter,  when  it  is  greater.  In  either  case  s  is  determined  by 
knowing  the  position  of  OQ  in  the  cone  C. 

In  order  to  facilitate  the  drawing  of  the  figures,  the  rotation  is  in  Ex.  26 
supposed  to  be  clockwise,  but  in  the  present  example  counter-clockwise. 

Examples  15  to  27  contain  the  substance  of  Professor  Mac  Cullagh's  Lectures 
on  Rotation. 

28.  The  normals  to  the  cone  described  by  the  instantaneous  axis  of  rotation 
intersect  the  ellipsoid  of  gyration  in  a  line  of  curvature. 

The  normal  to  the  plane  of  OF  and  OF'  (figure  of  Ex.  26)  is  conjugate  to 
OR  and  OR',  and  hence  passes  through  the  intersection  of  the  ellipsoid  of  gyra- 
tion with  the  confocal  a^  —  R^.     This  result  follows  also  from  Ex.  6. 

29.  Show  that,  if  v  and  <p  have  the  same  meaning  as  in  Ex.  26, 

dv  _T      {A  T-  S^) {BT-  H^) [CT-  H^) 

di~S'^  ABCHT^  ^°    *^* 

Substituting,  by  Ex.  3  and  16, 

T  JET* 

w  cos  ip  for  - ,  aKa2  f qj.  ^^  sffiyi  for  B,   mc^  for  C,  and  £?■  for  -— , 

the  equation  given  above  is  reduced  to 


dv 

-=„C08 
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Now,  by  Ex.  26,  -r  =  <^  cos  6  -r-, 

and  ^  =  1  +  ^ g,o  2  ^^cot2 ^, 

as  may  be  thus  proved. 

The  axes  of  a  central  section  of  the  quadric  a,  b,  c  are  parallel  to  the 
normals  to  the  two  confocals  through  the  extremities  of  the  semi-diameter  B 
conjugate  to  the  section,  and  [a',  a"  being  the  semi-axes  of  the  confocals)  are 
given  by  the  equations 

R^  =  a^-  a'2,     ,-2  =  ^2  -  a"2 

(Salmon's  Geometry  of  Three  Dimensions,  §  164).  Moreover,  if  r  be  the  axis 
normal  to  a"  of  the  section  conjugate  to  JD  in  the  quadric  of,  the  direction  of  / 
coincides  with  that  of  r,  and  the  magnitude  of  r'  is  given  by  the  equation 

r'2  =  a'2  _  a"2  =  ^2  _  J52. 

Again,  if  p'  be  the  perpendicular  on  the  tangent  plane  to  a',  which  is  parallel  to 
the  plane  of  B  and  r  or  r, 

^'2  =  a"^  C082  o  +  b"^  C0S2  fi  +  C'2  C0S2  y  =  p- —  J^, 

since  a'2=a2_j23^     i,'2^p_ji2^     c'^-^c^-S!^. 

Hence,  if  if/  be  the  angle  between  B  and  the  direction  of  r  or  /,  we  have,  from 
the  quadric  <r, 

_        g2  p  fS. 
r2  ^2  giii2  ^ 

and,  from  the  quadric  a', 

«'2  3'2  C'2 
i)2  = 


y.'2jp'2  sin2^  ' 
and  therefore 

t'P^     ■"  (r2-iiJ2)(^2-i22)  '      "^^^    ii.2_^2-COt    ip, 

^       ■,,  i22       ,        (a2-i?2)(^2_^2)(^2_JB2) 

whence,  finally,  ;:r  - 1  = ^r^2^ cot-  <p. 

The  expression  given  in  this  Example  for  —  is  due  to  Poinsot. 

30.  Determine  the  differential  equation  of  the  curve  traced  out  on  the  in- 
variable plane  by  the  point  of  contact  of  the  momental  ellipsoid  {see  Ex.  6). 

If  p  and  V  be  the  polar  coordinates  of  the  point  of  contact,  the  origin  being 
the  foot  of  the  perpendicular  from  the  fixed  point  on  the  invariable  plane, 

p2  =  r2  _  p2^ 

where      r  =  ^- «,       P  = -^  (Ex.  2,  4),   and    j,  =  ^  (l  +  ,«  ^) 

,                               {AT - H^){BT -  H''){CT -  R-"-)   ,^     „„, 
where  /.  =  ABGT^ "   ^^^'  ^^^' 
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If  we  express  w  in  terms  of  p  we  get,  on  substituting  in  the  final  equation 
of  Ex.  12, 

The  curve  whose  differential  equation  is  here  investigated  is  called  the  her- 
polhode. 

31.  Show  that  the  herpolhode  lies  between  two  circles,  the  squares  of  whose 
radii  are 

fV^'H^)^    and      ^(Ai-— ,j     or    -^A3-^j, 

according  as  M  is  greater  or  less  than  A3. 
By  Ex.  30 


^=f(--^.)- 


Now  (Ex.   14)  0)2  >  \i,       0,3  <  A2,       «2  >  A.3. 

Hence  the  greatest  and  least  values  of  p^  are  comprised  between  the  limits 
given  above. 

32.  If  two  of  the  principal  moments  of  inertia  of  the  body  be  equal,  prove  that 
— (1)  The  simultaneous  positions  of  the  momentum  axis  and  the  instantaneous 
axis  of  rotation  lie  in  a  plane  containing  the  axis  of  unequal  moment  of  inertia  ; 
(2)  The  instantaneous  axis  and  the  momentum  axis  describe  in  the  body  right 
circular  cones  whose  semi-angles  are  i  and  7,  where 

.      C    m-CT       ,       ,        A    E"^-  CT 
tan'  I  =  —  .  — ;;; — =r,  and  tan'7  =  —  .  — — — — -,         , 

the  axis  of  unequal  moment  of  inertia  being  the  axis  of  z ;  (3)  The  values  of 
cu,  «!,  ft>2,  ws  at  any  time  are  given  by  the  equations 

.    .         [A-C  \  .    .    .    (A-G  \ 

0)1  =  CO  sm  I  cos  I  — - —  «3^+x)>     ci)2=  —  ft)  sin  %  sin  I  — - —  f^zt  -\-  x]  ^ 

.       ,     (A  +  C)T-E^' 
o>3  =  CO  cos  t,    0)2  = -— ,    where  x  is  an  arbitrary  constant. 

Motion  of  a  Body  under  the  Action  of  Force. 

33.  A  body  is  given  a  rotation  round  a  principal  axis  through  its  centre  of 
inertia,  and  is  acted  on  by  a  couple  having  this  line  for  its  axis.  Show  that  the 
body  will  contiaue  to  revolve  round  the  axis  of  initial  rotation. 

34.  A  free  body  is  set  in  motion  by  an  impulse.  If  the  initial  motion  be  a 
pure  rotation,  show  that  the  directions  of  the  impulse  and  instantaneous  axis  of 
rotation  are  principal  axes  of  a  section  of  the  momental  eUipsoid  relative  to  the 
centre  of  iaertia. 

Since  the  initial  motion  is  a  pure  rotation,  the  initial  velocity  of  the  centre 
of  inertia,  and  therefore  the  direction  of  the  impulse,  is  at  right  angles  to  the 
direction  of  the  instantaneous  axis  of  rotation.  The  statement  above  then  fol- 
lows from  Art.  244. 
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35.  On  the  same  hypothesis  as  in  the  last  example,  show  that  the  instan- 
tansous  axis  of  rotation  is  a  principal  axis  of  the  body,  at  the  point  in  which  it 
is  met  by  its  shortest  distance  from  the  line  of  direction  of  the  impulse. 

36.  If  different  impulses  produce  velocities  of  rotation  round  parallel  instan- 
taneous axes,  prove  that  in  general  these  axes  lie  in  one  plane  containing  the 
centre  of  inertia,  and  perpendicular  to  the  lines  of  direction  of  the  impulses,  and 
that  the  locus  of  the  points  in  which  this  plane  meets  these  Knes  is  a  straight 
line. 

37.  If  in  the  preceding  example  the  instantaneous  axes  are  parallel  to  a 
principal  axis  through  the  centre  of  inertia,  prove  that  the  lines  of  direction, 
of  the  impulses  lie  in  the  con-esponding  principal  plane  at  the  centre  of  inertia. 

The  theory  of  the  centre  of  percussion,  given  in  Art.  218,  may  be  collected 
from  Examples  35,  36,  37. 

38.  A  circular  disk  is  hung,  with  its  plane  horizontal,  from  a  fixed  point 
vertically  over  its  centre  by  means  of  three  equal  strings  attached  to  three  fixed 
points  in  the  circumference  of  the  disk  at  equal  distances  from  each  other.  One 
of  the  strings  is  cut :  determine  the  initial  tensions  of  the  other  two. 

The  two  tensions  along  the  threads  OA  and  OB  may  be  replaced  by  the 
single  force  F  along  OS,  where  F  =  2Tcos  AOS,  /S  being  the  middle  point  of 
the  chord  joining  the  fixed  points  A  and  B. 


Let  the  length  OS  =  I,  SG  =  b,  where  G  is  the  centre  of  the  disk.  Let  OS 
and  SG  at  any  time  make  the  angles  a  and  rp  with  the  horizontal  line  which  is 
the  initial  direction  of  SG  ;  then  \\/  is  obviously  the  angle  through  which  the  disk 
has  turned.  Also,  if  x,  y,  be  the  coordinates  of  G  referred  to  a  horizontal  and 
vertical  line  through  0, 

a;  =  5  cos  \/^  —  ^  cos  a,     y  =  b  sm^^  -^  I  sina. 

The  dynamical  equations  are 

M^  =  Mg-Fmia,     M~  =  Fcosa,     Mk^^^=^  Fb  sin  {i^  +  a), 


di' 


df^ 


as  the  whole  angular  velocity  is  round  an  axis  parallel  to  AB. 

If  we  differentiate  the  expressions  for  x  and  y  twice,  we  obtain  expressions 
for 

dx      d'^x      dy      d'^y 

di'     IF'    dt'     d^' 
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To  determine  the  initial  value  of  Fy  since  tlie  body  starts  from  rest,  put 

di'  dy 

—  =  0,     —  =  0,     ^  =  0    in  these  four  equations  ;  we  get  thus 

da     ^     d\L     ^     d^x      ,   .       d'^a      d^u     ,  d^a      ,  d^\l/ 

—  =  0,    —^=0,     —  =  /sma-— r,     -— -  =  ?  cos  a -— r  +  ^  TV  ; 
dt       '    dt       '    dt^  dt^       dt^  dt^         dt^ 

substituting  these  values  in  the  dynamical  equations  and  solving  for  J^,  we  ob- 
tain, since  initially    J  =  ^  cos  a, 

^      ,^  A'^sino 

F=Mg 


h"^  +•  V^  sin^a  cos^a 


This  example  is  taken  from  Eouth's  Higid  Dynamics. 

39.  One  end  of  a  heavy  rod  rests  on  a  horizontal  plane  and  against  a  vertical 
wall ;  the  other  rests  against  a  parallel  vertical  Avail.  All  the  surfaces  being 
smooth,  if  the  rod  slips  down,  determine  the  motion. 

Take  the  intersection  of  the  horizontal  and  vertical  planes  passing  through 
the  first  end  of  the  rod  for  axis  of  a;,  and  a  vertical  plane,  at  right  angles  to  the 
walls  and  passing  through  the  initial  position  of  the  centre  of  inertia  of  the  rod, 
for  the  plane  of  yz^  the  axis  of  z  being  vertical. 

Let  i8  be  the  angle  which  the  rod  at  any  time  makes  with  the  axis  of  y,  2a 
its  length,  2b  the  distance  between  the  walls,  xi,  y\,  z\\  xo,  ye,  zz ;  and  x,  y,  z 
the  coordinates  of  the  two  extremities  and  of  the  centre  of  inertia  of  the  rod. 
Then 

2/1  =  0,     zi  =  0,     y2  =  2b,     y  =  \  (yi  +  y2)  =  b: 

also  y  =  a  cos  j8,  whence  cos  fi  =  -;  thus,  as  )8  is  constant,  the  motion  of  the  rod 

a 

relative  to  its  centre  of  inertia  is  a  rotation  round  the  axis  of  y,  whose  magni- 

d-x 
tude  at  any  time  may  be  denoted  by  (p.     Again,  as  m  —  =  0,  and  as  the  initial 

value  of  —  is  zero,  —  =  0 ;  also,  since  y  is  constant,  3-  =  0  ;   whence  the 
dt  dt  dt 

equation  of  vis  viva  is 

Now  K*  =  — - — ,     z  =  o  sm  )8  cos  ^, 

whence,  as  the  initial  value  of  0  is  zero,  we  obtain 

(1  +  3  sinV)  (^Y=  ,  ^^      (1  -  cos  <}>). 

40.  A  homogeneous  sphere,  having  an  initial  angular  velocity  roimd  a  hori- 
zontal axis,  is  projected  along  a  rough  horizontal  plane:  detennine  the  motion, 
neglecting  the  couple  of  rolling  friction.     (Jellett,  Theory  of  Friction,  Chap.^v.). 
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The  axes  being  three  mutually  perpendicular  straight  lines  through  the 
centre  whose  directions  are  fixed  in  space,  equations  (22)  of  Art.  254,  become 
for  a  homogeneous  sphere  whose  radius  is  r, 

at  at  at 

Let  X  and  y  be  the  components  of  friction  along  two  horizontal  axes,  x  and  1/ ' 
the  coordinates  of  the  centre  of  the  sphere,  u  and  v  the  components  of  the  velo- 
city of  its  point  of  contact  with  the  rough  plane  ;  then,  by  Art.  235, 

dx  '  dy 

at  at 

The  equations  of  motion  are 

^^^-x    m^=Y    ia«r3— ^  =  rr     ^mr^^  =  -rX 

^^dt^-^'  ^^dt^-     '  '      dt    *-^'    "  ^  dt      "^^ 

Combining  the  first  and  last  of  these,  we  have 

du      d'^x        duyi      y  X 
di^d^  '^df  ^^m' 

In  like  manner, 

dv      .  Y       .  du     X 

-  =  J^,,  whence  ^  =  -. 

Now  if  there  be  slipping, 

X  =  -uL^g-f—z -,     Y  =  -  ti'SSilg -Tj—^ -,  and— =-; 

1  w  a  —  rD.2       ,  ,  ,     .  .  . 

whence  -  =  constant  =  cot  a  =  : ,  where  a,  0,  fli,  flg  are  the  initial  values 

V  o  +  rXli 

„  dx      dy  ,  -rx 

of  — ,     — ,    wi,  and  wz.    Hence 
dt      dt 

Z  =  - /u,3)J^  coso,     F=  -  ft 3)1^  sin  a. 

These  are  the  components  of  a  constant  force  having  a  fixed  direction,  which  is 
inclined  to  the  direction  of  the  initial  velocity  of  the  centre,  unless  aHi  +  bCii  =  0. 
If  this  equation  holds  good,  the  centre  of  the  sphere  moves  along  a  straight  line, 
to  which  the  initial  axis  of  rotation  is  at  right  angles.  If  this  condition  be  not 
fulfilled,  the  centre  of  the  sphere  describes  a  parabola. 

Substituting  the  values  of  X  and  Y  in  the  equations  of  motion,  we  find  that 

slipping  ceases  along  the  axis  of  x  when  t  = ,  and  along  the  axis  of  v 

^    °  lyLg  cos  a  ^ 

,        ^      2(d+rni)  i+rXii      a-rCli  ....  ,       . 

when  t  =  — ^ — : — - ;  but  — ; = ,  hence,  slipping  along  each  axis  ceases 

Ifxg  sin  o  sm  o        cos  a 

at  the  same  time,  to,  where 

to  =  f • 

tig 
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After  pure  rolling  begins  it  will  continue,  since  the  values  which  X  and  Y 
must  take  in  order  to  maintain  it  are  zero  ;  the  components  of  the  velocity  of  the 
centre  are  then  given  by  the  equations 

dx      5a+2rn3      dy      hb-2rCl\. 
di  "^        7        '     di  ^        7       * 

If  )8  be  the  angle  which  the  final  line  of^^motion  of  the  ball  makes  with  the 
axis  of  x, 

^      „      bb  -  2rni 

tani8= — . 

oa  +  2rXl2 


Th«  result  obtained  above,  that  the  centre  of  the  sphere  may  describe  a 
parabola,  enables  us  to  explain  a  well-known  phenomenon  in  billiards,  which 
may  be  stated  as  follows  : — 

The  angle  at  which  the  striker's  ball  goes  ojff  the  ball  aimed  at,  in  order  to  make 
a  cannon,  seems  to  be  less  according  as  the  distance  of  the  third  ball  is  greater. 
Let  A  be  the  striker's  ball,  £  the  ball  first  struck  by  /f.  If  ^  be  struck  in 
the  ordinary  way,  without  side,  it  will  have,  when  it  strikes  £,  a  rotation 
round  a  horizontal  axis  CM  at  right  angles  to 
SC,  the  line  of  original  motion.  This  rota- 
tion will  continue  after  impact  round  the  same 
axis.  Suppose  the  motion  of  translation  after 
impact  to  be  in  the  direction  CT,  then  CR  not 
coinciding  with  CJR^,  the  horizontal  line  per- 
pendicular to  CT,  the  path  described  by  the 
ball  is  the  parabolic  arc  CPF'.  Hence,  if  P' 
be  more  remote  than  P,  FCS'  is  greater  than 
F'CS'.  It  is  well  known  that  a  skilful  billiard 
player  can  make  a  ball  describe  a  very  marked 
curve.  This  is  done  by  an  impulse  having 
a  vertical  component  which  imparts  a  rotation 
round  the  line  of  original  translation  of  the 
centre. 

If  the  original  impulse  be  horizontal  it 
produces  no  moment  round  a  line  through 
the  centre  parallel  to  itself,  and  this  latter 
being  the  original  line  of  translation  of  the 
centre,  there  can  be  no  rotation  round  it  ; 
hence  in  this  case  the  ball  must  move  in  a 
straight  line. 

41.  A  sphere  rolls  along  a  rough  horizontal  plane.  Taking  into  account  the 
couple  of  rolling  friction,  determine  the  forces  brought  into  play  and  the  path 
described,  the  motion  being  pure  rolling. 

The  equations  of  motion  are 


d'^x 


M 


dfi 


Y, 


=-  Mr'  -^=-rr-  fMg  --,  | Mr"-  — -"  =  -  rX  -  fMg -,  where  w  =  V^c^i^  +  wj^, 
at  (a  at  (o 
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fly  dfj 

with  the  conditions         - —  r«2  =  0,      -7-  +  r«i  =  0. 
dt  at 

■^  K   f    ^M-     C2  -rr  <;/    ^^     <^1  T        —  bJl         dt 

whence       X  =  -f-Mff-,     Y=r-^£f—i    ■^'^ =  T' 

r  ta  r  0)      X        wj       dx 

dt 

Hence  the  path  is  a  straight  line.    Multiplying  the  third  equation  of  motion  by 
«!,  the  fourth  by  wg,  and  adding,  we  have 

fg 
whence  rw  =  -  f  —  ^  +  rXi, 

r 

ii  being  the  initial  angular  velocity. 

The  sphere  will  come  tolrest  when  t  =1-;r-r-. 

.  '^.  *       -■  ^A 

Again  multiplying  the  third  equation  of  motion  by  0*2,  the  fourth  by  cui,  and 

Oil 

subtracting,  we  have  W2^«i  —  mdw2  =  0.     Hence  —  =  constant  =  —  tan  a,  where 

aj2 
o  is  the  angle  which  the  path  makes  with  the  axis  of  x. 

42.  A  sphere  is  projected  obliquely  down  a  rough  inclined  plane,  the  motion 
being  pui-e  rolling ;  determine  the  friction  brought  into  play,  and  the  path,  neg- 
lecting the  couple  of  rolling  friction. 

Take  as  axis  of  x  the  intersection  of  the  inclined  plane  with  a  vertical 
plane  at  right  angles  thereto. 

The  equations  of  motion  are 

dx  dy 

with  the  conditions       - —  rotz  =  0,    -7  +  ran  =  0 ; 
at  at 

whence  F  =  0,    X  =  -  f  Mg  sin  i. 

The  whole  force,  therefore,  is  f  Mg  sin  i  parallel  to  the  axis  of  x,  and  the 
centre  of  the  sphere  being  acted  on  by  a  constant  force  parallel  to  a  fixed  direc- 
tion, describes  a  parabola.    Since 


dx 

dt_ 
dy~ 

W2 

dt 

the  instantaneous  axis  of  rotation  is  at  right  angles  to  the  tangent  to  the  path  of 
the  point  of  contact  on  the  incHned  plane.  This  is  otherwise  immediately 
obvious,  since  the  motion  is  pure  rolling. 

2  A  2 
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43.  A  sphere  is  projected  in  any  way  along  an  imperfectly  rough  inclined 
plane.     Investigate  the  motion. 

(This  investigation,  with  some  slight  modifications,  is  taken  from  Routh, 
Biffid  Dynamics.) 

As  in  Ex.  42,  the  equations  of  motion  are 

dt^  -r       y  o        ,      ^tt  u. , 


at  at 


whence,  eliminating  X  and  J",  we  obtain,  on  integrating, 

dx 

—  +  ^-  »*W2  =  <7i  sin  i  +  a  +  f  rHa, 
at 

dy      . 

where  a,  )8,  fli,  and  fls  are  the  initial  values  of  — ,  — ,  «i,  and  «2. 

dt     dt 

Again,  if  m  be  the  velocity  at  any  instant  of  that  point  of  the  sphere  which  is 
in  contact  with  the  plane,  and  Q  the  angle  which  its  direction  makes  with  the 
axis  of  Xy 

dx  .  dy 

u  cos  d  =  - —  r«2,     X  ^in9  =-r-  +  rati. 
dt  dt 

d-x 
Differentiating,  substituting  for  — ,  &c.,  from  the  equations  of  motion,  put- 
ting for  X  and  Fthe  values  which  they  take  as  long  as  there  is  slipping,  viz., 

-  fiMff  cos  i  cos  6  and  —  fiMy  cos  i  sin  d,  and  solving  the  resulting  equations  for 

dti        ,      dd         , 

—  and  u  -— ,  we  have 
dt  dt' 

du  .    .         ^      .  .do  .        . 

-—  =  flf  sm  t  cos  0  —  ^  iig  cos  t,     u  -r-  =  ~  a  smi  sm  d. 
dt  dt 

Hence,  if  I  ;*  coti  =  n,  we  obtain,  by  integration,  u  sin0  =  K\  (tan  \9)^. 
Substituting  the  value  given  by  this  equation  for  u  in  the  equation  for 

u  — ,  and  integrating,  we  have 
dt 

(tani0)'*+i      (tan|0)«-i  2.<7  sin  i 

\ "^ \ =  -"-3 ^: t. 

« +  1  n  -  \  K\ 

Ko  is  determined  from  the  initial  value  of  0,  and  Ki  from  the  initial  values 
of  6  and  u.    These  latter  are  given  by  the  equations 

Wo  cos  00  =  a  —  rCliy     uq  sin  0q  =  $  +  rrii ; 

...  dx  dy 

then  u  and  0  being  known,  -—,  — ,  an,  and  ua  can  be  determined. 

(it  d'V 
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If  w  or  f  /tt  cot  I  >  1,  M  and  Q  become  continually  less  until  they  vanish 
together.      Pure  rolling  then  begins  at  a  time   ^o,  "which  is   given  by  the 

equation   ^o  =  :; — r^.    After  pure  rolling  begins  the  values  of  -r-,  -z-,  uu 
2g  Bim  o      o  dt    at        ' 

and  o>2,  at  any  time,  can  be  obtained  from  the  combination  of  the  equations  of 

motion  with  the  equations 


dx 


dy^ 

dt 


+  rwi  =  0. 


If  «  <  1,  e,  though  constantly  approaching  zero,  as  appears  from  the  ex- 

dQ 
pression  for  u  — ,  will  not  vanish  in  any  finite  time,  and  u  tends  to  increase 

without  limit. 

If  uo  =  0,  the  problem  is  at  starting  reduced  to  that  of  Ex.  42.     The  force 
of  friction  requisite  for  pure  rolling  is  then  fMff  sin  i.     Hence,  if 

^Mff  sin  i  <  fi'Mff  cos  i,     or    f  fi  cot  i  >  1, 


where  fi'  is  the  coefficient  of  statical  friction,  pure  rolling  will  commence  and 
continue.     If  |  /a'  cot  i  <  1,  slipping  will  begin  at  once  and  never  cease. 

44.  A  solid  of  revolution,  having  a  great  angular  velocity  round  its  axis,  and 
terminated  by  a  spherical  surface  of  small  radius,  is  placed,  with  its  axis  inclined 
to  the  vertical,  on  a  rough  horizontal  plane.  The  moment  of  inertia  round  the  axis 
of  revolution  being  not  less  than  that  round  an  axis  perpendicular  thereto,  and  the 
distance  of  the  centre  of  inertia  from  the  lower  end  being  considerable,  show 
that  after  some  time  the  axis  of  revolution  will  become  vertical.  (Jellett,  Theory 
of  Friction,  Chapter  VIII.) 

Let  the  axis  of  z  through  the  centre  of  inertia  0  be  vertical,  and  let  00  be 
the  axis  of  revolution,  which  must  pass  through  S,  the  centre  of  the  terminating 
spherical  surface.     Accordingly  the  point  of  contact  Tlies  in  the  plane  ZOO. 

The  forces  acting  on  the  body  are  its  own  weight,  and  the  resultant  of  the 
normal  reaction  and  friction  at  T.      The  latter  may 
be  resolved  into  two,  one  along  TZ%  the  other  at  right  2 

angles  to  the  plane  ZOO.     Calling  this  latter  com- 
ponent F,  and  putting 

TS=a,    SO  =  b,     ZOO  =6, 

the  moments  of  the  applied  forces  round  OZand  OO&ve 

Fb  sin  Q,  and  -  Fa  sin  B. 

Now  (Equations  (20),  p.  330,  and  Ex.  29,  p.  317) 

H^  =  A{-  wi  sin  a  cos  ^  +  «2  sin  e  sin  </>)  +  (7a>3  cos  B 


d\L 
=  A  sin^a  -I  +  Cw3  cos  0. 
dt 


(Art.  238.) 


Hence  (Art.  254), 


d_ 
dt 


d4> 


A  sin2  a  -—  +  Ca»3  cos  Q 
at 


)- 


F-b  sin  d  ; 
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also  (Art.  241),  since  B  =  A^     C  -j-  —  -  Fa  Bme  ;  therefore 

|(^8in^0^+(7«3COs0U-*(7^l 
at  \  at  I         a       dt 

d\L 
NoM',  as  «i  and  a>2  are  each  zero  initially,  j^  =  0  initially  (Art.  238,  (8)). 

Hence,  if  fl  and  do  are  the  initial  values  of  ws  and  6, 

A  sin^a  j-^-Caz  ( -  +  cos  0  J  -  Cfl  f-  +  cos  0o )  =  0. 

As  the  force -F  is  constantly  diminishing  wz,  after  sometime  W3  must  become 

,  ,                                            i  +  a  cos  00 
equal  to  ft ; . 

When  this  happens  0  =  0.     For,  putting  «  =  -,  and  substituting  in  the  previous 

a 

equation  the  value  just  obtained  for  «3,  we  get 

(1  -COS0)  (2^cosne#  -  (7n^-±^|  =0; 
^  '  \  ^   dt  w  +  1    j         ' 

d^  . 
but  as  n  is  greater  than  1 ,  —  inconsiderable  as  compared  with  ft,  and  C  not  less 

dt 

than  A,  the  second  factor  of  the  above  expression  cannot  vanish,  and  therefore 

we  must  have  0  =  0. 

The  result  obtained  here  may  be  regarded  as  holding  good  in  the  case  of  a 
top. 

45.  A  body  having  a  fixed  point  is  set  in  motion  by  a  given  impulse,  deter- 
mine the  direction  in  which  a  fixed  axis  through  the  point  should  be  placed  in 
order  that  the  vis  viva  imparted  should  be  a  maximum. 

I  being  the  moment  of  inertia  roimd  the  axis,  and  w  the  angular  velocity 
imparted  by  the  impulse, 

Ice  =  Z—  +  M \-  N  —  ; 

•  (t)        '     u         •     « 

therefore 

loji  4-  Mwi  +  Ntt3  =  /a)2  =  Aui^  +  B<ji^  +  Cui^. 

If  Avv"  +  Bw^  +  Cv^  be  a  maximum  subject  to  the  condition  above, 

A(ii\  =  \L,    Bwi  =  kM,     Cw3  =  AiV. 

Substituting  in  the  equation  of  condition  we  get  A  =  1.     Hence  the  axis  re- 
quired, if  it  exist,  is  determined  by  the  equations 

L  M  N 
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To  determine  whether  the  vis  viva  T  is  really  a  maximum,  put  wi  +  a  for  wi, 
W2  +  j8  for  W2,     W3  +  7  for  «3,  then 

r  -  T=2 {Aaia  +  ^«2)8  +  (7«37)  +  Aa^  +  ^/S^  +  Cy^, 

but,  since     2"  =  L{oii  +  o)  +  J|f(w2  +  /8)  +  iV(ft;3  +  7)  =  T  +  Zo  +  If/S  +  i^7, 

we  have 

Auia.  +  -B«2i8  +  C'a»37  +  ^a^  +  -^^jS^  +  Cy^  =  0, 

therefore,     -4wio  +  Bwz^  +  (7«3  7,  and  T  -  T  are  each  negative,  and  T  a 
maximum. 

46.  A  sphere,  having  no  original  velocity  of  rotation,  impinges  successively 
against  two  perfectly  rough  vertical  waUs  at  right  angles  to  each  other,  the 
points  of  impact  ))eing  so  near  the  intersection  of  the  walls  that  the  action  of 
gravity  between  the  two  impacts  may  be  neglected  ;  determine  the  magnitude 
and  direction  of  the  velocity  of  the  centre  of  the  sphere  after  the  second  impact. 

Take  as  axes  of  |,  77,  f,  three  lines  through 
the  centre  of  the  sphere  parallel  to  the  inter- 
sections of  the  walls  with  the  plane  of  the 
horizon  and  with  each  other.  Let  the  com- 
ponents of  the  velocity  of  the  sphere  before 
the  first  impact  be  Vi,  F2,  F3,  and  let  the  Z 
sphere  impinge  first  against  the  plane  TC/Z'. 

At  the  first  impact  the  coordinates  |,  ?;,  ^ 
of  the  point  of  contact  are  given  by  the  equa- 
tions 

1  =  0,    -n^a,     C=o. 


2S' 


Hence  (Art  235,  (3)), 
dx     dx 


dt      dt  ' 


dy  _  dy 
dt  ~Tt' 


dz      dz 


where  x,  y,  z  are  the  coordinates  of  the  point  of  contact  referred  to  axes  meeting 
at  0. 

Again,  X,  Z,  and  E  being  the  impulses  due  to  friction  and  to  the  normal 

reaction  during  the  first  period  of  the  collision  (Art.  255). 


'^^         Ti-       ^         dy         ^^       ^ 
m—  =mVi  +  X,     m  ^  =  mVo  +  B, 
dt  •  dt 


dz 
m—  =mVz+  Z, 
at 


^ma'^ui  =  aZ,     wo  =  0,     %  ma^ uz  =  —  aX, 


dx      ^       dy      ^       dz      ^ 
—  =  0,      —  =  0,      —  =  0. 

dt        '     dt        '     dt 


Hence 


d^  _  .  dy  dz      ^ 

dt  dt  dt 


aui  =  -  f  Fsr    ««2  =  0,     aw3  =  f  Vi. 
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In  the  second  period  of  the  collision  five  of  the  six  velocities  above  remain 

unaltered,  but  — -  becomes  -  e  F2. 
at 

At  the  second  impact  the  coordinates  of  the  point  of  contact  are 


Hence 


dx      dx      dy      dy  dz      dz 

dt       dt       dt       dt  dt      dt 


Proceeding  as  before  we  obtain 

a«i  =  -fr3,  a«2  =  (^)2r3,  <r«3  =  f-#r2  +  f(f)2r,, 

47.  In  the  last  example,  if  the  walls  be  not  perfectly  rough,  determine  the 
final  velocities  of  translation  and  rotation  (see  Art.  255). 

"We  first  treat  the  question  as  before  and  obtain,  as  in  the  last  example,  at 
the  first  impact, 

i-(X2+Z2)=:^(ri2+ r32);     ifthen  /i(l  +  ^)  r2  >f  V(ri2  +  Fs^), 

we  may  assume  there  is  no  slipping  (Art.  256) ;  but  if  this  condition  is  not  ful- 
filled slipping  takes  place,  and  the  maximum  amount  of  friction  is  exerted.  In 
this  case  at  the  end  of  the  first  impact, 

dx  dy  dz 

—  =  F'i-/u(l +<f)  Focoso,       —  =-eF2,      —  =  F3-yu(l  +  e)  Fasina, 

««i  =  -  I  |U  (1  +  e)  F2  sin  a,     «2  =  0,     ««3  =  I  /w(l  +  <?)  F2  cos  o, 
where  tan.  =  ^l 

dec 

The  values  of  — ,  &c.,  wi,  &c.,  at  the  end  of  the  first  impact  are  the  values 
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(dx\ 
—  )  ,  &c.,  ni,  &c.,  at  the  second  impact.     If  slipping  takes  place  during  the 
dtJQ 

whole  of  the  second  impact,  we  have  finally 

dix 

—  =  -  e  {  Ti  - /u(H- tf)  Fa  coso}, 
at 

?^  =  -  <fF2  -  /i(l  +  ^)  {  Fi  -  /n{l  +  e)  Vz  cos  a}  cosjS,  ^ 

»^ 

—  =  Fs  -  /*(!  +  ^)  {  Fg  sin  a  +  Fi  sin  j8  -  ^u  (1  +  e)  Vz  cos  a  sin  )8}, 


«7ri  =  0,     airo  =  I  /A  (1  +  ^)  {  Fi  -  At  (1  +  ^)  Fs  COS  a}  sin  )8, 

ftTTs  =  -  f  )w(l  +  «)  {  Fi  -  /u  (1  +  ^)  Fs  COS  a}  COS  )8, 
am  =  -  f  /u  (1  +  <?)  F2  sin  o, 

«W2  =l/i(l  +  «)  {  Fi  -  /a(1  +  e)  Vi  cos  a}  sin/S, 

auz  =  i  ft  {I  +  e)  {  Vz  cos  a  [1  +  /i  (1  +  *)  cos  )8]  -  Fi  cos  j8}, 

V,  ^      «      2  {F3-/i(l  +  e)  Fa  sin  a} 

where  tan  j8  =  — i— —7- — ^ s~-F^- 

5/t  (1+ ^)  Fa  cos  a  -  2e  F2 

48.  A  body  rests  with  a  plane  face  on  an  imperfectly  rough  horizontal 
plane.  The  centre  of  inertia  of  the  body  is  vertically  over  the  centre  of  inertia 
of  the  face  and  very  near  it,  the  connecting  line  being  a  principal  axis  at  the 
former  point.  The  form  of  the  face  is  such,  that  its  radii  of  gyration  about  all 
lines  in  it  passing  through  its  centre  of  inertia  are  equal.  The  body  is  pro- 
jected with  an  initial  velocity  of  translation  U,  and  an  initial  very  small  angular 
velocity  H  round  a  vertical  axis  through  its  centre  of  inertia :  determine  the 
motion. 

Take  the  initial  direction  of  translation  and  a  horizontal  line  at  right  angles 
thereto  for  axes  of  x  and  y.  Let  u  and  v  be  the  components  of  the  velocity  of 
the  centre  of  inertia  of  the  body  at  any  time,  and  a  the  angular  velocity.  Then, 
X  and  y  being  the  coordinates  of  any  point  of  the  body,  and  |  and  tj  its  coordi- 
nates referred  to  parallel  axes  through  the  centre  of  inertia, 

dx  dy 
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If  jPbe  the  magnitude  of  the  whole  force  of  friction  at  any  point,  its  com- 
ponents X  and  T"  are  given  by  the  equations 


V{(«-7J«)2+  (V  +  |W)2}  « 


q.p. 


since  v,  ^w,  and  rjw  are  small  compared  with  u. 

Again,  if  -S'  be  the  area  of  the  plane  face,  the  magnitude  of  the  normal  re- 
action of  the  horizontal  plane  on  an  element  of  the  face  is  equal  to  ^(f,  tj)  dS^ 
whence  F=  ij.<p{^,  rj)  dS,  and,  since  z  =  constant,  J  «^(|,  tj)  dS=  mg,  where  m  is 
the  mass  of  the  body.  Also  equations  (22),  of  Art.  254,  give  i  =  0,  ilf  =  0, 
since     «r  =  0,     «y  =  0,     i  =  0,    j  =  0. 

If  a  be  the  distance  of  the  centre  of  inertia  of  the  body  from  the  plane  face, 
and  <p  (I,  Tj)  =  JR, 

M  =  fia  j  EdS  -  j  B^dS ; 
therefore  J  B^dS  =  fimga. 

Assume  R  =  K  +  eA,  where  K  and  e  are  constants,  then 
nmga  =  Kj^dS+iJA^ds,    but    i^dS=0; 
therefore  e  must  be  small,  also 

mff  =  ES+€J  AdS. 


Again  -^  =  J  Bv^'^  ~  M«  I  BdS, 


and,  since  the  second  member  of  Z  is  zero,  q.p.,  we  have  j BijdS  =  0.     Hence 
the  resultant  normal  reaction  passes  through  a  point  on  the  axis  of  x. 
To  determine  the  motion  of  the  centre  of  inertia, 

dU  _  r  -n  in 

m-j-  =  5X  =  -  M  J  BdS  =  -  nmg  ; 
dt 

therefore  u  =  U-  fxgt. 

dv  V  C  ft>  f  V 

Again    m  —  =  '2,T=  -  fi-\  BdS  -  yit  -  1  B^dS  =  -  fimg  -,  q.p. 

dt  u  J  u  J  tc 

hence  v  =  cu;  and  since  v  =  0  when  n  =  U,  c  =  0,  therefore  v  =  0. 
To  find  the  angular  velocity, 

dw  0}  C  w  C  ■ 

myfc2  —  =  -  M  -    It^^dS  =  -  /uJT-    ^"^dS;  q.  p. 

dt  u  J  ti  } 
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but  7  being  the  radius  of  gyration  of  tbe  plane  face,  ^l^dS  =  Sy"^,  and 


d(o  _  (0 

mW"  ~ —  — lirngx —\  q.p. 

at  u 


therefore 


„=fl(|)k 


49.  A  rigid  body  is  moving  in  any  manner ;  one  point  is  suddenly  arrested : 
determine  the  impulse  exerted  on  the  body. 

Let  u,  V,  to  be  the  components  of  the  velocity  of  the  point  immediately  before 
it  is  arrested,  x,  y,  z  its  coordinates,  and  X,  T,  Z  the  components  of  the  impulse, 

the  axes  being  the  principal  axes  of  the  body  at  the  centre  of  inertia,  then  X 

is  given  by  the  equation 

I  ATiC  \ 

-  \-^->rA[B  +  (7)a;2  +  B{C-vA)y'^  +  C{A  +  3)%^  +  miM  X 

=  {ABC-^m[A{B  +  (7)a;2  +  BCiy^  +  z^)  +  mir^x^l}  u 
+  m [AB  +  2«7r2) xyv-vm{AC+  mir^)  xzw, 

where  I  is  the  moment  of  inertia  of  the  body  round  the  line  joining  the  arrested 
point  to  the  centre  of  inertia,  r  the  distance  between  these  points,  and  A,  B,  C, 
the  principal  moments  of  inertia  of  the  body. 


(     364     ) 


CHAPTEE  XI. 

SMALL    OSCILLATIONS* 

257.  Introductory  Considerations.  — When  a  material 
system  in  equilibrium  under  the  action  of  any  forces  is 
slightly  disturbed,  the  several  points  of  the  system  in  many 
cases  tend  to  return  to  their  original  positions.  In  such 
cases,  if  the  distance  of  each  point  from  its  initial  position 
remains  during  the  motion  very  small  as  compared  with  the 
other  magnitudes  on  which  the  motion  depends,  the  system 
performs  small  oscillations. 

Some  cases  of  small  oscillations  have  been  already  con- 
sidered in  Articles  100  and  188.  The  simplification  of 
the  problem  in  the  case  of  small  oscillations  has  been  exem- 
plified in  the  articles  referred  to,  and  consists  in  neglecting 
the  squares  and  higher  powers  of  small  quantities. 

It  is  assumed  that  the  forces  which  act  at  the  different 
points  of  the  system  are  functions  of  the  coordinates  of  those 
points,  and  that  the  restraints  and  mutual  connexions  can  be 
expressed  by  means  of  equations  between  the  coordinates. 

In  virtue  of  these  equations  the  coordinates  of  the  points 
of  the  system  are  functions  of  i  independent  variables,  and 
these  again  are  at  any  time  functions  of  their  initial  values, 
and  of  the  increments  resulting  from  the  motion.  If  the 
system  perform  small  oscillations  the  increments  of  the  i 
variables  are  all  small  quantities  whose  squares  and  higher 
powers  may  be  neglected. 

Hence  the  equations  of  motion  involve  only  the  first 
powers  of  the  variables  and  of  their  differential  coefficients. 
In  other  words,  they  form  a  system  of  linear  differential 
equations  with  constant  coefficients. 

*  For  a  great  part  of  the  materials  of  this  chapter  we  are  indebted  to 
Mr.  Townsend,  who  kindly  placed  at  our  disposal  his  Lectures  on  Small 
Oscillations,  delivered  to  his  University  Class. 
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258.  Equations  of  Motion. — The  fundamental  equa- 
tion of  Dynamics,  wliich  holds  good  for  every  system,  is 
supplied  by  D'Alembert's  Principle  (Art.  201).  To  obtain 
from  it  the  equations  of  motion  we  equate  to  cipher  the  co- 
efficient of  every  independent  variation  which  the  equation 
contains. 

In  the  present  case,  a*,  y^  z,  &c.,  are  supposed  to  be 
functions  of  the  i  variables  0,  <p,  \p,  &c.,  whose  variations 
are  each  entirely  arbitrary.     We  have  therefore  to  express 

-— ,  X,  dx,  &e.,  in  terms  of  0,  (p,  \p,  &c.,  and  then  equate  to 

cipher  the  coefficients  of  dO,  d<(>,  &c.  If  0^,  ^o,  ^o,  &c.,  be  the 
initial  values  of  B,  ^,  i//,  &c.,  and  u,  v,  to,  &c.,  their  incre- 
ments at  any  time,  we  have  0  =  Oq  +  u,  (jt  =  <l>o  +  v,  &c. ;  and 
S«  =  Eu,  ^  =  ^v,  &c. 

Equation  (1),  Art.  201,  may  be  written 


d^cc  ^        d^y  ^        d^z 
d^^'^df^'^-df 


2m(  ^S^  +  ^^  Sy  4-  ^  Ss^  =  S  (X^x  +  YSij  +  ZSz\ 


It  will  be  shown  in  the  next  chapter  that  when  the  forces 
are  functions  of  the  coordinates,  and  are  such  as  exist  in 
nature,  2  (Xdx  +  Ydy  +  Zdz)  must  be  the  exact  diiierential 
of  some  function  Fof  the  coordinates  (see  Arts.  122,  123). 
In  this  case  we  may  write 

S(X§^+  FSy  +  ZSs)  =  SF. 

Since  F  is  a  function  of  x,  y,  z,  &c.,  which  again  are 
functions  of  0,  0,  \py  &c.,  we  have 

V=F{0,  ^,  \pf  &c.)  =  F{9o  +  w,  00  +  Vf  xpo  +  w,  &c.) 
=  Fo  +  hxU  +  hiV  +  h^w  +  &c. 

-  i [Pw'^^  +  PnV^  +  i?33t^^  +  &C.  +  2pnUV  +  2puUW  +  2p.iiVW  +  &c. } , 

as  the  higher  powers  of  w,  v,  w,  &c.,  may  be  neglected. 
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Hence 

IV  =  [hi-  (pnU  +P12V  +  pntv  +  &c.))  ^u 

+  {^2  -  (PiiU  +  P22V  +p2»tv  +  &c.))  dv 

+  '{^3  -  {PnU  +  P23V  +P33^  +  &C.) )  dw  +  &C. 

-4gaiii,     x  =f{9,  ^, ;//,  &c.)  =f{0o  +  w,  00  +  V,  xf^o  +  Wy  &c.) 

=  iTo  +  ttxU  +  ia:^  +  C««^  +  &C. 

In  like  manner, 

y  =  i/o  +  dyU  +  byV  +  Cy^O  +  &C., 
S  =  2o   +  «aM  +  hsV  +  C-167  +  &C., 
&C.,  &C.,  &C. 

Adopting  Newton's  notation  (Art.  21)  we  get 

x^axU-\-hxV-\-Cxiv  +&C.,  ^x  =  axh(>-^  hx^v^-Cxhv-\-&,(i.y 
&c.,  &c. 

Henoe         ^m[x^x  +  y^y  +  iSs) 

=  Sm(fla;W  +  hxV  +  Ca;«;  +  &0.)  [ttx^U  +  6«St?  +  C^Sif?  +  &C.) 

+  2m (a^t*  +  5j/t'  +  CyW  +  &c.)  (a^Si^  +  hy^v  +  Cy^w  +  &e.) 

=  (/ii^^  +/i2^  +/13W'  +  &C.)  Sw  +  [fnU+fiii  -^fziW  +  &0.)  Sy 

+  (/13W  +/23t?  +/33^  +  &C.)  ^W  +   &C., 

where    /n  =  2m  (a/  +  a^'  +  a^^) ,    /12  =  2m  (of^  ^i;,  +  a^,  ^^  +  a.  b.) , 
/22  =  2m(6/  +  V  +  6,'),    /23  =  ^m[hxCx  +  ftyCy  h-  &,(?«), 

/j4  =  2m(Cart^a;  +  Oydy  +  C^dz),  &C. 
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Equating  now  the  coefficients  of  the  independent  varia- 
tions ^w,  St',  &c.  in  ^m  (x^x  +  y^y  +  sSs),  and  in  S  F,  we  ob- 
tain the  system  of  linear  differential  equations 


fnU+fx-i'v  -VfnW  +&C. +^iiW+Jt?i2t?+^i8W  +  &C.  =  h 

f\iU  +f22V+f2iio  +  &c.  -\-pnU  +  p2%v  +poiW  +  &c.  =  hi 
fxiu  ^fizV  +fziW  +  &C.  -^ PxzU  ■>!■  PizV  ^^  Pz^W  +  &C.  =  A3 

&c.  =  &c.  J 


>■  (1) 


When  hi,  hz,  &c.,  are  each  zero,  the  assumption  of  u  =  0, 
V  =  0,  &c.,  satisfies  the  equations  of  motion,  and  the  initial 
position  is  therefore  one  of  equilibrium.  Conversely,  if  the 
initial  position  be  one  of  equilibrium,  ^{XSx  +  YSy  +  ZSz), 
or  SF  is  zero  when  u  =  Oj  v  =  0,  &c.,  for  all  values  of  dii, 
Sy,  &c.  But  when  t«  =  0,  t;  =  0,  &c.,  SV=  hiSu  +  h^^v  +  &c.; 
therefore  hx  =  0,  ho  =  0,  &c.  In  our  subsequent  discussion  we 
shall  assume  that  the  initial  position  is  one  of  equilibrium, 
and  therefore  that  hx  =  0,  hi  =  0,  &c. 

259.  Solution    of    Equations    of  Motion. — If    we 

assume 


u 


=  ka  sin  {t  ^\  +  x),  v  =  kh  sin  {t  v^A  +  x),  &c., 


and  substitute  in  the  equations  of  motion,"  we  obtain  the  i 
equations 

(/a  A  -i?ll)fl+(/l2A-pi2)6+   (/13A-|?13)C+&C.  =  0 

(/13A  -  px^a  +  (/22A  -i?22)  h  +  (/23A  - j^as) c  +  &c.  =  0  , 

r  ^^ 
{fiiX  -pii)a  +  [fziX  -  Pa)  b  +  {fiiX  -  pzi)  C+&G.  =0l 

which  can  be  satisfied  by  the  ratios  of  the  i  determinable  con- 
stants a,  by  &c. ;  k  and  x  remaining  arbitrary,  provided  A  is  a 
root  of  the  symmetrical  determinant  equation 
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fiA  -  Pn,     /12X  -^Ji2,      .      .      .     fiiX-pa 

JlzX  —  Pn,      /22A—  /?23)  .  .  .  . 


/itX  -  Pih 


•      yiiA   —  Pi 


=  0.    (3) 


This  determinant  we  shall  call  A.  It  is  usually  termed 
the  harmonic  determinant  of  the  motion. 

If  the  roots  of  A  =  0  are  all  real  and  positive,  the  complete 
values  of  ^«,  v,  &c.,  are  given  by  the  equations 

M  =  ki ai  sin {t  Vhi  +  xO  +  ^^^i  sin  {i  Va2  +  Xa)  •  •  •  +  ^♦<'^»  sin  {i  Vaj  +  xO  \ 

«;  =  A;i3isin()!VAri  +  Xi)  +  ^2*2sin(<\^  +  X2)  .  .  . +  *iJisin(<VAi  +  x<)  }j    W 
&c.,  &c.,  &c.  / 

where  Ai,  ^u  A:2,  X25  <^c.  are  arbitrary  constants,  22  in  number, 
and  ai,  ^i,  Ci,  &c.  satisfy  the  /  linear  equations  for  a,  b,  c,  &c. 
obtained  by  putting  Ai  for  A ;  ^,  62,  C2,  &c.  those  obtained  by 
putting  Ao  for  A  ;  and  so  on. 

If  any  root  of  A  =  0  be  real  and  negative,  the  solution 
given  above  so  far  fails,  as  y^Ai  is  imaginary  when  Ai  is  ne- 
gative. In  this  case,  instead  of  kitti  sin  (^-v/Ai  +  xO  there 
will  be  in  ic  a  term  of  the  form 

where  jui  =  -  Ai ;  and  there  will  be  corresponding  terms  in  v, 
&c.  In  fact,  if  we  substitute  kiai  e^^'^i  for  u,  kibiC^'^'^  for  v, 
and  so  on,  in  the  equations  of  motion,  we  get  the  system 

(/iijui  +/?ii)«i  +  (/isjui  +Pii)bi.  +  &c.  =  0, 

(fnfJli  +  Pi2)(li  +  &c.  =  0, 

&c.  =0, 
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which  can  be  satisfied  by  ai :  hi :  &c.,  provided  jui  is  a  root  of 

Aajt^  +  i?i3,      .... 


=  0. 


But  this  equation  is  what  (3)  becomes  if  we  change  X  into 
-  fx  ;  therefore  corresponding  to  every  real  negative  value  of 
X  there  is  a  real  positive  value  of  /u. 

260.  liagrange's    Equations. — The   vis  viva  of  the 

motion  at  any  time  is  Sm  [x^  +  j^'  +  z^\  and  as  in  Art.  258, 

we  get 

^mix^  +  2/^  +  z*)  =  ^m{axU  +  b^v  +  c^w  +  &o.)* 

+  '2m{ayU+  byV  +  CyW+&o.Y+  ^m{azU  +  b^v  +  CgW  +  Sccf. 

Hence  the  kinetic  energy  T  of  the  system  is  given  by  the 
equation 

T=i{fnU^  +/22V*  +/33W''  +  &0.  +  2fnUV  +  2fiiUW  +  &c.) 

Differentiating  with  respect  to  u,  v,  w,  &c.,  we  obtain 


dT 


du 


-  =fnU  +/12V  +fnW  +  &0., 


dT 


dv 


T  =/i2W  -f/zaV  4-/23 W  +&C., 


&C.      =      &0. 


Hence  also 


^(  -77-  J   -/12W  +/22t^  +/23W;  +&C., 

&c.    =    &c. 

2  B 
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Again,  from  the  value  for  F,  Art.  258,  when  Jh  =  0,  A2  =  0, 
&c.,  we  have 

-  J-=Pn^^  +Pi2V  +  Pi3W  +  &C., 

-  -T~  =  Pntl  +  P22V  +  PizW  +  &C., 

&c.    =    &c. 

Accordingly  the  differential  equations  (1),  Art.  258,  are 
equivalent  to 

dt\du)       du'     dt\dv  J       dv'  ^^ 

These  are  a  particular  case  of  Lagrange's  Equations  of 
Motion  in  Generalized  Coordinates,  which  will  be  proved  in 
the  next  chapter. 

It  is  plain  that  the  equations  for  determining  X,  a^  h,  c,  &c.. 
Art.  259,  may  be  written  in  the  form 


d'T       d'V 
dii"^        du^ 


J        \dudv         dudvj  '       ' 

fd'T.      d'V\        (d'T.     d'V\,      . 
\dudv        dudvj        \dv^         dv^  J 

&c.  =  0. 

If  we  suppose  a,  6,  c,  &c.,  substituted  for  t*,  v,  w,  &c.,  in 
T;  and  for  u,  t\  iv,  &c.  in  F;  and  denote  the  results  of  these 
substitutions  by  T'  and  F',  these  equations  may  be  written 

4-  [xr  +  D  =  0,    I;  (xr  +  f)  =  o,  &c. 

da  do 

261.  Reality  of  the  Roots  of  the  Harmonic 
Equation. — If  we  put  the  quadratic  function  of  i  variables 

i{/ll^*'+/22^'+/33W''  +  2/i2W«J+2/i8Wl^+2/j3m'+&C.)    =   %, 
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it  appears  from  Art.  260,  since  the  vis  viva  is  essentially 
positive,  that  the  quantic  %  is  positive  for  all  real  values  of  the 
variables. 

Hence  also  we  may  conclude  that  SJ  can  be  transformed 
into  the  sum  of  i  positive  squares  [Differential  Calculus^  note 
on  Art.  163). 

We  shall  now  show  that  the  equation  A  =  0  has  all  its 
roots  real. 

The  following  proof  of  this  important  theorem  is  due  to 
Thomson  and  Tait  (Natural  Philosophy,  §  343  k)  : — 

We  have  seen  (Art.  259)  that  if  Ai  be  one  of  the  roots  of 
A  =  0,  we  have  the  equations 

(fiiai  +fuhi  +/13C1  +  &c.)Ai  =i?u«i  +Pnhi  +  pnCi  +  &o., 

(/l2«l  +/22^1   +/a3Cl  +  &C.)Xi   =Puai   +P22bi  +  P2zCi  +  &0., 

&c.     =    &c. 
If  we  put 

iifna^'  +fi2b^  +  2na,b,  +  &o.)  =  %[a),  =  %,, 

Kpntt^  +  ^22^1^  +  2pnaibi  +  &c.)  =  S{a)i  =  8i, 
these  equations  may  be  written 

dtti      da^^  dbi       dbi 

Multiplying  the  first  by  ^2,  the  second  by  ^2,  &c.,  and 
adding,  we  get 

^  f     d%i     ^  d%,        d^,     ,    \        dSi     ^  dSi       dS,     , 

AiUa-r-  +  62-7r-  +  <Ja-T-+  &C.     =  «2 -7- +  O2 -TT  +  O3  — -  +  &c., 

\     dtti         dbi  dCi  j        dax         dOi         dci 

which  may  be  written 

\i^{a)u  =  8{a)n,  (6) 

if  we  put 

d^i        d^i  d%.2     ,  d^i 

5b  (a)i3  =  tti  ■—-  +  bi—r  +  &c.  =  a^  -7—  +  Oi-rr  +  &o., 
^  '  dai         dbi  da-i         dbt  ' 

and  assign  a  similar  meaning  to  S[a)i2. 

2  B  2 
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Suppose  now,  if  possible,  that  the  equation  A  =  0  has  a 
pair  of  conjugate  roots  Ai  and  X2,  where  Ai  =  ju  +  v  -v/-!,  and 

A2  =  ju  -  V  >/-  1. 

The  values  of  (Xi,  bi,  &o.,  corresponding  to  Ai  being  of  the 
form  ai  +  02  \/-  1,  jSi  +  jSsv^-  1,  &c.,  those  of  ^2,  h,  &c.> 
corresponding  to  Aj  are  then  of  the  form  ai  -  02  v/-  1, 
j3i  -  fiz \/-T^>  &c.    We  have,  therefore, 


+  (131-132^^)  ((ai  +  a2  v/=T)/i2+(i3i+/3.V^)/'22+&C.j  +  &C. 

d^a)^     ^  d^{a)^      „  d^a),      ^    d^a),       , 

=  ai  --f-^  +  ^^—TT-  +  ^^'  +  «2  —7^^^  +  /32       ,^       +  &C. 
dai  dpi  daz  dp^ 

+  v/- 1    ai  +  /3i  ■      '      +  &c. 


0?a2  (/)32 


=  2a;(a)i  +  2si;(a)3. 

In  like  manner,   /S(a)i2  =  2/S(a)i  +  2/S(a)2.   Hence,  by  (6), 
(/i  +  v/-^)  (2^(a)i+  a;(a)2)  -  {-S(a);  +  B{a)z\  =  0. 

Equating  the  real  and  imaginary  parts  separately  to 
cipher,  we  have     v  (9;(a)i  +  %{a)z]  =  0. 

Now,  as  the  quantic  95  is  positive  for  all  real  values  of 
the  variables,  %{a)\  and  9^(0)2  must  each  be  positive,  and 
8)(a)i  +  8)(a)2  cannot  be  zero  ;  therefore  v  =  0,  and  Ai  is 
real. 

It  is  to  be  observed  that,  as  A  is  the  discriminant  of 
\%  -  Sf  where  S  is  the  quantic  J  {pnU^  -^  PzzV^  +  &c.  +  2pnuv 
+  &c. ) ,  the  equation  A  =  0  is  unaltered  by  any  linear  trans- 
formation applied  to  the  quantics  S  and  S/. 

262.  Stability  of  the  Motion. — We  shall  suppose 
that  28;  is  of  the  form  u^  +  v^  ■\-  w"^  •¥  &o.,  2^8'  being  as  before 
Pxiii^  -h- p^iV^  +  2j(?i2Wt?  +  &c. 
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Apply  a  linear  transformation  which  will  change  u^  +  v' 
+  w>'  +  &o.  into  S^  +  rj^  +  ?'  +  &c.,  and  at  the  same  time  reduce 
8  to  its  canonical  form  Pi^'  ^  P^r)^  +  Pa^^  +  &c.  In  order 
to  do  this  by  a  real  transformation  assume 

U  -  WiS  +  WjtJ  +  Uiti  +  &c., 

«;«=«?!?+  VtJi  +  VzZ,  +  &c., 
&c.     =    &c., 

where  the  ratios    Wi :  Vi'.Wii  &o.  are  determined  by  the  equa 
tions 

PnUx  +i)i8t>i  -^pnWi  +  «S;c.  =  Xit^i, 

i^iaWi  -^  Pvi'^i  -^  PntVi  +  &C.  =  X^Vi^ 

&0.    =    &c. ; 

Ui'.  Vz:  w-i'.  &o.  by  the  equations 

PnUt  -^pnVi  +PuW2  +  &C.  =  X2W3, 

i^iaWa  +i?23f2  +i)28W?2  +  &C.  =  Aat^s, 
&C.      =      &C., 

and  so  on.  The  constants  Mi,  Vi,  &c.,  Wg,  ^^2,  &o.,  are  ob- 
viously the  values  which  Ui,  hi,  &c.,  a^,  h,  &c.(Art.  259),  take  in 
the  special  case  in  which  2 S;  is  of  the  form  u^  +  v^  +  iv^  +  &c. 
From  the  above  equations,  it  follows  that,  when  Xi  and  X2 
are  unequal,  W1M2  +  fi«?2  +  iv^Wo  +  &o.  -  0,  &c.     For, 

\i{uiUi  +  V1V2  +  W1W2  +  &o.)  "Waf-j- J  +^i\-y-]  +  &0' 

We  shall  now  show  that  S  becomes  of  the  required  form, 
for 

dS        dS       dS     . 

d^         du        dv 

=  Xi  ( {ui^  +  Vi^  +  w?i'  +  &c.) ?  +  (t«i W2  +  fit?2  +  M'it^2  +  &c.)  n  +  &o.} 
=  Xi  [ui^  +  Vi^  +  Wi^  +  &o.)  5. 


374  Small  Oscillations. 

It  can  be  shown  in  a  similar  manner  that 

dS    .   ,    ^ 

—  =  A2  [th  + 1\^  +  t^'a'  +  &c.)  rj,  and  so  on. 

If  then  we  assume,  as  is  allowable, 

Wi'  +  Vi^  +  Wx^  +  &c.  =  1,     u^^  +  Vi^  +  Wi*  +  &c.  =  1,  &c., 

we  have  the  equations 

dS     ^  y     dS     ,        p 

Hence  28  =  XiT  +  Xzv^.  +  Aj^  +  &c.,  and  at  the  same 
time 

u^  +  v'  +  lir"  +  &c.  =  S'  +  Tj'  +  ?»  +  &G. 

As  the  transformation  above  is  real,  it  follows  that  if  8  be 
reduced  in  any  tvay  to  a  form  which  contains  only  the  squares 
of  the  variables,  the  signs  of  the  coefficients  of  the  different 
squares  are  the  same  as  those  of  Ai,  X2,  &c. 

In  order  that  every  term  in  the  general  values  of  ii,  v,  w, 
&o.  should  be  periodic,  it  is  necessary  (Art.  259)  that  all  the 
roots  of  A  =  0  should  be  positive.  This  condition,  as  we 
have  just  seen,  is  fulfilled  if  8  be  reducible  to  the  sum  of  a 
number  of  squares  with  positive  coefficients — in  other  words, 
if  the  function  V  (Art.  258)  be  a  maximu^n  for  the  position 
of  equilibrium  of  the  system.  In  this  case,  the  system  being 
slightly  disturbed  in  any  manner  has  no  tendency  to  depart 
far  from  its  initial  position,  and  consequently  u,  v,  &c.  must 
remain  small  throughout  the  motion.  The  motion  is  then 
stable  in  its  character  whatever  be  the  directions  of  the  initial 
disturbances,  and  the  initial  position  is  one  of  stable  equili- 
brium. 

If  V  be  not  a  maximum  for  the  position  of  equilibrium  of 
the  system,  that  is,  if  some  of  the  coefficients  in  8  when  re- 
duced to  the  above  form  be  negative,  terms  may  occur  in 
«,  V,  &c.  which  increase  without  limit  with  the  time.  In 
this  case  the  initial  position  is  not  one  of  stable  equilibrium, 
and  the  motion  will  not  consist  of  small  oscillations,  unless 
the  original  disturbances  be  such  that  the  arbitrary  constants 
multiplying  terms  in  w,  &c.  which  increase  without  limit  with 
the  time,  are  each  zero. 
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263.  Equal  Roots. — Wlien  the  equation  A  =  0  has 
equal  roots,  the  solution  in  Art.  259  of  the  differential  equa- 
tions (1)  seems  to  fail  from  not  containing  the  requisite  num- 
ber of  arbitrary  constants ;  and  we  might  suppose  that  terms 
containing  ^  as  a  factor  would  occur  in  the  values  of  u,  «?, 
&c.,  and  therefore  that  a  stable  motion  of  oscillation  would 
not  take  place  for  all  possible  small  disturbances.  Lagrange 
and  Laplace  both  fell  into  this  mistake,  which  was  first 
pointed  out  by  Dr.  Eouth. 

The  true  theory  depends  upon  the  circumstance  that  when 
the  equation  A  =  0  has  a  double  root  Xi,  the  system  of  i  linear 
equations  for  determining  a,  b,  &c.  (Art.  259),  can  be  satisfied 
by  (i  -  2)  of  these  quantities,  the  remaining  two  being  arbi- 
trary. 

This  may  be  proved  as  follows : — 

If  Ai,  A2  be  two  roots  of  the  equation  A  =  0,  we  have, 

by  (6), 

XiS^(«)i2  =  S{a)i2  =  \i%{a)n\ 

hence  (Xi  -  X2)  %{a)n  =  0. 

When  Xi  -  X2  becomes  small  without  vanishing  this  equa- 
tion shows  that  ^^  =0.      Hence  the   quantity  — ^ —, 

where  a^  and  ao  are  arbitrary,  does  not  tend  to  become  small 
along  with  Xi  -  X2,  but  remains  equal  to  a  quantity  essentially 

positive,  viz.  —^,    Now  each  term  of  — ^^ ~  contains  one 

^  ai  ax       axttz 

of  the  quantities  — -,  —  — ^,   &c.  as   a  factor,  and  is 

ai      tti    ax     ttz 

either  of  the   form  ^•{^(Xi)  -  ^(Xs)},  or  else  of  the  form 

k\p  (Xi)  {0(Xi)-0(X2) ) ;  where  k  is  an  absolute  constant,  and  ^fXi) 

b     c 
and  ^  (Xi)  are  each  the  value  of  some  one  of  the  ratios  — ,  — ,  &c. 

Ui    Ux 

Moreover,  any  one  of  the  functions  ^  (X;)  or  ^p{Xi)  is  a  fraction 
whose  numerator  and  denominator  are  rational  and  integral 
functions  of  Xi,  and  all  these  fractions  have  the  same  denomi- 
nator, viz.  -z-^.  But  if  ^(Xi)  (0  (Xi)  -  ^(X2)}  does  not  become 
cipxx 
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indefinitely  small  as  Xi  approaclies  X2,  either  ^  (Ai)  -  ^(Xa)  does 
not  become  indefinitely  small,  or  -^  (Xi)  becomes  indefinitely 
great.  In  the  former  case  the  first  derived  <^'(Xi)  must  become 
indefinitely  great,  which  cannot  happen  for  any  finite  value  of 
Xi  except  the  denominator  of  0(Xi)  be  zero.  Again,  i//{Xi)  cannot 
be  indefinitely  great  except  its  denominator  be  zero.  Hence, 
if  Xi  be  a  double  root  of  the  equation  A  =  0,  we  conclude  that 

-rr-^  must  vanish. 

dpn 

Instead  of  taking  ai  and  «2  as  arbitrary,  we  might  have 
taken  h^  and  ^2,  or  any  other  corresponding  pair  of  constants. 
Hence  all  the  minors  of  Ai  obtained  by  erasing  the  first  row 
and  first  column,  the  second  row  and  second  column,  &c., 
must  vanish.  Hence,  when  X  is  a  double  root  of  the  equa- 
tion A  =  0,  the  system  of  i  linear  equations  (2)  of  Art.  259, 
can  be  satisfied  by  [i  -  2)  of  the  quantities  a,  b,  &c.,  the  other 
two  remaining  arbitrary.  It  is  on  this  account  that,  when 
two  roots  Xi  and  X2  become  equal,  the  ratio  bi  :  ax  need  not  be- 
come equal  to  the  ratio  ^2 :  «2,  &c. 

We  can  now  show,  when  two  roots  Xi  and  X2  are  equal — 
(1)  That  the  method  already  given  of  effecting  the  ortho- 
gonal transformation  still  holds  good  with  a  slight  modifica- 
tion ;  (2)  That  it  is  unnecessary  to  introduce  terms  involving 
^  as  a  factor  into  the  solution  of  the  differential  equations  for 
Uy  Vf  Wj  &c. 

(1).  As  before  (Art.  262), 

U1U3  +  Vi«?i  +  WiWt  +  &c.  =  0,     W3W3  +  ViVi+  WiWi  +  &o.  =  0, 
&c.  =  0,  &c.  =  0, 

where  —  and  —  are  in  the  present  case  as  yet  arbitrary. 

The  equation  ihih  +  t^it^a  +  WiW^  +  &c.  =  0  can  now  be  satis- 
fied by  means  of  Vz :  ih  while  Vx :  Xh  still  remains  arbitrary. 

Hence  the  transformation  is  complete;  but  one  of  the 
ratios  which  is  determined  in  the  case  of  unequal  roots  is 
arbitrary  in  the  case  of  equal. 

(2)  When  the  roots  are  all  unequal  the  general  solution 
of  the  differential  equations  for  u,  v,  w,  &c.,  may  be  written 
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u  =  ai  sin  ty^Xi  +  a!  cos  t  ^\i  +  a-i  sin  ^  ^/X^  +  «/  cos  ^  \/\2 

+  «3  sin  ^  y\z  +  ^3'  cos  if  ^\z  +  &c. 

i;  =  Ji  sin  t^\i  +  5i'  cos  ^  */\i  +  is  sin  if  v^As  +  ia'  cos  ^  y^Xz 

+  ^3  sin  ^  s/\i  +  J3'  cos  ^  */Xz  +  &c. 

«;  =  Ci  sin  t  y^Ai  +  &o. 

&c.     =    &c., 

where  «i,  fl^/,  ^2,  ^2',  &c.,  are  arbitrary,  and  Ji,  6/,  ^2,  ^2',  &c., 
Ci,  Ci',  &c.,  are  then  determined  by  linear  equations — the 
equations  for  determining  hi,  Ci,  &o.,  being  the  same  as  those 
for  6/,  c/,  &c.,  except  that  the  former  contain  ai,  and  the 
latter  a/. 

If  two  roots  Ai  and  A2  become  equal, 

w  =  («!  +  a^  sin t  \/Ai  +  (a/  +  a^)  cos t y^Ai  +  0^3 sin  t v^ 

+  ^3'  cos  t  -v/As  +  &c. 

t>  =  (ii  +  fts)  sin  < -/Ai  +  (J/  +  h^)  cos  ^  y^Ai  +  &o. 

&o.  =  &c. ; 
or,  as  the  equations  may  be  written, 

w  =  «!  sin  t  v^Ai  +  a!  cos  t  -^/Ai  +  a^  sin  ^  ^X^ 

+  as'  cos  ^  -v/Aj  +  &o. 

«>  =  Ji  sin  ^  -\/Xi  +  hi  cos  ^  ^/X  +  <^c. 

w?  =  Ci  sin  ^  y\x  +  c/  cos  ^  -v/Ai  +  &o. 


-> 


>;    (7) 


where  «i  and  61  are  arbitrary,  but  the  remaining  [i  -  2)  con- 
stants Ci,  diy  &c.,  are  determined  in  terms  of  ai  and  hi ;  also 
a/  and  hx\  are  arbitrary,  but  c/,  dx,  &c.,  are  connected  with 
them  by  the  same  linear  equations  which  give  Ci,  g?i,  &c.,  in 
terms  of  ax  and  hx. 

The  solution  therefore  is  still  complete,  as  it  contains  four 
arbitrary  constants  corresponding  to  the  two  equal  roots  of 
the  equation  A  =  0,  in  addition  to  the  2  {i  -  2)  arbitrary  con- 
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stants  whioli  arise  from  the  (^  -  2)  remaining  roots  supposed 
unequal. 

The  preceding  investigation  can  be  easily  extended  when 
the  equation  A  =  0  has  r  roots  equal  to  one  another. 

In  this  case  2r  constants  «i,  ^i,  Ci,  &c.,  ai\  5/,  c/,  &c.,  are 
arbitrary,  and  the  i  linear  equations,  which  in  general  deter- 
mine (^  -  1)  constants,  in  terms  of  the  remaining  one,  fulfil 
the  conditions  required  in  order  that  only  i-r  oi  them  should 
be  independent. 

In  fact,  from  what  has  been  proved  above  it  appears  that, 
if  D  be  the  first  minor  of  the  determinant  A,  every  double 
root  of  the  equation  A  =  0  must  be  a  root  of  i)  =  0.  Hence 
if  A  have  r  equal  roots  D  must  have  (r  -  1).  Again,  it  is 
plain  that  D  is  related  to  its  first  minor  in  the  same  way  in 
which  A  is  related  to  2),  and  so  on.  "We  may  therefore  con- 
clude that  if  the  equation  A  =  0  have  r  roots  equal  to  Xi 
(r  -  1)  successive  minors  of  Ai  must  vanish. 

The  mode  of  investigation  employed  in  the  present 
Article  is  indicated  by  Thomson  and  Tait  [Natural  Philosophy, 
§  343  m). 

For  another  method  of  arriving  at  similar  results  the 
reader  is  referred  to  Salmon's  Higher  Algebra,  Art.  46,  or 
to  Routh's  Treatise  on  the  Dynamics  of  a  System  of  Rigid 
Bodies,  Part  ii.,  Art.  61. 

264.   Directions    of  Harmonic    Vibration. — If  we 

introduce  the  values  of  u,  v,  &c.  from  Article  259  into  those 
of  X,  y,  &c.,  in  Article  258,  we  have 

x  =  Xq  +  h[axai  +  J^^i  +  CxCi  +  &c.)  %m{t^\i  +  Xi) 

+  kiiflxai  +  hxhi-\- CxCz  +  &c.)  sin [t ^X^  +  X2)  +  &c., 

y^Va-^h  [Oyttx  4-  byhi  +  CyC^  +  &c.)  mi[ty/\i  +  Xi) 

+  h {ayUz  +  byb2  +  GyCi  +  &0.)  sin  {t y/Xj  +  X2)  +  &c., 

z=  Zq  +  ki («,«!  +  ^2^1  +  CzCi  +  &c.)  sin  {t  -v/X  +  Xi) 

+  k2  {aztti  +  bzbi  +  CsCz  +  &c.)  sin  [t^^Xz  +  X2)  +  &c. 
&c.     =    &c. 
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If  we  denote  by  /fi&,  ^2?2,  &o.,  the  increments  of  x  cor- 
responding to  Xi,  X2,  &c. ;  by  ki  rji,  kz  rjz,  &o.,  those  of  y,  and  so 
on,  we  may  write  these  equations 


X  =  Xq  +  ki  Si  +  kzKz  +  h  Ss  +  &c.  +  ki  ?i    "^ 

y=yo  +  kir]x  +  h  V2  +  hv3  +  &C.  +  ki  r^i      I 

z  =  2o  +  A^i  ?i  +  ^2  $2  +  ^3  Zz  +  &c.  +  A;i  Zi 
&0.     =     &o. 


(8) 


Hence  the  motion  of  each  particle  is,  in  general,  resolv- 
able into  i  simple  vibrations  whose  periods  are 


27r 


Jtt  '^ir 


r-> 


V  Ai        \/  A2  V    At 

The  motion  of  any  particle  being  determined,  the  motion 
of  any  other  consists  of  simple  vibrations  having  the  same 
periods,  or  harmonic  with  the  former. 

The  increments  ki  ^i,  ^1  »^i,  ^1  ^1,  if  they  existed  alone, 
would  determine  a  direction  of  vibration  for  the  particle 
Xy  y,  2,  which  depends  on  the  connexions  between  the  par- 
ticles and  the  forces  acting  on  the  system,  but  is  independent 
of  the  initial  positions  and  velocities.  Hence  the  directions 
of  the  several  component  vibrations,  as  well  as  the  ratios  of 
their  amplitudes  for  the  different  particles  in  any  one  har- 
monic set,  depend  on  the  particulars  of  the  system  (con- 
nexions and  forces),  and  are  independent  of  the  particulars  of 
the  motion  (initial  positions  and  velocities). 

The  several  systems  of  directions  (^i,  r?i,  Z\ ;  Si'>  m^  Zi  ; 
$1",  rii\  Z\  \  &c.),  ($2,  »72,  ^2;  S2',  »?2',  U\  &c.),  &c.,  along 
which,  if  the  particles  were  simultaneously  displaced,  they 
would  all  vibrate  in  the  same  period  or  harmonically,  are 
termed  the  directions  of  harmonic  vibration. 
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Examples. 

In  each  of  the  following  Examples  up  to  15,  with  the  exception  ofS,  the  small 
oscillations  of  the  given  system  are  to  be  determined : — 

1.  A  material  particle  oscillates  about  the  lowest  point  of  a  vertical  circle 
under  the  action  of  gravity. 

Take  the  lowest  point  for  origin ;  let  the  vertical  ordinate  be  a,  and  the 
horizontal  x ;  then  2rz  =  x^  +  z^;  and  x  being  email,  2  ia  of  the  order  x^,  and, 
accordingly,  z^  may  be  neglected ;  therefore 


dh_     d^       l^^V- 


r^z  =  xZx,     r'^  =  x'^-\-  (^^] 


dH 
hence  —-r  is  negligible,  and 
df- 

(d'^x     g    \ 

therefore  — -  +  -  a;  =  0,    and  a;  =  A  sin  (  A-  ^  +  y  ) . 

dt^      r  VSr  J 

2.  A  heavy  particle  oscillates  about  the  lowest  point  of  a  curve,  lying  in 
a  vertical  plane. 

If  r  be  the  radius  of  curvature  of  the  curve  at  its  lowest  point,  the  question 
is  reduced  to  the  last. 

3.  A  heavy  particle  oscillates  about  the  lowest  point  of  a  sphere. 

Taking  the  origin  at  the  lowest  point,  and  the  axis  of  z  vertical,  we  have 

.    _  d'^z 

2rz  =  x^  +  y^  +  z^.    Accordingly  we  may  neglect,  as  in  Ex.  1,  «*  and  -— ;  also 

at 

rSz=:xSz  +  ySy; 

hence  (£L^ +?,),.  + (g( +  £,),,  =  0; 

d^x     g  d'^y     g 

therefore  ^-r  +  -  a?  =  0,  and  — -  +  -  «  =  0 ; 

dt^       r  dt^       r 

therefore  a;  =  m  sin  [  ,J-  ^  +  ^  j ,     y  =  «  sin  f  A-  <  +  v  J , 

where  m,  »,  )u,  and  v  are  arbitrary  constants.  From  these  equations  it  appears 
that  the  projection  of  the  path  of  the  particle  on  a  horizontal  plane  is  an  ellipse 
whose  equation  is 

The  harmonic  determinant  is  a  quadratic  function  of  A  having  equal  roots. 
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4.  A  heavy  particle  oscillates  about  the  lowest  point  of  an  ellipsoid. 

Take  tangents  to  the  Lines  of  curvature  at  the  lowest  point  for  the  axes  of 
X  and  y,  then  the  equation  of  the  surface,  neglecting  small  quantities  of  an  order 

higher  than  x^,  is  2*  =  —  +  — ,  where  Ri  and  J?2  are  the  principal  radii  of  cur- 
JR\      Mi 

dH 
vature.    Substituting  for  It  in  the  general  dynanucal  equation,  neglecting  — , 

and  equating  to  zero  the  coefficients  of  Zx  and  5y,  we  obtain 

therefore  a;  =  w  sin  f  J^  t  +  fi),    y  =  n  sin  fJ  —  <+»/]. 

A  similar  result  holds  good  in  the  case  of  any  concave  surface. 

5.  A  heavy  bar  hanging  freely  from  one  extremity  is  sHghtly  displaced. 
Take  two  horizontal  Lines  at  right  angles  to  each  other  passing  through  the 

point  of  suspension  for  axes  of  x  and  y.  Let  the  small  angiilar  displacements  of 
the  bar  at  any  time  round  these  axes  be  d  and  <j> ;  then,  r  being  the  distance  of 
any  point  of  the  bar  from  its  extremity, 

X  =  r<f>,    y  —  rd,     z^  =  r^  —  x"^  -  y"^ ', 

therefore  ii  =  r{l-^d^-  i^cp^) ,     9z  =  -  r{dSd  +  <p^), 

dh 
thuB  we  may  neglect  — ,  and  have 

d^e 
Hence,  —  jr^dm  +  gB  jrdm  =  0, 

d^d> 

--^jr'^dm  +  9<pjrdm=  0. 

6.  Two  balls  connected  by  a  horizontal  bar,  whose  mass  may  be  neglected, 
are  suspended  by  two  vertical  cords  of  equal  length.  The  bar  receives  a  slight 
displacement  of  rotation  round  a  vertical  axis  midway  between  the  cords. 

Let  rp  be  the  angle  which  the  bar  makes  with  a  horizontal  line  parallel  to  its 
initial  position,  d  the  inclination  of  one  of  the  cords  to  the  vertical  (see  figure  in 
Ex.  7,  Art.  228),  I  its  length,  b  the  distance  from  the  middle  point  of  the  bar  to 
one  of  the  balls  ;  then 

x  =  bcourp  =  b{l-^>P^),     y=by\>,     «  =  /(l-^tf2). 


382 


Small  Oscillations. 


but 
and 
then 


ld  =  b\p 


5     '■'^=i{^-i~,v) 


-X,    y  =-y,    z  -%', 

dH      d^z      dH      d'^sf 
d^'     'd^*     1^'     ~d^ 


may  be  neglected,  and  equating  to  cipher  the  coefficient  of  Z^  in  the  general 
equation,  we  have 

dH  P 


therefore 


rp  =  asm  U^^t  +  xj, 


where  o  and  x  ^-re  arbitrary  constants. 

This  shows  that  the  period  of  vibration  is  the  same  as  that  of  a  pendulum 
whose  length  is  l. 

7.  A  heavy  bar  having  no  balls  attached  is  suspended  and  displaced  as  in 
the  preceding  example. 

Let  r  be  the  distance  of  any  point  of  the  bar  from  its  centre,  and  b  the 
distance  from  its  centre  to  the  point  of  attachment  of  one  of  the  cords ;  then, 
as  in  the  preceding  example, 

dH  ^2 


therefore 


4/  =  osin(-J-<  +  x)>  where  jr^dm  =  mP. 


8.  How  must  the  bar  in  the  preceding  example  be  suspended  in  order  that 
its  vibrations  should  be  isochronous  with  those  of  a  ball  hung  by  one  of  the 
supporting  cords? 

Ana.  b  =  k.    In  the  case  of  a  homogeneous  bar  whose  length  is  2a, 

a 
b  =  —. 

9.  A  number  of  balls  suspended  by  a  fine  cord  hang  in  ^ 
a  vertical  line,  and  are  slightly  displaced  in  the  same  vertical 
plane. 

Let  xi,  z\ ;  a^j,  03,  &c.,  be  the  horizontal  and  vertical 
coordinates  of  the  balls;  a\,  a^,  &c.,  the  distances  from 
the  point  of  suspension  to  the  first  ball,  from  the  first  ball 
to  the  second,  and  so  on;  Qi,  02,  Sec,  the  angles  which  ai, 
ai,  &c.,  make  with  the  vertical  at  any  instant.  The  weight 
of  the  cord  being  neglected,  the  distances  a\,  &c.  are  inva- 
riable ;  then 

x\  =  a\6\,  zi  =  ai  cosdi  =  ai  (1  -  ^ai2), 

xz  =  ai0i  +  a^Qi,     Z2  =  ai{l  -  ^dy)  +  ^2(1  -  i 0r),  &c. 
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Substituting  in  tlie  general  dynamical  equation,  neglecting  — -,  &c.,  and  equat- 
ing to  zero  the  coefficients  of  50i,  502,  &c.,  we  have,  after  dividing  the  first 
equation  by  ai,  the  second  by  «2,  &c., 

(wi  +  mz  +  mz  +  &c.)  aidi  +  {m^  +  mz  +  &c.)  a^Qi  +  {niz  +  &c.)azQz  +  &c. 

+  (mi  +  m2  +  kG.)ge\  =  0, 

{mz  +  mz+Scc.)  «i  0*i  +  {mz  +  mz  +  &c.)  aj^z  +  {mz  +  &c.)  as  ^3  +  &c. 

+  (W2-|-&C.)^02  =  0, 
f«„  «i  01  +  mn  «2  02  +  mn  «3  ^3  +  &C.  +  Mn  an  On  +  m„ffdn  =  0. 

Hence,  assuming 

01  =  ka  sin  {t  Va  +  x)>     ^z  =  ^fi  »"!  (<  Va  +  x)>  &c., 

where  ^-  and  x  are  arbitrary  constants,  we  get  to  determine  o,  fi,  7,  &c.,  and  \ 
the  equations 

(mi  +  »t2+  &c.)(aiA-^)a+{m2+ wa  +  &c.)«2A/3+  (m3+&c.)«3A.7+  &c.  =  0, 

{mz  +  mz  +  &c.)  a\  Ao  +  {mz  +  wj  +  &c.)  {az\-g)  /9  +  (ws  +  &c.)a3A7  +  &c.  =  0, 

(«ia  +  «3i8  +  ff37  +  &c.  +  anf»)\  -^a>=  0. 

10.  The  system  of  balls  suspended  as  in  the  last  example  are  displaced  in 
different  vertical  planes. 

In  this  case,  0i  and  ^I'^being  the  angular  displacements  of  ai  round  the 
axes  of  X  and  y,  02  and  <pz  those  of  oz-,  &c., 

x\=ai(p\,    y\  =  a\eu    zi  =  fli(l  -  ^01^  -  ^(^i^),  &c. ; 

then  01,  02,  &c.,  are  independent  of  <^i,  <pz,  &c.,  as  in  Ex.  3.  The  values  of  0i, 
&c.,  are  therefore  the  same  as  in  the  last  example,  whilst  those  of  ^1,  &c.,  differ 
from  them  only  by  having  a  different  set  of  arbitrary  constants. 

11.  A  number  of  rigid  bars  are  hinged  together  in  the  same  vertical  line, 
and  are  displaced  in  the  same  vertical  plane. 

If  x\,  «i  be  the  coordinates  of  any  point  of  the  first  bar,  xzt  tz  those  of  any 
point  of  the  second,  &c.,  and  0i,  02,  &c.,  the  inclinations  of  the  bars  to  the 
vertical;  x\  =  ri0i,  zi  =  m(1  -  ^di^),  xz  =  «i  0i  +  rzOz,  zz  =  ai{l  -  ^di^) 
+  rz{l  -W)>  &c. 
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Proceeding  as  in  Ex.  9,  we  obtain 
{mi/fci'^  + (m2  +  W3  +  &c.)«i2}0i  +  {m^hz  +  (W3  +  &c.)«2}  «'i02 
+  {fnzh  +  (w4  +  &c.)  fls}  «i ^3  +  &c.  +  {m\ b\  +  (mj  +  W3  +  &c.)  ai}gBi  =  0, 
{mgia  +  (ma  +  &c.)  ag}  a\Q\  +  {^2^2''  +  (W3  +  &c.)  a%^}  62 
+  {ttizbz  +  (mi  +  &c.) 053}  «2 ^3  +  &c.  +  {tnzbz  +  {ms  +  m*  +  &c.) at}  gdz  =  0, 


mnhndidi  +  ntnbnazdz  +  ntnbncizds  +  &c.  +  mnh^Qn  +  mnbngQn  =  0, 

where  A;i,  A:2,  &c.,  are  the  radii  of  gyration  of  the  bars  round  their  extremities, 
and  b\,  bz,  &c.,  the  distances  from  the  extremities  of  their  centres  of  inertia. 
The  solution  of  these  equations  is  obtained  in  the  same  manner  as  in  Ex.  9. 

12.  Two  balls,  mi,  and  mi,  are  suspended  by  cords,  whose  lengths  are«i  and 
az,  from  the  extremities  of  the  arms  bi  and  ^2  of  a 
lever,  whose  position  of  equilibrium  is  horizontal, 
and  which  hangs  by  a  bar  c,  at  right  angles  to  it, 
from  a  fixed  point.  The  system  is  displaced  in 
the  vertical  plane  which  it  occupies  when  in  equi- 
librium. 

Let  01,  02,  03,  be  the  inclinations  of  ci,  «2,  andc 
to  the  vertical ;  xi,  zi,  and  X2,  Z2  the  coordinates  of 
mi  and  m2 ;  and  xs,  zs  those  of  ani/  point  of  the 
lever  whose  distance  from  the  point  of  junction 
with  c  is  r ;  then 

xi  =  ai0i  +  bi{l  -  \0z^)  +  C0Z,    zi  =  ai{l-  ^0i^)  -  by02  +  c(l  -  ^03^), 

Xi  =  az02  -  ^3(1  -  \0Z^)  +  C0Z,      22  =  «2(1  -  h^i^)  +  *2  03  +  c{\  -  ^0^^ 

arg  =  r  (1  -  W)  +  c0z,     23  =  -  r03  +  c (1  -  ^^s^). 

cf^Xi 

Expressing—-,  ixi,  &c.,  in  terms  of0i,  $2,  03,  the  general  equation  of 
djrnamics  becomes 

mi  (ai  01  +  C03)  (ai  S0i  +  eS^s)  +  m2  («2  02  +  e03)  («2  W2  4-  c503) 

+  (m3c'  +  mi  Ji*  +  m2  ^2'^  +  Jr'  dms)  '03  SOs 

■\-  ff  {miai0iS0i  +  m2a202B02  +  [(mi  +m2  +  m3)c03-^-  mibi  - m2b2-\- jrdm3']  Sd^} 
=  0,  where  ma  is  the  mass  of  the  lever. 

As  the  initial  position  is  one  of  equilibrium, 

wi  bi  -  W2  ^2  -f  jrdm3  =  0. 
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Hence,  putting 

mi  bv'  +  mz  b-^  +  ^r^  dm^  +  {mi  +  m^  +  ma)^^  =  (;»i  +  m-z  +  m3)cn!3, 

we  have,  from  the  equations  got  by  equating  the  coefficients  of  50i,  &c,  to  cipher, 

Bi  =  ka sin  (^Va  +  x),     ^2  =  kfi  sin  (^Va  +  x),     ^3  =  ^cy  sin  (^  Va  +  x), 

where  o,  fi,  y,  and  A  are  determined  by  the  equations 

(«iA  -^)a  +  CA7  =  0, 

(<^2\-y))3+  CA7  =  0, 

wi  ai  Ao  4  »W2  <?3  Aj8  +  (mi  +  mz  +  ms)  (asA  —  ^)  7  =  0. 

The  resulting  cubic  for  A  becomes  a  quadratic  if  either  «i  =  0,  or  «2  =  0  ;  and 
appears  as  the  product  of  a  linear  and  a  quadratic  factor  if  ai  =  oo. 

13.  The  balls  and  cords  in  the  preceding  example  are  replaced  by  two  bars 
which  hang  freely  from  the  ends  of  the  lever. 

xiy  zi  being  the  coordinates  of  ani/  point  of  the  first  bar  whose  distance  from 
the  extremity  is  ri ;  X2,  22,  ^'2,  coi-responding  quantities  for  the  second  bar,  and 
the  rest  of  the  notation  as  in  the  last  example,  we  have 

tri  =  ri0i  +  *i(l  -^03=)  +  c03,     zi  =  n(l  -J0i')-  hez  +  c{l  -^Oz^), 

X%  =  r202  -  *2(1  -  ^03^)  +C03,      22=  r2(I  -  \Qz^)  +  *2  03  +  e{\  -  ids^), 

m 
andiCs  and  Z3  the  same  as  in  the  preceding  example.     Hence,  assuming  as  before 

Oi  =  ka  sin  (^Va  +  x)>  &c., 
and  putting 

jri^dmi  \r2^dm-i 

f  r\dm\  =  h,    J  ^2  am2  =  h,     ^ — -; —  =  ai,     . — ^^ —  =  azy 
■*  J  ri  dm\  J  r2  a;M3 

we  have,  to  determine  o,  /9,  7,  and  A,  the^equations 

(aiA  -  g)a  +  cKy  =  0, 

(fl2\  -  g)^  +  CA7  =  0, 

mi?iAo+  m2h\$  +  (»»i  +  W2  +  ma)  (otsA  -  ^)  =  0. 

When  ai  =  ^2,  the  cubic  for  A  appears  as  the  product  of  a  linear  and  a  qua- 
dratic factor. 

14.  A  rigid  body,  having  a  fixed  point  and  in  stable  equilibrium  under  the 
action  of  a  conservative  system  of  forces,  is  slightly  disturbed. 

Let  the  axis,  a  rotation  round  which  would  bring  the  body  from  its  position 
of  equilibrium  to  its  actual  position  at  any  time  (Art.  229),  make  angles  with 
the  principal  axes  of  the  body  at  the  fixed  point  whose  direction  cosines  are 
/,  m,  n.    Let  <r  be  the  magnitude  of  the  required  rotation,  which  by  hypo- 
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thesis  is  a  small  quantity.  The  coordinates  of  each  point  of  the  body  are 
then  at  any  time  functions  of  constants  and  of  the  variables,  c,  I,  m,  n,  or,  of 
the  three  independent  variables  al,  fftn,  an,  which  may  be  denoted  by  0,  <p,  <//. 
Hence,  as  d.  <p,  \p  are  small,  and  the  initial  position  is  one  of  eqtiilibrium 
(Art.  258), 

V=  To  -  i  {pn  02  +  P22  <^2  +  JP33  V  +  2^712  e<f>  +  2pu  erp  +  2p23  (pri/). 

Again,  neglecting  small  quantities  of  the  second  order,  wi  =  tf,  W2  =  <p,  «3  = »// ; 
and  therefore  (Art.  245) 

neglecting  small  quantities  of  the  third  order. 
Hence  Lagrange's  equations  (Art.  260)  become 

Ae  +  puB  +  pn<l>  +  pii^lf  =  0, 

-BJfi  +Pl20  +  P22<t>-\-p23^='  0, 
(^  +Pizd  +P23<I>  +P33^  =  0. 

Assuming 
e  =  Jia  sin  {t  Va  +  x)>     <P  =  *)8  sin  (<  Va  +  x).     '/'  =  *7  sin  {t  Va  +  x), 
we  have,  for  the  determination  of  a,  /8,  7,  A,  the  equations 
A\a  =pna->r  P12  fi  +  Pny, 

£\fi  =  P12  a  +  P22  $  +  P23  7»» 
CA7  =  piia+  P23  $  +  P33  7* 

If  ai,  as,  &c.,  be  the  values  of  a,  &c.,  corresponding  to  Ai  and  A2,  two  of 
the  roots  of  the  cubic  for  a,  it  is  easy  to  see  that 

(Ai  -  A2)  (^01 02  +  £$i  ^2  +  Cyi  72)  =  0  ; 

hence  Aai  02  +  ^0i  $2  +  Cyi  72  =  0, 

and  therefore  also 

azipn  01  +  Pi2^\.  +J5i3  7i)  +  ^2  {pizai  -V P22  fi\-\- P23y\) 

+  72  {PU  0L\  +  PZZ  j3l  +  i?33  71)  =   0. 

Accordingly  the  lines  whose  direction  cosines  are  proportional  to  01,  )8i,  71 ; 
02,  ^2,  72 ;  az,  03,  73 ;  are  conjugate  diameters  of  the  momental  eUipsoid,  and 
likewise  of  the  quadric  J3,  whose  equation  referred  to  the  principal  axes  of  the 
body  at  the  fixed  point  is 

Pn  x^  +  P22  ip-  +  P33  2*  +  2i?i2  xy  +  2^13  xz  +  2i>23  yz  =  K. 

Since  the  initial  position  is  one  of  stable  equilibrium,  E  must  be  an  ellipsoid 
(Art.  262). 
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An  angular  displacement  <ri  from  the  position  of  equilibrium  brings  the  body 
into  a  position  whose  potential  energy,    relative  to  the  initial  position,    is 


hK 


fer- 


ri  being  the  semi-diameter  of  E  round  -which  the  rotation  cri  is 


effected.  Hence  all  small  angular  displacements,  which  are  proportional  to  the 
diameters  of  E  round  which  they  are  effected,  bring  the  body  into  positions 
having  the  same  potential  energy.  On  this  account  Dr.  Ball  calls  ^the  ellipsoid 
of  equal  energy,  or,  the  potential  ellipsoid  corresponding  to  the  initial  position  of 
equilibrium.  The  results  arrived  at  may  therefore  be  stated  as  follows  : — The 
harmonic  axes  of  a  rigid  body,  having  a  fixed  point  and  in  stable  equilibrium 
under  the  action  of  a  conservative  system  of  forces,  are  the  three  conjugate  dia- 
meters common  to  the  momental  and  the  potential  ellipsoids.  This  theorem  ia  due 
to  Dr.  BaU. 

15.  If  gravity  be  the  only  force  acting 
on  the  body  in  the  last  example,  show  that 
the  potential  ellipsoid  becomes  a  circular 
cylinder,  and  determine  the  positions  of  the 
harmonic  axes. 

Let  0  be  the  fixed  point,  G  the  initial 
position  of  the  centre  of  inertia,  G'  its  posi- 
tion resulting  from  a  small  angular  displace- 
ment <r  of  the  body  roimd  the  line  OB  whose 
direction  cosines  are  I,  m,  n.  Draw  GP 
and  G'F  perpendicular  to  OH,  and  G'H 
perpendicular  to  OG.  Then  <t  =  L  GPG\ 
and  the  potential  energy  due  to  the  displace- 
ment is  3Ji^  .  GH.  Putting  OG  =  a,  and 
Z  GOF=p,  we  have 


gb:= 


GO'2     P02 .  ^2      a 


2a 


2a 


=  -  0-2  sia'f 


Again,  i£  \,  /jl,  u  be  the  direction  cosines  of  OG, 

o-  cos  p  =  0-  {l\  +  m/i  +  ny)  =  0\  +  (pfi  ■{■  ^v. 
Hence,  the  potential  energy  due  to  the  displacement  is 
^mga  {02  4.  ^2  +  ^«  _  {d\  -f-  (^A*  +  «/"')'), 
and  the  quadric  E  is  determined  by  the  equation 

a;2  +  y2  ^  22  _  (^j;  +  fiy  +  vz^  -  K, 

which  represents  a  right  circular  cylinder  having  OG  for  its  axis. 

This  can  also  be  easily  seen  directly  as  foUows : — The  amount  of  energy  T 
required  to  turn  the  body  through  an  angle  a  round  any  semidiameter  r  oi  E  is, 

0-2 

as  we  have  seen,  \K-r.     Now,  if  r  be  vertical,  T=  0,  and  therefore  r  =  cc  . 

Also,  if  r  be  horizontal,  T  =  SW^A  (where  h  is  the  height  through  which  the 
centre  of  inertia  is  raised),  and  is  therefore  constant  if  o-  be  constant,  therefore  r 
is  constant ;  accordingly  the  corresponding  section  of  -B  is  a  circle. 

To  determine  the  harmonic  axes — One  is  the  vertical,  OG,  the  other  two  aie 
found  as  follows : — Draw  the  diametral  plane  of  the  momental  ellipsoid  which  is 
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conjugate  to  a  vertical  line  throngli  the  fixed  point ;  it  will  meet  the  cylinder  E 
and  the  monaental  ellipsoid  in  two  ellipses ;  the  pair  of  conjugate  diameters  common 
to  these  two  are  the  lines  required.  Also,  since  a  horizontal  section  of  ^  is  a 
circle,  the  projections  on  any  horizontal  plane  of  the  two  non- vertical  harmonic 
axes  are  lines  at  right  angles  to  each  other.  If  the  body  be  displaced  without 
initial  velocity,  there  \\dll  be  no  oscillation  round  the  vertical  axis ;  and  if  the 
periods  of  vibration  round  the  other  two  axes  be  different,  the  instantaneous  axis 
of  rotation  will  either  oscillate  or  revolve  continuously  in  the  plane  of  the  non- 
vertical  harmonic  axes.  If  after  displacement  an  initial  velocity  be  imparted  to 
the  body,  in  order  that  there  should  be  small  oscillations,  this  initial  velocity  of 
rotation  must  be  round  an  axis  in  the  plane  of  the  two  non-vertical  harmonic 
axes. 

16.  If  the  system  of  forces  acting  on  the  body  be  constant  in  magnitude  and 
direction,  determine  the  valvies  of  ;?ii,  kc,  in  Example  14. 

Let  the  components  of  the  constant  force  acting  at  any  point  of  the  body, 
parallel  to  the  initial  directions  of  its  principal  axes,  bo  X,  Y,  Z ;  and  let  the 
coordinates  of  the  point  of  application  referred  to  the  principal  axes  be  x,  y,  c, 
then, 

PM  =  'i{yY^  zZ),    P22  =  2  {zZ  +  xX),     pi3  =  -S{xX  +  yY), 

2j!?i2  =  -2(.rr+yX),     2pi3  =  ~  :S{xZ  +  zX),     2i?23  =  -  2(yZ+ zF). 

17.  If  a  system  whose  position  is  determined  by  thi-ce  independent  variables 
perform  small  oscillations,  prove  that  the  harmonic  axes  are  the  three  conjugate 
diameters  common  to  the  quadrics  ^  and  S  (Art.  261). 
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OHAPTEE  XII. 

THE   DYNAMICAL    PRINCIPLES. 

Section  I. — Motion  of  Centre  of  Inertia^  and  Moments  of 

Momentum. 

265.  Centre  of  Inertia  of  a  Free  (System. — A  system 

is  said  to  be  free  when  it  is  not  acted  on  by  any  restraints 
external  to  itself. 

It  has  been  shown  in  Art.  207  that  the  equations  of 
motion  of  a  rigid  body  are  in  their  most  general  form  appli- 
cable to  any  system  whatever.  Hence,  from  Art.  204,  we 
may  conclude  that — 

In  any  free  system  the  centre  of  inertia  moves  as  if  all  the 
forces  were  applied  to  the  entire  mass  concentrated  at  that  point. 

As  this  theorem  is  one  of  great  importance,  we  shall  prove 
it  directly  from  D'Alembert's  Principle  as  follows  : — 

If  a  system  be  free,  equal  and  parallel  displacements  in 
any  arbitrary  direction  can  be  given  to  each  of  its  diiferent 
points,  as  their  relative  positions  are  thereby  undisturbed.  In 
D'Alembert's  equation  (Art.  201)  we  may  therefore  consider 
Sir,  Sy,  ^2,  as  arbitrary  and  independent,  but  as  having  the 
same  values  for  all  points  of  the  system.     Hence 

and  therefore 

(sm)f=sx,(s,«)g  =  sF,  (:..)£=  sz.     (1) 

266.  Restraints  and  Partial  Freedom. — If  a  sys- 
tem be  subject  to  restraints  external  to  itself,  we  may  apply 
equations  (1),  provided  we  suppose  the  restraints  replaced 
by  the  forces  to  which  they  give  rise. 
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If  a  system,  though  not  entirely  free,  be  such  that  equal 
and  parallel  displacements  of  arbitrary  magnitude  can  be 
given  to  each  of  its  points  in  a  definite  direction,  and  if  the 
axis  of  X  be  taken  in  that  direction,  we  have  still  the  equa- 
tion 

267.  Internal  Forces. — Any  force  by  which  two 
parts  of  a  system  act  on  each  other  is  said  to  be  internal. 

Since  action  and  reaction  are  equal  and  opposite,  the  com- 
ponents of  internal  forces  destroy  one  another  in  the  sums 
2X,  SZ,  and  2Z.     Hence  in  any  system — 

Internal  forces  have  no  effect  on  the  motion  of  the  centre  of 
inertia. 

268.  Case  of  no  External  Forces. — It  follows  from 
Art.  267,  that  if  a  system  be  acted  on  by  no  external  forces, 
its  centre  of  inertia  is  either  at  rest  or  moves  in  a  straight 
line  with  a  constant  velocity.  This  theorem  is  sometimes 
termed  The  Principle  of  the  Conservation  of  the  Motion  of  the 
Centre  of  Inertia. 

Results  similar  to  those  of  the  preceding  Articles  hold 
good  for  impulses. 

269.  Motion  of  a  Free  System  relative  to  its 
Centre  of  Inertia. — If  ^,  rj,  ^  be  the  coordinates  of  any 
point  of  a  system  referred  to  axes  through  its  centre  of 
inertia  parallel  to  fixed  directions,  cc  =  x  +  ^,  y  =  y  +  Vi  z  =  z-hZ. 
Substituting  in  D'Alembert's  equation,  we  have 


(Pz 
df 


d'x        _^     d^v  _    -        dh  „     ^^ 

..|(z-™f)s£,(r-,„J.)s,.(^-«f)«j... 
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Now  Sm?  =  Smrj  =  SmJ  =  0  :  hence,  by  equations  (1), 
Art.  265,  we  obtain 


S  \\X-m 


It  follows  from  this  equation  that — 

The  motion  of  a  free  system  relative  to  its  centre  of  inertia  is 
the  same  as  if  this  point  were  fixed  in  space,  the  applied  forces 
being  unaltered  as  regards  magnitude,  direction,  and  point  of 
application. 

270.  Moments  of  Momeiituiii. — If  x,  y,  z  be  the  co- 
ordinates of  any  point  of  a  system,  and  m  the  mass  concen- 
trated at  that  point,  the  quantity 

^     f   dy        dx 
\   dt      ^  dt 

is  called  the  moment  of  momentum  of  the  system  round  the 
axis  of  s.  It  may  also  be  termed  twice  the  areal  velocity  of 
the  system  round  the  same  axis  (Arts.  29,  206). 

The  Momentum  Axis  and  Principal  Plane  of  any  system 
are  determined  as  in  Art.  253.  It  can  be  shown,  as  has  been 
done  in  that  Article  for  a  rigid  body,  that — 

The  moment  of  momentum  of  a  system  round  an  axis  through 
any  point  0  is  equal  to  the  moment  of  momentum  round  a  parallel 
axis  through  the  centre  of  inertia,  together  with  the  moment  of 
momentum  relative  to  0  of  the  entire  mass  of  the  system  supposed 
to  he  concentrated  at  the  centre  of  inertia,  and  moving  with  it. 

271.  Free  iSystem. — Equations  (8)  obtained  in  Article 
206,  for  determining  the  moments  of  momentum  of  a  rigid 
body,  may,  like  those  for  determining  the  motion  of  the  centre 
of  inertia,  be  applied  to  any  free  system.  This  appears  from 
Art.  207. 

The  direct  deduction  of  these  equations  from  D'Alembert's 
Principle  is  effected,  in  the  case  of  any  system,  by  giving  to 
each  point  of  the  system  a  displacement  such  as  it  would  re- 
ceive if  all  the  points  were  rigidly  connected,  and  the  whole 
system  made  to  rotate  round  an  arbitrary  axis.     Whatever  be 


392         Centre  of  Inertia  and  Moments  of  Momentum. 

the  internal  connexions  of  the  system,  such  displacements  are 
possible,  since  they  leave  the  relative  positions  of  all  the 
points  unaltered. 

272.  Restraints  and  Partial  Freedom. — A  system 
which  is  not  free  may  be  regarded  as  free  if  the  external  re- 
straints be  replaced  by  the  forces  to  which  they  give  rise. 

If  the  system,  though  not  free,  be  such  that  displace- 
ments can  be  given  to  its  points,  such  as  they  would  receive 
if  they  formed  a  rigid  system  made  to  rotate  round  a  fixed 
axis,  the  equation  for  determining  the  moment  of  momentum 
of  the  system  round  this  axis  still  holds  good.     Hence, 

//  there  he  a  fixed  line  in  a  system^  the  rate  of  change,  relative 
to  the  time,  in  the  moment  of  momentum  of  the  system  round  this 
line  is  equal  to  the  moment  of  the  applied  forces. 

If  there  be  one  point  of  a  system  fixed.  Equations  (8) 
Art.  206  hold  good  for  this  point  as  origin. 

273.  Internal  Forces. — Since  internal  forces  occur  in 
pairs,  each  pair  consisting  of  two  equal  and  opposite  forces 
having  a  common  line  of  direction,  the  moment  round  any 
line  of  the  whole  set  of  internal  forces  must  be  zero.  Hence 
the  moments  of  momentum  of  any  system  are  unaffected  by  forces 
internal  to  the  system. 

274.  Conservation  of  Moment  of  Momentum. — If 

a  free  system  be  unacted  on  by  any  forces  external  to  itself, 
its  resultant  moment  of  momentum,  relative  to  any  point 
fixed  in  space,  is  constant,  and  has  for  its  axis  a  line  whose 
direction  is  invariable. 

A  similar  result  holds  good  for  the  centre  of  inertia  even 
though  this  point  be  not  fixed  in  space. 

If  a  system,  otherwise  free,  contain  a  point  or  a  line  fiied 
in  space,  and  be  unacted  on  by  external  forces,  the  resultant 
moment  of  momentum  of  the  system  relative  to  the  fixed 
point,  or  the  moment  of  momentum  round  the  fixed  line,  is 
constant. 

The  theorems  enunciated  in  this  Article  together  consti- 
tute what  has  been  often  termed  The  Principle  of  the  Conser- 
vation of  the  Moment  of  Momentmn,  or  The  Principle  of  the 
Conservation  of  Areas. 
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As  the  moment  of  a  force  round  an  axis  intersecting  the 
line  of  direction  of  the  force  is  zero,  we  see  that — 

If  the  lines  of  direction  of  all  the  external  forces  which  act  on 
a  free  system  he  met  hy  the  same  space-axis^  the  moment  of  mo- 
mentum of  the  system  round  this  axis  is  constant. 

If  the  space-axis  be  fixed  in  the  system,  which  is  other- 
wise free,  the  theorem  above  still  holds  good. 


Examples. 

1.  A  number  of  spheres  are  projected  in  different  directions  with  different 
initial  velocities  along  a  rough  horizontal  plane  ;  find  the  path  of  their  common 
centre  of  inertia. 

Ans.  A  series  of  parabolas,   and  finally  a  straight  line  (see  (1),    Ex.  13, 
p.  278). 

2.  Show  that  the  centre  of  inertia  of  the  universe  is  either  fixed  in  space  or 
else  moves  in  a  straight  line  with  a  constant  velocity. 

3.  A  dog  walks  from  one  end  to  the  other  of  a  uniform  plank  which  is 
placed  on  a  smooth  horizontal  table  ;  determine  the  displacement  of  the  plank. 

Let  a  be  the  length  of  the  plank,  P  its  mass,  D  that  of  the  dog ;  the  dis- 

placement  is  — a. 

B  \  P 

4.  A  uniform  plank  is  placed  on  a  smooth  inclined  plane  so  as  to  be  perpen- 
dicular to  the  intersection  of  the  inclined  plane  with  the  horizon ;  determine  the 
time  in  which  a  dog  should  go  from  the  upper  to  the  lower  end  of  the  plank  in 
order  that  it  should  remain  unmoved. 

Let  t  be  the  time  required.     The  displacement  of  the  centre  of  inertia  of  the 

system  in  the  time  t  in  space  is  \gf-  sin  i,  and  relative  to  the  plank  is  =r a. 

If  the  plank  remain  unmoved  these  must  be  equal.     Hence 

21)  a 


I)  -{■  P'  g  sini* 

5.  A  sphere  is  projected  with  a  velocity  v  along  a  uniform  smooth  tube 
within  which  it  fits  exactly.  The  tube  rests  on  a  smooth  horizontal  plane,  and 
its  axis  forms  a  circle  ;  determine  the  motion. 

Let  m  be  the  mass  of  the  sphere,  m'  that  of  the  tube,  and  a  the  radius  of 
the  circle  formed  by  its  axis.  The  common  centre  of  inertia  0  of  the  tube 
and  sphere  moves  parallel  to  the  direction  of  projection  of  the  sphere   with 

a  velocity  -,  and  the  centres  of  the  tube  and  sphere  describe  circles  round 

m  +  m 

0  with  an  angular  velocity  -. 

a 
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6.  A  uniform  circular  plate  whose  centre  is  fixed  lies  on  a  smooth  horizontal 
plane.  An  insect  starts  from  the  centre  of  the  plate,  and  returns  to  the  same 
poiat  after  describing  a  circle  whose  diameter  is  the  radius  of  the  plate  ;  find 
the  angle  through  which  the  plate  has  turned. 

Let  <p  be  the  angle  through  which  the  plate  has  turned  at  any  time,  a  its 
radius,  m  its  mass,  m  that  of  the  insect,  r  and  d  its  polar  coordinates  in  space, 
r  and  i//  its  polar  coordinates  relative  to  the  plate  ;  then 

a^  dd}         ,  ,  dd 

f      2m'  cos'^t!/ 

Hence  ^  =  —    :;— ; r-  »'/'> 

^         J  m  +  2m  cosV 


and  the  angle  required  is 


r        \m  +  2m7    j 


7.  A  satellite  of  mass  m  is  moving  in  a  circle  whose  radius  is  r,  round  a 
planet  whose  mass  is  Jlf,  and  which  rotates  round  an  axis  at  right  angles  to  the 
plane  of  the  orbit  with  an  angular  velocity  «.  If  C  be  the  moment  of  inertia  of 
the  planet,  and  ix  the  attraction  between  unit  masses  at  the  unit  of  distance, 
show  that  the  moment  of  momentum  of  the  system  round  its  centre  of  inertia  is 


cj«  +  /ii^(J!f+m)-»H|, 


8.  A  hollow  cyKnder  filled  with  water  is  projected  without  initial  ro- 
tation in  a  direction  perpendicular  to  its  axis,  along  a  rough  horizontal  plane ; 
determine  the  time  at  which  pure  rolling  begins,  the  amount  of  friction  subse- 
quently brought  into  play,  and  the  time  at  which  the  cylinder  comes  to  rest. 

Let  M  be  the  mass  of  the  cylinder  and  contained  water,  I  the  moment  of 
inertia  of  the  cylinder  round  its  central  axis,  a  the  radius  of  its  external  surface, 
p.  and /the  coefficients  of  sliding  and  rolling  friction,  v  the  initial  velocity  of  the 
common  centre  of  inertia  G  of  the  cylinder  and  contained  water,  ti  the  time  at 
which  pure  rolling  begins,  F  the  friction  subsequently  brought  into  play,  v\  the 
velocity  of  the  point  G  at  the  time  <i,  ^2,  the  time  at  which  the  cylinder  comes  to 
rest.     Then  we  find 


\ 


(-^) 


a  V 


where  \I  =  Ma}.  In  these  equations  K  must  exceed  2,  which  is  its  value  in  the 
case  of  a  solid  cylinder.  We  see  that  as  A.  increases,  ^1  diminishes,  J<^  and  Vi 
increase,  whilst  t^  remains  constant,  being  the  same  as  in  the  case  of  a  solid 
cylinder  (see  Ex.  13,  p.  278). 
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9.  A  smootli  rod  having  one  extremity  fixed  moves  on  a  smooth  horizontal 
table,  and  drives  a  particle  of  mass  equal  to  its  own,  which  starts  from  rest  from 
a  point  indefinitely  near  the  fixed  extremity  of  the  rod.  Find  the  inclination  of 
the  rod  to  the  direction  of  motion  of  the  particle  when  the  latter  has  reached  any 
definite  point  of  the  rod. 

As  the  moment  of  momentum  and  vis  viva  of  the  system  are  constant  (see 

k 
Art.  209),  we  have,  if  il/  be  the  angle  required,  tan  ^  =  -tt-t — rr-,  where  k  is  the 

V(^  +  k^) 
radius  of  gyration  of  the  rod,  and  r  the  distance  of  the  particle  from  the  fixed 
extremity. 

10.  A  triangular  prism  rests  with  one  rectangular  face  on  a  smooth  horizontal 
plane.  A  rough  cylinder,  having  its  axis  parallel  to  the  edge  of  the  prism,  rolls 
down  one  of  its  faces  starting  from  rest,  the  centres  of  inertia  of  the  prism  and 
cylinder  being  in  the  same  vertical  plane  ;  determine  the  angular  velocity  of  the 
cylinder  when  it  reaches  the  horizontal  plane,  and  the  distance  through  which 
the  prism  has  moved. 

Let  the  axis  of  x  be  the  intersection  of  the  horizontal  plane  with  the  vertical 
plane  containing  the  centres  of  inertia,  the  axis  of  z  being  vertical.  Let  x'  be 
the  coordinate  of  the  centre  of  inertia  of  the  prism,  m'  its  mass ;  x,  z  the  coordi- 
nates of  the  centre  of  the  cyKnder,  a  its  radius,  m  its  mass,  k  its  radius  of  gy- 
ration, <p  the  angle  through  which  it  has  turned,  and  s  the  distance  on  the  prism 
perpendicular  to  its  edge  through  which  the  line  of  contact  of  the  cylinder  has 
moved,  at  any  time  ;  then,  i  being  the  angle  which  the  face  of  the  prism  makes 
with  the  horizontal  plane, 

X  —  x'  =  Xo  -  Xq  -\-  8  cos  i,     z  =  zq  —  s  sin  i,     s  =  a<p; 

and  from  the  conservation  of  the  motion  of  the  centre  of  inertia  and  the  equation 
of  vis  viva,  we  have 

mx  +  m'x  =  mxo  +  m'xo,     tn'x'^  +  m  (x^  +  t?  +  k'^ip'^)  =  Igm  (so  —  z). 

Hence,  if  h  be  the  initial  height  of  the  centre  of  the  cylinder,  and  «  its  angu- 
lar velocity  when  it  reaches  the  horizontal  plane, 

2  (m  +  m')  0-  (A  -  a)  ,         ,  w  %      ^  • 


(m'  +  m  sin2  i)  c?-\-  {m  +  m')  F'  w  +  m' 


Section  II. — Energy. 

275.  Energy. — Work  and  Energy  have  been  defined, 
Arts.  116  &  126,  and  the  equation  of  Energy  for  a  rigid  body 
has  been  obtained  by  two  different  methods  (Arts.  129  & 
208).  In  the  present  section  we  propose  to  consider  the  sub- 
ject of  Energy  in  a  somewhat  more  general  manner,  and  to 
show  that  on  the  equation  of  Energy  maybe  based  the  whole 
theory  of  the  action  of  forces  on  a  connected  system. 


396  Energy. 

276.  Equation  of  Energy. — If  any  system  of  material 
points  be  acted  on  by  any  forces,  we  may  suppose  the  con- 
straints and  connexions  of  the  system  replaced  by  correspon- 
ding forces,  and  with  this  proviso  regard  each  point  as  entirely 
free.  Assuming  then  the  principles  which  govern  the  reso- 
lution and  composition  of  forces  acting  at  a  point,  and  the 
relations  between  force  and  acceleration,  we  have 


'"'  de  =  ^^ 

'"'    dt^     =    ^■' 

d-Xi 

"'^  dt^  =  ^'' 

&c.,  &c., 

where  Xi,  Fi,  Z^,  include  the  components  of  the  forces  which 
replace  the  constraints,  if  any,  acting  at  iTi,  ?/i,  Si,  and  so  for 
the  other  points  of  tlie  system. 

Multiplying  tlie  first  equation  by  dxi,  the  second  by  dyxy 
&c.,  and  adding,  we  have 

—  dx  +  -^^  rfy  +  ^  dz\  =  ^{Xdx  +  Ydy  +  Zdz) ; 

or,  putting  T  =  J  ^mv-^ 

dT 

^.dt  =  ^  iXdx  +  Ydij  +  Zdz).  (1) 

dt  ' 

In  virtue  of  this  equation,  T  is  called  the  kinetic  energy  of 
the  system  (Art.  127). 

277.  Conservation  of  Energy. — //  the  mutual  forces 
hettceen  the  parts  of  a  material  system  are  independent  of  their 
velocities,  the  system  mmt  he  conservative  (Art.  122). 

To  prove  this  we  have  to  show  that  in  going  from  the  con- 
figuration A  to  the  configuration  B,  the  work  done  by  the 
forces  of  the  system  is  independent  of  the  mode  of  transfor- 
mation, and  depends  only  on  the  initial  and  final  configu- 
rations. 
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Suppose  that  in  one  mode  M  of  going  from  Aio  B  more 
work  is  done  than  in  another  mode  N.  Let  us  imagine  two 
systems  precisely  similar,  and  let  the  first,  going  from AioB 
by  the  mode  iLT,  be  made  to  bring  the  other  from  5  to  ^  by 
the  mode  N.  This  will  be  possible,  because  the  work  consumed 
in  going  from  B  to  A  through  JV  is  equal  to  the  work  per- 
formed in  going  from  A  to  B  through  iV,  since  the  forces  in 
any  particular  position  are  by  hypothesis  independent  of  the 
directions  in  which  the  points  of  the  system  are  moving, 
and  therefore  each  element  X  dx  of  the  total  work  retains  the 
same  magnitude,  but  changes  its  sign,  when  the  transforma- 
tion is  reversed.  Hence  the  transformation  from  A  to  B 
through  M  will  bring  the  second  system  from  ^  to  ^  through 
iV,  and  leave  an  overplus  of  work.  Let  us  now  suppose  the 
second  system  to  go  from  A  to  B  through  My  bringing  the 
first  from  ^  to  ^  through  iV.  There  will  again  be  an  over- 
plus of  work.  This  process  may  be  repeated  for  ever,  and 
thus  an  inexhaustible  supply  of  work  can  be  obtained  ffom 
permanent  natural  causes  without  any  consumption  of  mate- 
rials. The  whole  of  experience  teaches  us  that  this  is  im- 
possible. Hence  the  work  done  in  going  from  ^  to  .S  is 
independent  of  the  mode  of  transformation. 

If  a  system  be  acted  on  by  no  external  forces,  the  work 
done  by  the  forces  of  the  system  is  equal  to  the  change  of 
kinetic  energy ;  whence  it  appears  that  the  kinetic  energy  T 
in  any  particular  configuration  depends  only  on  the  values  of 
the  variables  by  which  the  configuration  is  indicated,  and  on 
the  initial  state :  in  other  words,  we  have  the  equation 

T-  To  =  (l>  (^1,  ^1,  si,  ij?2,  ^2,  Z2,  &c.).  (2) 

It  is  essential  to  the  validity  of  this  demonstration  that  the 
work  consumed  by  the  forces  of  the  system,  in  any  transfor- 
mation, should  be  equal  to  the  work  performed  by  them  in 
the  sa7ne  transformation  reversed.  If  the  force  acting  on  any 
point  changes  sign  with  the  direction  of  the  motion  of  that 
point,  the  condition  of  reversibility  is  not  fulfilled.  In  the 
case  of  friction,  for  instance,  so  far  as  it  is  considered  in 
Mechanics,  the  force  changes  sign  with  the  motion,  and  con- 
sumes work  both  in  the  direct  and  reverse  transformation. 
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The  same  is  true  of  tlie  resistance  of  a  medium.  Again,  if 
the  forces  are  not  equal  in  magnitude  when  the  points  occupy 
the  same  relative  positions,  as  in  the  case  of  the  collision  of 
imperfectly  elastic  bodies,  work  is  apparently  consumed  with- 
out any  corresponding  increase  of  potential  energy.  The  ex- 
periments of  Joule  and  others  have  established  that  in  all 
such  cases  the  energy  which  seems  to  be  lost  is  really  pre- 
served in  the  form  of  heat,  which  may  be  regarded  as  kinetic 
energy  resulting  from  molecular  motions  not  directly  sen- 
sible. In  applying  the  equation  of  energy  we  must,  how- 
ever, remember  that  in  all  cases  such  as  those  mentioned,  as 
well  as  in  some  others,  the  conservation  of  energy,  so  far  as 
sensible  motion  alone  is  concerned,  does  not  hold  good.  On 
the  other  hand,  if  we  take  into  account  every  form  of  energy, 
the  conservation  of  energy  may  be  considered  as  an  absolutely 
universal  fact  of  nature. 

If  in  (2)  we  put  (p  =  Vo-  F,  we  have 

T-^V=To+V,.  (3) 

"We  can  now  give  an  exact  definition  of  potential  energy. 

The  Potential  Energy  of  a  conservative  system  in  any  par- 
ticular configuration  is  the  amount  of  work  required  to  bring 
it  to  that  configuration  against  the  mutual  forces  of  the  system 
in  its  passage  from  any  chosen  configuration. 

The  principle  of  the  conservation  of  energy  may  then  be 
stated  thus  :— 

l7i  any  conservative  system  unacted  on  hy  external  forces  the 
sum  of  the  kinetic  and  potential  energies  is  constant. 

278.  Of  the  ultimate  Permanent  Forces  of  IVature. 

— In  his  Paper  on  the  Conservation  of  Force  (Ueber  die 
Erhaltung  der  Kraft,  1847),  Helmholtz  observes  that  we 
must  regard  the  forces  of  nature  as  caused  by  the  action  of 
portions  of  matter  on  each  other,  and  from  a  mathematical 
point  of  view  must  consider  matter  as  composed  of  an  infi- 
nite number  of  material  points.  The  ultimate  permanent 
forces  of  nature  must  result,  therefore,  from  the  action  of 
these  points  on  each  other. 

If  the  conservation  of  energy  hold  good  of  these  forces, 
the  mutual  forces  between  two  material  points  must  be  in  the 
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line  joining  them,  and  be  a  function  of  the  distance  between 

them. 

This  proposition  is  proved  by  Helmholtz  as  follows  : — 
In  this  case  the  kinetic  energy  of  the  system  composed  of 

the  two  points  is  given  by  the  equation 

T  =  J  {Xdx  +  Ydy  +  Zdz  +  X'dx'  +  Tdy'  +  Z'dz')  +  c. 

Since  the  conservation  of  energy  holds  good,  T  is  a 
function  of  the  relative  position  of  the  two  points.  Again,  as 
they  are  points,  all  directions  must  be  supposed  indifferent  as 
regards  either  of  them  considered  alone.  Hence  their  relative 
position  must  depend  solely  on  the  distance  between  them, 
and  Tis  therefore  a  function  of  this  distance  r,  or  T=  ^  (r). 

Equating  the  two  expressions  for  Tand  differentiating^ 
we  have 

_       ,,  .  dr      _       ,,  ^dr      „       , ,  ^dr 

dr 


Hence  the  point  a*,  ?/,  z  is  acted  on  by  a  force  ^'(r)  in 
the  direction  of  the  line  joining  x\  y\  z  to  x,  y,  z\  and  the 
latter  point  is  acted  on  by  an  equal  force  in  the  opposite  di- 
rection. 

Conversely  it  is  easy  to  see  that,  if  two  material  points 
acted  on  each  other  with  a  force  depending  as  regards  mag- 
nitude on  their  mutual  distance,  but  not  in  the  direction  of 
the  line  joining  them,  they  would  be  capable  of  producing  in 
each  other  an  ever-increasing  velocity,  and  of  thus  generating 
an  unlimited  amount  of  energy. 

In  order  to  bring  about  this  result  we  have  only  to  suppose 
the  points  connected  by  a  rigid  rod.  The  whole  system  would 
then  be  acted  on  by  a  constant  couple. 
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279.  Forces  ifirhicb  appear  in  the  Equation  of 
Energy. — For  any  system  entirely  free  we  have  obtained 

the  equation  clT  =  S  {Xdx  +  Ydy  +  Zch)^  and  have  seen 
that  the  equation  holds  good  for  a  system  restricted  in  any 
way,  provided  the  various  constraints  are  replaced  by  equi- 
valent forces. 

If  the  constraints  of  the  system  consist  of  smooth  curves  or 
surfaces  along  which  the  points  are  constrained  to  move ;  of 
rigid  bars  or  in  extensible  strings  connecting  the  different 
points  with  each  other  or  with  any  external  fixed  points ;  or 
in  general  of  any  connexions  such  that  the  distance  between 
each  pair  of  points  immediately  acting  on  each  other  is  in- 
variable, the  whole  work  done  by  all  these  constraints  and  con- 
nexions is  zero,  and  may  therefore  be  omitted  from  the  right- 
hand  side  of  the  equation  (Arts.  121,  124). 

If  the  potential  energy  (Arts.  126, 276)  of  any  portion  of  the 
system  be  a  function  of  a  single  variable  quantity  u,  the  work 
done  by  this  part  of  the  system  in  any  displacement  must  be 
of  the  form  \Zu,  since  V  =  0(^0 >  ^^^  therefore  f/F=  (p\u)  du. 

If  between  any  points  of  the  system  there  be  a  connexion 
which  is  capable  of  being  expressed  by  means  of  an  equation 
between  their  coordinates,  such  connexion  can  be  effected  by 
means  of  material  constraints  of  an  invariable  character ;  such 
as  smooth  fixed  surfaces  or  curves,  or  rigid  bars  or  inextensible 
strings. 

Hence  we  may  conclude  that,  in  any  motion  of  the  system, 
the  work  done  hy  the  forces  replacing  any  connexion  heticeen  the 
points  of  the  system  capable  of  being  expressed  by  equations  be- 
tween their  coordinates,  is  zero. 

A  formal  proof  of  this  important  proposition  may  be  given 
as  follows : — 

If  17  =  0  be  an  equation  between  the  coordijiates  of  any 
points  in  a  moving  system,  the  forces  which  the  corresponding 
constraint  introduces  into  the  system  must  be  functions  of 
the  coordinates  and  of  the  other  forces.  Hence,  if  the  latter 
be  conservative,  so  are  the  forces  caused  by  the  constraint, 
which  for  brevity  we  shall  refer  to  as  the  constraint  U. 

Again,  if  at  any  time  the  condition  ?7  =  0  be  actually  ful- 
filled, the  imposition  or  removal  of  the  material  bonds  by 
which  the  corresponding  constraint  is  effected  cannot  require 
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any  expenditure  of  energy  ;  since  this  imposition  or  removal 
does  not  change  the  position  of  any  point  of  the  system. 

Let  there  be  now  a  system  /Si,  which  without  U  is  conser- 
vative, and  let  A  and  B  be  two  configurations  in  which  the 
condition  ^  =  0  is  fulfilled ;  then,,  as  we  have  seen  the  forces 
replacing  C^are  conservative,  and  if  they  consume  work  going 
from  ^  to  ^,  they  produce  work  going  from  A  to  B.  Let  the 
external  work  TF*  bring  Si  from  A  to  B  subject  to  the  con- 
straint U.  Let  Q  be  the  amount  of  potential  energy  thereby 
produced  in  >S,,  and  E  the  work  done  by  the  forces  replacing 
U ;  then,  the  whole  amount  of  work  produced  is  W-  Q  +  E. 
Now  let  this  be  used  in  bringing  S2  (precisely  similar  to  8^) 
from  BtoA  without  U,  whereby  Q  is  produced,  and  in  doing 
such  an  amount  of  other  work,  that  Si  may  come  to  rest  at  B 
and  So  at  A.  We  may  then  without  any  expenditure  of 
work  impose  the  constraint  U  on  Sz  and  remove  it  from  Si. 
Things  are  now  in  precisely  the  same  state  as  at  starting,  and 
in  the  whole  process,  by  an  expenditure  of  work  W,  we  have 
produced  work  whose  amount  is  W  +  E.  Hence  in  any 
motion  of  the  system  Si  the  work  E  done  by  the  forces  re- 
placing the  condition  17=0  must  be  zero. 

As  the  amount  of  work  done  by  these  forces  in  an  un- 
reversed motion  cannot  be  influenced  by  the  character  of  the 
other  forces,  but  only  by  their  amounts  and  directions,  the 
work  done  by  the  forces  replacing  U  =  0  must  under  any 
circumstances  be  zero. 

280.  Equation  of  Energy  in  Creneral. — If  we  have  a 
system  acted  on  by  any  forces  external  or  internal,  and  sub- 
ject to  any  constraints  or  mutual  connexions,  the  equation  of 
energy  assumes  the  form 

T-  To+  V-  Vo=  W.  (4j 

Tq  and  Fo  are  the  kinetic  and  potential  energies  in  the 
initial  position,  7" and  Fin  the  position  under  consideration, 
W  is  the  work  done  by  the  forces  external  to  the  system,  and 
by  those  internal  forces  which  are  not  conservative  or  rever- 
sible in  their  character  in  going  from  the  initial  to  the  actual 
position. 

2  D 
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As  regards  constraints  and  connexions,  they  may  be  di- 
vided into  three  classes.  1.  Those  producing  forces  whose 
work  during  any  motion  of  the  system  is  zero.  Such  con- 
nexions we  have  already  considered  ;  i^^Qj  have  no  effect  on 
the  equation  of  energy.  2.  Those  which  are  capable  of  alter- 
ation under  the  action  of  external  forces,  and  such  that  their 
alteration  produces  or  consumes  a  corresponding  amount  of 
potential  energy.  The  work  done  by  the  forces  replacing 
these  constraints  and  connexions  is  included  in  the  expression 
Vo-  V.  3.  Kesistances  or  connexions  which  introduce  forces 
of  a  non-conservative  character.  Such  are  the  friction  of 
rough  surfaces,  the  resistance  of  a  medium,  the  forces  deve- 
loped by  the  alteration  of  an  extensible  body  which  does  less 
work  in  its  recoil  than  the  amount  required  to  stretch  it,  &c. 
All  such  forces  must  appear  as  forces  in  the  equation  of 
energy,  and  the  work  done  by  them  is  included  in  W. 

281.  Virtual  Velocities. — The  principle  of  Energy  may, 
as  we  have  seen,  be  expressed  for  dynamical  purposes  in  the 
following  form : — 

The  work  done  on  a  system  in  any  interval  of  time  by 
external  applied  forces,  diminished  by  the  work  consumed  in 
the  same  time  by  the  non-conservative  forces  of  the  system, 
is  equal  to  the  sum  of  the  increments  of  the  kinetic  and 
potential  energies. 

We  have  seen  likewise  that  this  principle  holds  good  for 
a  system  subject  to  any  invariable  constraints  or  connexions 
internal  or  external  as  well  as  for  a  free  system. 

We  are  now  able  to  obtain  the  conditions  which  must  be 
fulfilled  in  order  that  any  system  should  be  in  equilibrium ; 
they  can  be  expressed  in  a  single  statement,  viz  : — 

In  order  that  any  system  should  he  in  equilibrium,  the  work 
done  by  the  applied  forces  in  any  possible  infinitely  small  displace' 
ment,  diminished  by  the  increase  of  the  potential  energy  of  the 
system,  must  be  either  negative  or  zero  ;  and,  if  this  be  true 
for  every  possible  infinitely  small  displacement,  the  system  is  in 
equilibrium. 

The  truth  of  this  statement  readily  appears  from  the 
equation  of  energy. 

A  position  of  equilibrium  is  one  in  which  if  the  system  be 
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placed  at  rest  it  will  remain  at  rest.  Now  the  system  will 
not  remain  at  rest  if  there  be  any  possible  mode  of  displace- 
ment, in  which  the  united  action  of  the  internal  and  external 
forces  can  produce  a  velocity  in  any  of  the  points  of  the  system. 
On  the  other  hand,  if  the  system  move  from  rest  in  any 
manner,  it  will  acquire  a  positive  kinetic  energy.  Hence,  if 
there  be  no  possible  way  in  which  it  can  do  this,  its  position 
must  be  one  of  equilibrium. 

In  applying  the  principle  of  equilibrium  we  must  regard 
the  non- conservative  forces  of  the  system  (if  any)  as  applied 
forces,  and  introduce  them  with  their  proper  signs.  In  the 
case  of  actual  motion,  forces  of  this  kind  always  consume 
work,  but  in  the  case  of  virtual  displacements  this  is  not  ne- 
cessarily the  case ;  e.  g.  suppose  a  heavy  particle  is  placed 
on  a  rough  inclined  plane,  and  it  is  required  to  determine  tlie 
fiondition  of  equilibrium.  In  this  case  we  must  consider  the 
force  of  friction  as  acting  upwards  along  the  plane.  If  now 
we  imagine  a  virtual  displacement  down  the  plane,  friction 
will  consume  work  ;  but  if  we  imagine  a  displacement  up  the 
plane,  friction  will  produce  work.  In  the  case  of  actual 
motion,  whether  slipping  take  place  up  or  down  the  plane, 
friction  will  consume  work. 

Again  it  is  to  be  observed,  that  if  every  possible  set  of 
displacements  remain  possible  when  reversed,  the  condition  of 
equilibrium  becomes  simply  that  the  total  work  done  by  all  the 
forces  internal  and  external  be  zero. 

In  fact,  if  '2iP^p  be  negative,  and  P  remaining  unaltered, 
the  sign  of  each  ^p  be  changed,  SPS;?  becomes  positive ;  but 
this  is  inconsistent  with  equilibrium,  hence  ^P^p  must  be 
zero. 

If  we  combine  the  principle  of  Virtual  Velocities  with 
D'Alembert's  principle,  we  obtain  the  equation  which  embraces 
the  whole  theory  of  Kinetics, 

From  this  equation  that  of  energy  was  deduced  in 
Chapter  IX.  In  the  present  Chapter  we  have  reversed  this 
mode  of  procedure. 

2  D  3 
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282.  Equivalent  Sets  of  Forces. — Two  sets  of  forces 
acting  on  any  material  system  are  said  to  be  equivalent  when 
each  is  capable  of  equilibrating  the  same  third  set. 

If  a  set  of  forces  acting  on  any  system  he  replaced  by  an 
equivalent  set,  the  motion  of  the  system  is  unaltered. 

For  let  P  be  a  force  of  the  first  set,  and  Q  one  of  the  second, 
and  suppose  the  P  set  to  be  acting.  Introduce  at  the  point 
where  Q  would  act  two  forces  Q  and  -  Q.  This  being  done  for 
each  point  of  the  system,  the  motion  remains  undisturbed. 
The  system  is  now  acted  on  by  the  three  sets  of  forces  P,  Q, 
and  -  Q ;  and,  since  the  sets  P  and  Q  are  equivalent,  the  sets 
P  and  -  Q  are  in  equilibrium,  and  the  motion  is  the  same  as 
if  the  set  Q  were  acting  alone. 

In  moving  a  system  from  one  given  position  to  another,  equi- 
valent sets  of  forces  produce  the  same  amount  of  icork. 

The  motion  being  the  same  whichever  set  of  forces  is 
in  action,  the  intermediate  positions  of  the  system  are  at  each 
instant  the  same ;  and  since  the  two  sets  of  forces  are  equiva- 
lent, ^Pdp  =  S  Qdq  at  each  instant.  Hence  the  whole  amount 
of  work  produced  in  one  case  is  equal  to  that  produced  in  the 
other. 

It  can  be  shown  in  like  manner  that  the  work  required  to 
move  a  system  from  one  given  position  to  another,  against  the 
action  of  any  set  of  forces,  is  equal  to  that  required  to  move  it 
against  the  action  of  an  equivalent  set. 

283.  l^'renches. — A  wrench  in  Kinetics  corresponds  to 
a  twist  in  Kinematics. 

If  a  rigid  body  be  acted  on  by  any  forces,  these  forces  can 
be  reduced  to  a  single  force  along  with  a  couple  whose  plane 
is  perpendicular  to  the  direction  of  the  force. 

Such  a  system  is  called  a  torench  about  a  scretv,  the  axis  of 
the  screw  being  the  line  of  direction  of  the  force,  and  the  pitch 
of  the  screw  being  the  line  which  is  the  quotient  of  the  couple 
by  the  force.  The  magnitude  of  the  force  is  called  the  in- 
tensity of  the  wrench. 

The  wrench  to  which  a  set  of  forces  acting  on  a  rigid 
body  is  equivalent  has  been  termed  the  canonical  form  of  the 
set  of  forces. 
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The  canonical  form  of  a  set  of  forces  is  in  general  unique ; 
for,  as  may  be  easily  seen,  if  two  wrenches  be  equivalent,  they 
must  either  be  identical  or  else  consist  of  equal  couples  in 
parallel  planes. 

Examples. 

1 .  A  particle  of  mass  m  moves  with  a  simple  harmonic  motion ;  determine 
its  mean  energy. 

If  T  and  a  be  the  periodic  time  and  amplitude  of  the  motion  (Arts.  86,  86), 
and  T  the  mean  energy, 


T  Jo       2  t2 


2.  If  the  motion  of  the  particle  m  be  the  resultant  of  any  number  of  simple 
harmonic  motions  having  different  periods  and  amplitudes,  find  the  mean  value 
of  the  energy. 

If  0  be  an  interval  of  time  which  is  very  great  compared  with  the  longest 
periodic  time, 

T=-       —-dt^mir^S.--. 
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3.  Determine  the  mean  energy  of  a  system  of  vibrating  particles. 

The  rectangular  components  of  the  displacement  of  any  particle  are  periodic 
functions  of  the  time,  and  can  therefore  be  expanded  in  series  any  one  term  of 

which  is  of  the  form    «  sin  (  —  f  +  o  1 .     Hence, 

^       o       a^  4.  ^2  ^  <.2 

4.  A  rigid  body  is  acted  on  by  a  couple  whose  moment  is  Pp  ;  determine  the 
work  done  by  the  couple  in  any  small  motion  of  the  body. 

If  dQ  be  the  angular  displacement  of  the  body  round  an  axis  perpendicular 
to  the  plane  of  the  couple,  the  work  done  by  the  couple  is  Ppdd  (see  Art.  125). 

5.  Express  the  kinetic  energy  of  a  body  having  a  fixed  point  in  terms  of 
the  angles  0,  (p,  \\/  (Art.  238),  the  body-axes  being  the  principal  axes  at  the 
fixed  point. 

As  wi,  a>2,  W3  are  given  in  terms  of  9,  <(>,  \p,  Ex.  28,  p.  316,  we  have, 
Art.  245, 

2T=  {A  sin>  +  £ co&^(t>)  '6"^+  {{A  cos^i/)  +  S sin^ </>)  sin- fl  +  C cos^a}  ^/Z 
+  C(p'^  +  2{B-A)Bhid  sin^cos^0<j/  +  2(7cos0^»i'. 

6.  If  The  the  kinetic  energy  of  a  body  having  a  fixed  point,  and  Wx,  wy,  oie 
its  angular  velocities  round  three  rectangular  axes  fixed  in  space  passing 
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XI.        v  XI-        .  X  ^^  ^  dT    dT    dT  ,  ,       , 

through  the  point,  prove  that  - — ,  -— ,  -—  are  the  momenta  of  momentum  of 

attim   doiy   au>g 
the  body  round  the  axes. 

Let  z,  y,  z  be  the  components  of  the  Telocity  of  any  point  of  the  body,  then 
n  m    —     /  •«      •  o      vv       dT  f '   d'x       .  dy       .    dz\ 

hence  (Art.  235), 

dT 

——-'Zm{yt-  ty). 

CtuJx 

7.  Determine  the  amount  of  energy  W  which  must  be  expended  on  a  rigid 
body  in  order  to  effect  a  given  twist  in  opposition  to  a  given  wrench. 

Let  e  be  the  amplitude  of  the  twist  round  the  screw  o  whose  pitch  is  p, 
Q  the  intensity  of  the  wi-ench  round  the  screw  )8  whose  pitch  is  q,  and  £l  the 
angle  between  a  and  j8. 

Take  o  as  axis  of  x,  and  the  shortest  distance  from  a  to  /3  as  axis  of  z,  de- 
noting its  length  by  c.  Replace  the  wrench  at  each  instant  by  the  forces  Z, 
F,  Z,  passing  through  a  point  coinciding  with  the  origin,  and  the  couples  i,  Jf,  N. 
Then  the  system  Z,  Y,  Z,  L,  M,  iV  being  equivalent  to  the  wrench, 

Z  =  Q  cos  n,     r  =  Q  sin  ft,     Z=  0, 

X  =  Q^  cosft  -  Qc  sinft,     If  =  Qi?  sin  ft  +  Qc  cos  ft,    iV=0. 

Hence  (Ex.  4,  and  Art.  121), 

dW=  Qp  cos nde  +  {Qq  cos  ft  -  QcBmn)de  =  Q{{p  +  q)  cosft  -  r  sin  ft}  ddy 

and  therefore 

jr=  Qd{{p-h  q)  cosft-  csinft}. 

The  expression  (p  +  q)  cosft  —  c  sin  ft  is  called  (Ball,  Theory  of  Screws, 
^13)  the  virtual  coefficient  of  the  pair  of  screws  o  and  $. 

If  c  be  regarded  as  always  positive,  ft  is  the  angle  through  which  the  axis 
of  the  screw  o  must  be  turned  round  the  axis  of  2  in  order  to  be  codirectional  with 
the  axis  of  $,  the  positive  direction  of  z  being  always  from  a  towards  fi. 

8.  Two  weights  are  connected  by  a  fine  inextensible  string  passing  over  a 
smooth  pulley.  The  lesser  hangs  vertically,  and  the  other  descends  a  smooth 
inclined  plane,  starting  without  initial  velocity  from  a  point  vertically  under  the 
pulley  ;  detennine  how  far  it  will  descend,  and  state  the  limit  of  the  ratio^of 
the  M'eights  within  which  finite  descent  is  possible. 

If  z  be  the  height  which  the  lesser  weight  TV  ascends,  and  s  the  distance 
along  the  inclined  plane  traversed  by  the  greater  weight  W,  we  have 

JFs  sin  i  -  JF'z  =  0, 
and  therefore 

.    .     .^     ?r 

z  =  \s  sin »,     II     —  =  A. 
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Also,  if  h  be  the  vortical  distance  of  the  pulley  from  the  inclined  plane, 
A  +  z  =  V  (A2  +  s2  +  2Aa  sin  i). 

Hence     *  =  — — ^-r-  A,  and  in  order  that  finite  descent  should  be  pos- 

1  -  A^  sm^  I 

sible,    W  >  TFsini. 

9.  If  any  system  of  smooth  inelastic  bodies  collide,  show  that  the  loss  of  yis 
viva  is 

2m  { (u'  -  «)2  -1-  {v  -  v)2  +  {w'  -w)^}, 

where  m  is  the  mass  of  any  particle,  and  ti,  v,  w ;  u\  v,  w  are  the  components 
of  its  velocity  before  and  after  the  shock. 

If  X,  &c.,  be  the  components  of  the  impulses  due  to  the  shock,  we  have 
(Art.  202), 

2w { (w-  u) Ix  +  {v'- v) Sy  +  (t^- 1^) S2 }  =  2 (X5a;  +  Yly  +  Z^z) . 

Instead  of  Zx,  5y,  8z,  &c.,  we  may  substitute  «'<f^,  v'dt,  w'dt,  &c.,  for  as 
these  are  actual  displacements  they  must  be  possible  :  thus  we  have 

2w  {(w'  - u) u'  +  {v  -v)v'  +  {w' -  w)  w'}  =  2 [Xu  -l-  Yv'  +  Zw). 

But  x\,  yi,  zi ;  X2,  yi,  -2  being  two  colliding  points, 

2  {Xu'  +  Yv'  +  Zxo)  =  X\  (Ml'  -  W2')  +  Yx  {v{-  v/)  +  Zi  {w^-  tvz)  -\-  &c.  =  0, 

since  the  direction  of  the  impulse  at  each  point  is  perpendicular  to  that  of  the 
relative  velocity  after  impact.     Hence 

2w(m'2  -f  v'^  -\-  tv'^)  =  ^m{tiu'  +  vv'  +  wvy)^ 

and  therefore 

2w (w2  +  v2  +  m;2)  _  2m  (m'2  +  t>'2  +  «;'2)  =  2w  { (w'  -  uf  +  (v'  - 1;)2  +  {w'  -wY). 

If  there  be  any  set  of  internal  impulses  whose  directions  are  perpendicular 
to  the  relative  velocities  assumed  immediately  after  their  action,  or  any  set  of 
external  impulses  whose  directions  are  perpendicular  to  the  absolute  velocities 
assumed  immediately  after  their  action,  by  the  points  of  the  system  at  which 
they  act,  the  expression  just  obtained  for  the  loss  of  vis  viva  still  holds  good. 

The  impulses  produced  by  geometrical  constraints  of  any  kind  suddenly  im- 
posed fulfil  the  condition  mentioned  above. 

10.  If  a  system  be  put  in  motion  by  any  set  of  impulses,  every  additional 
geometrical  constraint  imposed  on  the  system  diminishes  its  initial  vis  viva. 

11.  If  a  system  be  acted  on  by  any  set  of  impulses,  prove  that  the  increase 
of  its  vis  viva  may  be  expressed  in  the  form 

2{X(w  +  u')  +  Y{v  +  v')  +  Z{w  +  w')}, 

where  X,  7,  Z  are  the  components  of  the  impulse  acting  at  any  point  of  the 
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system,  and  u,  v,  w,  u',  v',  w'  the  components  of  the  velocity  of  this  point  before 
and  after  the  impulsion. 

Since  Wi  dt,  v\  dt,  w\  dt ;  u^  dt,  V2  dt,  wz  dt,  &c.,  are  the  components  of  actual 
displacements  of  the  points  X\,  y\,  z\;  xz,  p2,  Z2,  &c.,  they  are  possible  dis- 
placements. The  same  thing  is  true  for  tii  dt,  &c.  Hence  any  system  of  dis- 
placements resulting  from  the  super-position  of  these  two,  each  set  being  mul- 
tiplied by  a  constant  factor,  is  a  possible  system.  Hence  in  D'Alembert's 
equation  for  impulses  (Art.  202)  we  may  substitute  u  +  ?/  for  Sx,  v  +  v'  for  5y, 
and  «;  -f  to'  for  Sz,  and  we  obtain  for 

2w  {(w'2  -  m2)  +  (v'a  -  i;2)  +  {w'^  -w^)}y 

the  expression  given  above. 

12.  If  in  the  last  example    2  {Xn'  +  Tv'  +  Zw')  =  0,     prove  that 

5  {Xu  +  Yv  +  Zw)  =  -:Sm{  [u'  -  uf  +  {v'  -  vf  +  [tv'  -  uf}. 

13.  One  point  of  a  rigid  body  moving  freely  is  suddenly  arrested;  determine 
the  loss  of  vis  viva. 

Let  ii,  V,  w  be  the  components  of  the  velocity  of  the  point  immediately  before 
it  is  arrested,  x,  y,  z,  its  coordinates,  and  X,  Y,  Z  the  components  of  the  impulse 

which  it  exerts  on  the  body,  the  axes  being  the  principal  axes  at  the  centre  of 
inertia ;  then,  %  being  the  loss  of  vis  viva,  we  have  %  =  —  (Xu  +  Yv  +  Zw) 

(Ex.  12).     Substituting  for  X,  &c.,  their  values  from  Ex.  49,  p.  363,  we  obtain 


(ABC 


..a: 


i-^+  A{B  +  Crix"^  +  B{C  +  A)y^  +  C{A  +  B)z-'  +  mir^'^% 

=  ABC{u^  +  v2  +  tf;2)  +  ^r^{BCu^  +  CAv^  +  ABw"^)  +  ^Ur'{xu  +  yv  +  zw)"^ 
Jr^{xu-\-yv-\-  zw){AB{xu  +  j/v-  xw)  ■\- BC [yv  +  zw  —  xu)  ■\-  CA{zw-\-xu-yv)]. 

14.  If  a:,  2/,  z  be  the  changes  in  the  components  of  the  velocity  of  any  point 

of  a  rigid  body  caused  by  any  set  of  impulses,  and  jc,  y,  z;  in,  ttj,  wz  the  corre- 
sponding changes  in  the  components  of  the  velocity  of  the  centie  of  inertia,  and 
in  the  angular  velocities  of  the  body,  prove  that 

2w(x2  +  2/2  +  22)  =  m(x'^  +  y^  +  7^)  +  Attv  +  Bir-i^  +  CttsS 

the  axes  being  the  piincipal  axes  at  the  centre  of  inertia. 

15.  If  any  system  of  smooth  imperfectly  elastic  bodies  having  a  common 
coefficient  of  restitution  collide,  show  that  the  loss  of  vis  viva  is 


iTc 


2m{(Cr-«)2+(r-v)2+(?r-M;)2}, 


■where  e  is  the  coefficient  of  restitution,  m  the  mass  of  any  particle,  and  ti,  v,  w ; 
U,  V,  W  the  components  of  its  velocity  before  and  after  the  shock. 
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Let  m',  v,  w'  be  the  components  of  the  velocity  of  m  at  the  end  of  the  first 
period  of  the  impact ;  then,  as  in  Ex.  9, 

2m{(Cr-M')w'+(F-vV+  {W-w')w}  =0, 
and  also 

2m  { (w  -  u')  u  +{v  -  v')  v  ■\-  {w  -  w')  w'\  =  Q. 

From  these  we  obtain 

2w(?*2  + 1^2  +  ^2)  _  2m(  Cr2  +  r^  +  W^) 

Now  the  quantities  u'  —  u,  &c.,  are  determined  by  linear  equations  in  termg 
of  the  normal  impulses  H,  Sec,  and  the  quantities  U  —  u',  &c.,  are  determined 
by  linear  equations  in  all  respects  the  same  as  the  former,  except  that  eU,  &c., 
take  the  place  of  R,  &c.  Hence  U -  u'  =  e{u' -  u),  U-  u={l  +  e) (w'  -  u),  &c. 
Introducing  these  results  into  the  equation  above,  we  have 

The  theorems  contained  in  Examples  9  and  15  are  due  to  Carnot, 

16.  Show  that  the  velocity  v  with  which  a  fluid  under  a  uniform  pressure^ 
escapes  from  a  small  orifice  is  given  by  the  equation  v"^  =  2gh,  where  h  is  the 
height  of  a  column  of  the  fluid  which  would  produce  the  pressure  p. 

Suppose  a  small  mass  m  of  fluid  forced  through  an  orifice,  whose  section  is  (T, 
into  a  large  volume  of  fluid  under  the  pressure  p.  If  x  be  the  distance  through 
which  the  surface  <r  of  the  fluid  is  pushed  in  by  this  operation,  the  work  ex- 
pended is  pzff. 

Hence  the  potential  energy  lost  when  m  escapes  is  px<r,  and  this  must  be  the 

kinetic  energy  acquired  by  m,  therefore  — -  =  px<r.     Now,  if  p  be  the  density  of 
the  fluid,  p  =  ffph,  and  m  =  pxff.     Substituting,  we  have 

v^  =  2gh. 

17.  Determine  the  total  energy,  kinetic  and  potential,  of  a  planet  and  satel- 
lite moving  as  in  Ex.  7,  p.  394. 

If  Y  be  the  total  energy 


2r=c|n»-^r-|+^, 


where  K\s  an  imdetermined  constant,  and  C,  &c.,  have  the  same  significations 
as  in  the  Example  referred  to. 

18.  A  planet  and  a  satellite  move  as  in  the  last  example.  If  with  a  given 
moment  of  momentum  it  is  possible  to  set  them  moving  as  a  rigid  body,  it  is 
possible  to  do  so  in  two  ways,  one  of  which  requires  the  maximum  amount  of 
energy,  and  the  other  the  minimum. 
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If  in  the  equation  of  Ex.  7,  p.  394,  we  substitute  x  for  r^,  y  for  «,  and  put  h 
for  the  moment  of  momentum,  we  have 

h=  Cy  +  ijS  Mm  (if  +  m)-ix. 
Again  (Ex.  17), 

lY -  K  =  Cy^  -  liMm\. 

CO 

By  a  proper  selection  of  the  independent  arbitrary  units  of  mass,  length,  and 

time  we  can  make  C,  fjiS  Mm  {M  +  m)'^,  and  /iMm  each  equal  to  unity  ;  and  we 

,     .      ,         ^      ,          .      -  Mm       ,       ,  .      n.        ,    (C(M-\-m))i 

obtain  thus,  for  the  unit  of  mass  — ,  for  the  unit  of  length  <       ,, }  , 

'  M+m'  ^      \      Mm      ) 

n       ,  .      .   .        iC^(M-\-m)U     ^   , 

and  for  the  unit  of  time  I  — — -~ — --  >  .     VV  e  have  then 
(   jx-M^m^    ) 

h  =  y  +  x,     2T-K^yi--. 

If  the  whole  system  move  as  a  rigid  body,  the  angular  velocity  «  of  the 
satellite  round  the  centre  of  inertia  of  the  system  must  be  equal  to  n ;  but 
r^  =  fi{M  +  m)(o'^,  and  in  the  special  imits  adopted  iJ^{M  +  m)i  =  1 ;  hence 

«'  =  -.     Again,  to  have  Fa  maximum  or  a  minimum, 

^|(A-.)._i^J=0,     or    .-A  +  i  =  0, 

which  is  the  same  equation  for  determining  x  as  before.  Hence,  if  the  whole- 
system  move  as  a  rigid  body,  Z  is  a  maximum  or  a  minimum. 

Letfix)  =  x^  -  hx^  -h  I  =  x^  {x  -  h)  +  1.  If  a;  be  negative  f{x)  is  positive, 
and  therefore  the  biquadratic /(a;)  =  0  has  no  negative  root,  and  cannot  therefore 
have  more  than  two  real  roots,  since  the  coefficient  of  x-  is  zero.  If  a:  >  h,  f{x) 
is  positive,  and  therefore  the  biquadratic  has  no  positive  root  greater  than  h ; 
but  if  X  be  positive  and  less  than  A,  f{x)  may  be  negative,  and  therefore  the 
biquadratic  may  have  two  positive  roots  between  0  and  h.  As  f'{x)  =  x^  {Ax  —  3A), 
if  the  biquadratic  have  two  real  roots,  one  is  greater  than  f  A  and  the  other  lesg. 

d'^Y 
The  greater  root  makes  f{x)y  and  therefore  -j-j,  positive,  and  Y  a  minimum; 

d^-Y 
the  lesser  root  makes  -~~  negative,  and  Y  a  maximum. 
ax'' 

IS.  Apply  the  preceding  examples  to  determine  the  secular  effects  of  tidal 
friction  on  the  Earth-moon  system,  the  Moon  being  supposed  to  move  in  the 
plane  of  the  equator. 

If  the  Earth's  radius  be  denoted  by  o,  Cis  approximately  ^Jfa^  and  M=  82w. 

M 
Hence  the  unit  of  mass  is  — ,  the  unit  of  length  5-26</,  and  the  unit  of  time 

83 

2  hours  4 1  minutes.  Again,  in  the  special  units,  the  present  value  of  r  is  11  '454, 
and  that  of  n  is  0*704,  whence  x  at  present  is  3-384,  and  h  =  4-088.  It  is  plain 
that  for  this  value  of  h  the  biquadratic  f{x)  =  0  has  two  real  roots.  The  lesser 
of  these,  xu  makes  Y  a  maximum,  and  the  greater,  x-i,  makes  Y  a  minimum. 
Again,  f{x)  is  positive  for  values  of  x  between  0  and  xi,  negative  for  those  be- 
tween xi  and  X2y  and  positive  for  those  greater  than  xo.     As  x  is  positive 
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throughout,  we  have  -^  >  y,  or  «  >  w,  wheii/(^)  is  positive;  and  —  <  y,  or  «  <  n, 

when  f{x)  is  negative.  Since  the  Moon's  motion  and  the  Earth's  rotation 
are  in  the  same  direction,  and  since  the  angular  velocity  of  the  Earth's  rotation 
exceeds  that  of  the  Moon  in  its  orhit,  the  present  state  of  things  corresponds  to  a 
value  of  X  which  lies  between  xi  and  x-i. 

"We  can  now  determine  the  effects  of  tidal  friction.  Since  the  friction  re- 
sulting from  the  lunar  tides  must  constantly  diminish  the  sensible  or  mechani- 
cal energy  of  the  Earth-moon  system,  F  must  continually  decrease  (Art.  277). 
Hence,  as  at  present  f{x)  is  negative,  x  must  increase  and  y  decrease  until  Y 
reaches  its  minimum,  after  which  the  whole  system  will  move  as  if  rigidly 
connected. 

It  appears  accordingly  that  the  friction  caused  by  the  lunar  tides  diminishes 
the  angular  velocity  of  the  Earth,  or  increases  the  length  of  the  day,  and  at 
the  same  time  increases  the  Moon's  distance  and  the  length  of  the  month.  This 
process  must  go  on  till  the  day  and  month  are  of  ^qual  length  after  which  the 
lunar  tides  must  cease.  If  at  any  past  period  the  Moon  moved  as  if  rigidly  con- 
nected with  the  Earth,  this  must  have  been  when  F  was  a  maximum.  Such  a 
state  of  things  was  dynamically  unstable,  for  the  least  disturbance  of  the  rigidity 
of  the  motion  would  have  produced  tides  whose  friction  would  have  diminished 
the  energy,  and  caused  the  system  to  depart  farther  from  the  configuration  of 
maximum  energy.  The  departure  from  this  configuration  might  have  taken 
place  in  two  ways,  according  as  the  Moon  approached  the  Earth  or  receded 
from  it.  If  the  former  event  had  occurred,  the  Moon's  angular  velocity  in  its 
orbit  would  have  become  greater  than  the  angular  velocity  of  the  Earth's  rotation, 
and  the  Moon  must  ultimately  have  fallen  upon  the  Earth,  as  x  must  have  de- 
creased continually  along  with  F.  If  on  the  other  hand  the  Moon  had  receded, 
the  present  state  of  things  would  have  been  reached.  The  value  of  x  which 
makes  Fa  minimum  lies  between  4-073  and  4-074,  and  the  corresponding  value 
of  n  lies  between  0-015  and  0-014.  The  ratios  of  the  present  value  of  « to  these 
two  values  are  46*9  and  50-2.  The  present  investigation  would  therefore  lead 
us  to  conclude  that,  when,  the  lunar  tides  cease  and  the  day  and  month  become 
equal,  the  length  of  the  day  will  be  between  46  times  and  50  times  its  present 
length. 

Examples  17,  18,  19,  and  Example  7,  p.  394,  are  taken  from  a  Paper  by 
Professor  G.  H.  Darwin,  first  published  in  the  Fi^oceedings  of  the  Royal  Society 
for  1879,  and  subsequently,  with  some  alterations,  in  Thomson  and  Tait's  Natural 
Philosophif,  Part  ii.  In  this  Paper  Mr.  Darwin  gives  diagrams  of  the  curves 
represented  by  the  equations 

'n  =  2Y-  K=  F{x),    a;3y  =  l,     h  =  x  +  y, 

by  means  of  which  the  results  arrived  at  are  exhibited  to  the  eye. 

20  The  ends  of  a  string  passing  over  a  smooth  pulley  are  attached  to  two 
masses,  of  which  one  rests  on  a  horizontal  plane,  and  the  other  is  dropped 
through  a  height  h ;  the  masses  of  the  string  and  pulley  being  neglected,  de- 
termine the  loss  of  kinetic  energy  caused  by  the  impulsive  tension  of  the  string 
(see  Art.  210). 

If  m  and  m'  be  the  masses,  vi  and  i'2  the  velocities  of  the  dropped  mass  m 
before  and  after  the  chuck,  and  %  the  loss  of  kinetic  energy, 

2%=m  (vi  -  V2)-  +  m'  vz^  (Ex.  9) .     Hence  %  = ,  gh. 
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21.  A  great  number  of  smooth  perfectly  elastic  particles  are  moving  with 
great  velocity  in  various  directions  within  a  rectangular  parallelepiped,  two  of 
whose  opposite  faces  are  large  compared  with  its  other  dimensions.  If  one  of 
these  faces  be  movable,  determine  the  force  required  to  keep  it  steady. 

Let  u  be  the  velocity  of  one  of  the  particles  whose  mass  is  m,  and  <^  the  angle 
which  the  direction  of  its  motion  makes  with  the  normal  to  the  face.  Before 
striking  the  face  the  particle  has  a  normal  velocity  u  cos  <p,  and  after  the  shock 
it  acquires  an  equal  normal  velocity  in  the  opposite  direction.  The  momentum 
communicated  to  the  face  is  therefore  2  mu  cos  <p.  Having  reached  the  opposite 
face,  the  particle  rebounds  and  strikes  the  movable  face  again  ;  the  interval  of 

time  between  two  successive  shocks  against  the  movable  face  being  , 

u  cos  <p 
where  a  is  the  perpendicular  distance  between  the  faces.     The  whole  momen- 
tum communicated  to  the  movable  face  by  the  particle  m  in  the  time  d  is  there- 
^       mv?'  cos^  <p 
fore  Q,  and  the  whole  momentum  M  communicated  by  all  the  par- 

Q 

tides  in  the  same  time  is  —  'S.mu'^  cos'^*. 
a 

In  order  to  determine  the  value  of  1,mii-  cos-<j),  describe  a  sphere  of  unit 
radius,  and  draw  from  its  centre  lines  parallel  to  the  directions  of  motion  of  the 
various  particles  at  the  beginning  of  the  interval  of  time  6.  Since  the  number 
of  particles  is  very  great  and  the  direction  of  the  motion  of  any  one  undeter- 
mined, we  may  assume  that  the  energy  of  those  particles  whose  directions  of 
motion  make  an  angle  <p  with  a  fixed  direction  is  to  the  total  energy  of  the  par- 
ticles as  that  portion  of  the  surface  of  the  sphere  which  lies  on  the  cone  whose 
semi-angle  is  <p  is  to  the  whole  surface.  If  T  be  the  total  energy  of  the  par- 
ticles, we  have  then 

Smu'cos^^  =  T  f  COS'  <!>  sin  <l>  d<p  =  -  T. 
Jo  o 

2  Td 
Hence  M  =  -  — .     Now  the  required  force  F  must  be  such  as  to  communi- 
o    n 

cate  to  the  movable  face  the  momentum  M  in  the  time  0,  and  therefore 

„      1  Td  ,  „    2  T 

FQ=- — ,   andi^=--. 

22.  A  number  of  particles  move  as  in  the  last  example ;  determine  the 
pressure  which  they  exert  on  the  imit  of  area. 

If  S  be  the  area  of  the  movable  face  in  the  last  example,  and  p  the  pressure 

2  T 

of  the  particles  on  the  unit  of  area,  pS  =  F= .  Hence,  if  v  be  the  volume  of 

3  a 
2 

the  parallelepiped,  pv  =  -  T. 

o 

The  results  obtained  in  Ex.  21  and  22  are  made  use  of  to  explain  the  pressure 
which  a  gas  exerts  against  its  envelope.  The  mode  of  investigation  employed 
is  due  to  Clausius. 

23.  Determine  the  mean  kinetic  energy  of  any  system  in  stationary  motion. 
A  system  is  said  to  be  in  stationary  motion  when  the  coordinates  and  velo- 
cities of  its  various  points  fluctuate  within  determinate  finite  limits. 
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If  we  integrate  x^dt  by  parts,  "we  get  jx^dt—  xx  —jx'xdt ;  and  similar  equa- 
tions may  be  obtained  corresponding  to  the  otber  coordinates.  Again,  suppos- 
ing each  point  of  tbe  system  to  be  free,  we  have  m'x  =  X.     Hence,  iiO  =  ti  —  toy 

1  r*i  1  ...... 

-        Tdt  =  —-  2w  {xixi  +2/12/1  +  zizi  -  {xo  xo  +  2/02/0  +  zo  20) } 

-^-sl^iXx+Yij  +  Zz)  dt. 
29      J  to 

If  9  be  made  sufficiently  large,  the  fii'st  term  on  the  right-hand  side  of  this 
equation  may  be  neglected,  and  we  find  that  the  mean  value  of  T  is  equal  to 
the  mean  value  of 

-  ^2{Xx  +  Ti/  +  Zz). 

This  latter  quantity  is  termed  by  Clausius  the  virial  of  the  system.  Hence,  the 
mean  kinetic  energy  is  equal  to  the  virial.  This  theorem,  and  its  application 
given  in  Ex.  25,  are  due  to  Clausius,  whose  investigation  will  be  found  in  the 
Philosophical  Magazine  for  August,  1870. 

24.  If  n  be  the  virial  of  a  system  which  is  acted  on  by  no  external  forces 
except  a  uniform  pressure  on  its  surface,  prove  that 

1  f^i 

n  =  ^pv  +  -\     ^r(p{r)dt, 

^  Jto 

where  r  is  the  distance  between  any  two  points  of  the  system,  v  its  volume,  and 
p  the  pressure  which  it  exerts  upon  the  unit  area  of  the  surface  of  the  surround- 
ing medium  or  envelope. 

If  r  be  the  distance  between  two  particles  of  the  system  whose  coordinates 
are  x,  y,  z;  x%  y',  zf,  the  portion  of  n  due  to  the  mutual  action  of  these  particles 
is  the  mean  value  of  an  expression  of  the  form 

, ,  ix'  -  X       y'  -  y       /-  z  \       ,  s  l^  -  ^  ,    y  -  y'  ,    -  -  2'  .\ 

-^(r)^-^a:  +  ?^^2/+-^.j-</,(r)^-^«/  +  ^2/'+-;r-^'j, 

or    r<p{r).     (Art.  278.) 

Again,  if  dS  be  an  element  of  the  bounding  surface  of  the  system  the  di- 
rection cosines  of  whose  normal  are  I,  m,  n,  the  part  of  IT  due  to  the  external 
pressure  is 

^pSS{xI+  ym  +  zn)dS  =  ^pW^xdy  dz  +  jjydzdx-\-jjzdxdy}  =  ^pv. 

1  r^x 
Hence  n  =  Ipv  +-       'Xr(p{r)  dt. 

^  Jto 

25.  Determine  the  pressure  of  an  enclosed  gas  in  terms  of  its  volume  and 
the  mean  kinetic  energy  of  translation  of  its  molecules. 

A  gas  may  be  regarded  as  composed  of  a  number  of  molecules  which  exert 
no  action  on  each  other  except  when  in  contact.  If  the  gas  be  enclosed  in  an 
envelope,  and  its  condition  remain  unaltered,  its  molecules  must  be  in  stationary 
motion.  Hence,  if  T'  be  the  mean  value  of  that  part  of  the  kinetic  energy 
which  results  from  the  velocities  of  the  centres  of  inertia  of  the  molecules,  and 
n  the  corresponding  virial,  we  have  T'  =  n;  but  n  =  }pv  (Ex.  24),  since  the 
other  term  of  n  may  in  this  case  be  neglected.     Accordingly  pv  =  j  T'. 
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284.  Qeneral  Equations  of  ]9Iotion  for  any  System. 

— The  general  equations  of  motion  for  any  system  are  ob- 
tained in  precisely  the  same  manner  as  the  general  equations 
of  equilibrium. 

If  F=  0,  G  =  0,  H  =  0,  &c.,  are  the  equations  of  condition 
representing  the  connexions  and  restraints,  we  have 

-r-    d£Ci  +    -T-    dVi  +  -r~    hz^  + —-    dXz  +  &C.  =  0. 

dxi  dyi  dzi  ax^ 

-r—  ZX^  +  &C.  =  0,  -I—  ^Xx  +    &c.  =  0,    &c. 

dx^  dx^ 

Multiply  the  first  by  A,  the  second  by  ^i,  the  third  by  v, 
&c.,  and  add  to  D'Alembert's  Equation,  and  we  obtain 

_  ^x,     ^dF       dG        dH     .    \.         .         . 

Xi  -  mi  — — -  +A-— +/U-7-  +  1'  -T~  +  «^c.    hxi  +  &c.  =  0. 
dv         dxx        dxx         dxx  ) 

If  there  be  n  equations  of  condition  we  can  assign  to 
A,  ju,  1',  &c.,  such  values  as  to  make  the  coefficients  of  the  first 
n  displacements  in  the  above  equation  vanish.  By  means  of 
these  displacements  we  can  satisfy  the  n  equations  ZF  =  0, 
S(t  =  0,  &c.  The  remaining  displacements  are  then  entirely 
unrestricted,  and  their  coefficients  in  the  general  equation 
above  must  therefore  be  each  zero,  and  we  have  for  the  equa- 
tions of  motion 

d^xx      ^      ^  dF        dG        dR    ^ 

mi  —r    =Ai  +  A-T—  +  JLI-T-   +V-7-+  &C., 

df  dxi         dxi         dxi 

d'y,      ^      ,  dF        dG        dH     _ 
df  dyi        dyx         dyi 

d\      ^      ^   dF       dG        dH      ^ 

dt^  dzi         dzi        dzi 


d^x^      ^      .dF       dG 
"^''d^^-^'^^'d^^^lii 


&0., 


&c., 


V  -r— +  &c., 
2  dx2 
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If  from  these  equations  we  seek  to  obtain  the  Equation  of 
Energy,  we  multiply  the  first  by  dxi,  the  second  by  dy^,  &o., 
and  add,  and  we  have 

dT=  S  {Xdx  +  Ydy  +  Zdz)  +\[-r  dx^+  -— ^yi  +  &c.  )  +  &c. 

\dxi  dy\   "  ) 

Now,  if  the  equation  i^=  0  involve  only  the  coordinates 
of  the  various  points, 

dF ^       dF  .        ^         ,_,     . 
-r-dxi+  -=—  dui  +  &c.  =  dF  =  0, 
dxi  dyi 

and  the  condition  expressed  by  the  equation  F  =  0  has  no 
effect  on  the  kinetic  energy. 

This  result  was  obtained  from  first  principles  in  Art.  279, 
and  by  its  means  the  Equation  of  Virtual  Yelocities  in  its 
usual  form  was  deduced  from  the  Equation  of  Energy. 

285.  Equation  of  Energy  ifvhen  Equations  of  Con- 
dition Involve  the  Time  Explicitly. — If  the  equation 
F=  0  involve  the  time  explicitly,  the  work  done  in  any  actual 
motion  of  the  system  by  the  forces  capable  of  replacing  the 
condition  F  =  0  need  not  be  zero.  In  a  virtual  displacement 
the  work  done  by  these  forces  must  still  be  zero,  because  in 
such  a  displacement  no  lapse  of  time  is  supposed  to  take  place. 
So  far,  therefore,  as  the  equation  of  virtual  velocities  is 
concerned,  t  must  be  considered  constant  in  the  equation 
jP  =  0,  and  the  virtual  displacements  must  fulfil  the  condition 

dF.        dF^       dF  ^       dF^       ^      ■ 

-r-cxi  +  -r-  dyi  +  -r-  csi  +  -—  Sxi  +  &c.  =  0. 
dxi  dyi  dzx  dxi 

The  actual  displacements  on  the  other  hand  fulfil  the  con- 
dition 

dF  ^       dF.       dF  .       dF  ^       ^        (d^\^,    A 
-r-dx^+  -—  dui  +  -;-  dzi+  -r—  dx^  +  &c.  +    —rr  \dt=  0. 
dxx  dyx  dzi  dxz  \dt  j 

Hence  in  this  case  the  Equation  of  Energy  becomes 
dT^  S  [Xdx  -^-Ydy  +  Zdz)  -  \  (^\  dt  -  ^  (^\  dt  -  &c.  (5) 
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286.  Similar  Mechanical  Systems. — Two  systems  are 
geometrically  similar  when  each  line  of  the  one  is  equal  to 
the  corresponding  line  of  the  other  multiplied  by  the  same 
constant. 

Similar  Mechanical  systems  are  not  only  geometrically 
similar,  but  have  also  a  similar  distribution  of  mass,  and  a 
similar  distribution  of  force,  and  work  in  a  similar  manner  ; 
i.  e.  each  mass  of  the  one  is  equal  to  the  corresponding  mass 
of  the  other  multiplied  by  a  constant,  each  force  of  the  one 
is  equal  to  the  corresponding  force  of  the  other  multiplied  by 
a  constant,  and  the  systems  are  always  geometrically  similar 
at  instants  of  time  whose  intervals  from  two  fixed  epochs  are 
in  a  constant  ratio. 

If  a:  be  a  coordinate  of  a  point  in  the  first  system,  w  a 
mass,  X  a  force,  and  t  an  interval  of  time ;  and  if  x\  m\  X\ 
t'  be  the  corresponding  quantities  for  the  second  system ;  we 
have  the  equations  x'  =  Ix,  m'  =  fxm,  X'  =  \X,  t'  =  vt. 

Hence         2m'^^,  S.  .^  g/-^^3  ^.'j 

and        S  {X'^x  +  T^y'+Z'^z')  =  X/S  {X^x  +  Y^y+Z^z). 

In  order  then  that  D'Alembert's  equation  should  hold 
good  for  each  system  we  must  have  ^il  =  \v'. 

This  equation  of  condition  may  be  put  into  another  form 

by  expressing  v  in  terms  of  the  ratio  of  the  corresponding 

velocities  in  the  two  systems.     If  we  denote  this  ratio  by  a, 

,         dx'         dx   ^    .    ^      dx      i  dx      ..       ^       ^  _ 

we  have  -r^  =  a  — -,  but  also,  -tf  =  --rr  \  therefore  /  =  av,  and 
at  at  at       v  at 

the  equation  of  condition  becomes  \l  =  fia"^. 

If,  as  is  generally  the  case,  weight  he  one  of  the  moving 

forces  in  both  systems,  A  =  ju,  whence  a^  =  /,  or  the  velocity 

in  each  system  must  be  proportional  to  the  square  root  of  its 

linear  dimensions. 
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287.  Equations  of  Motion  in  Generalized  Co- 
ordinates.— If  the  position  of  a  system  is  determined  at 
each  instant  by  a  certain  set  of  independent  quantities, 
which  may  be  termed  coordinates,  and  be  denoted  by  B, 
(py  \p,  &c.  ;  the  Cartesian  coordinates  of  each  point  of  the 
system  are  expressible  in  terms  of  these  new  variables,  so  that 
,^1, 2^1,  Si,  (Vz,  2/2,  22,  &c.,  are  functions  of  0,  0,  xj/,  &c.  If  the 
system  receive  a  displacement  ^6,  the  work  done  against  the 
forces  of  inertia  must,  in  a  conservative  system,  be  equal  to 
the  loss  of  potential  energy  ;  and  in  any  system,  conservative 
or  not,  must  be  equal  to  the  work  done  by  the  moving  forces 
(Arts.  201,  281). 

Hence  in  any  system,  if  we  put,  in  accordance  with 
Newton's  notation, 

.    „      dx      ..  „      d^x      .   .      dy  0      d'^y    o 

we  have 

The  right-hand  side  of  this  equation  may  be  denoted  by 
OS0 ;  similar  equations  may  be  obtained  for  displacements 
corresponding  to  the  other  variables. 

Since  d?,  &c.,  are  functions  of  t,  in  virtue  of  being  functions 
of  Q,  (p,  \p,  &c.,  we  have 

dx      dx  •      dx   .      dx  •       a 
dt      dO         dcp^      d\p^ 

•  • 

dx      dx  dx  dx    ^ 

therefore  — 7  =  —  >  — r  =  — >  «;c. ; 

dO     dd  dtp  d(p 


and  also 


d'^x   .        d^x    .      p  d  fdx\ 


2  E 
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Affain,     \  -\-^  =  x  —.  =  x  -^..  and  therefore 


dO' 


J  d  d{x^)      ..  dx      '    d  fdx\      ..  dx 

'di~^^''de'^''dt[dd)^''de^'' 


dx       ..dx       id{x') 


Hence 


X 


dx 
dd 


_  ^  d_  d_{x\  _  ^  d(^ 


dt    dO 


dd 


(6) 


Now  Tj  the  kinetic  energy  of  the  system,  is 

hence,  multiplying  each  equation  similar  to  (6)  by  the  corre- 
sponding mass  and  adding,  we  obtain 


„     A.  dx      ..  di/     ..  dz 
\   dO      ^  dO        dO 


d^dT^  dT 
dt  f^Q      dB  ' 


Similar  equations  hold  good  for  the  other  coordinates 
^,  &c. ;  hence  the  equations  of  motion  for  any  system  are 


d  dT     dT     ^ 
dt  d9      dO 


1  ^_^ 
dt  d(p      dcji 


^ 


>• 


d  dT     dT 
=  ^ 

dt  dip      dxfj 


(7) 


The  quantities  0,  ^,  ^,  &c.,  are  called  the  generalized 
components  of  the  forces  which  act  on  the  system. 


Lagrange^ s  Equations  for  Impukes, 
For  a  conservative  system,  equations  (7)  become 

dt  dh 

d_  dT 

dt  d(f)      d(l>     .  d(l>  y 
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dT     dV    ^-^ 
—  +  —  =0 

dd      dd 
dT     dV_ 


(8) 


d_  dT _  dT     dV_ 
dt  d\p      d\p      dip 

&c. 


where  V  is  the  potential  energy  of  the  system. 

These  equations  were  first  given  by  Lagrange,  and  are 
known  as  Lagrange's  Equations  of  Motion  in  Generalized  Co' 
ordinates. 

As  observed  by  Thomson  and  Tait,  the  proof  given  above 
shows  that  Lagrange's  Equations  hold  good  when  the  time 
appears  explicitely  in  the  equations  which  determine  the 
Cartesian  coordinates  in  terms  of  the  generalized  coordinates. 

In  fact,  in  this  case  x  =  /(0,  0,  t//,  &c.,  t),  &c. ;  x  then 

df 
contains  the  additional  term  -j  ;  but  the  equations 

dx       dx      dx       d  fdx\ 
dd      dd'     dO      dtV^J 

still  hold  good,  so  that  the  proof  given  above  remains  valid. 

V  in  Art.  260  represents  the  force  function.  In  the 
present  Article  the  same  letter  is  used  to  signify  the  potential 
energy,  which  is  equal  to  the  force  function  with  its  sign 
reversed.  Whether  the  system  be  conservative  or  not,  the 
only  forces  which  enter  into  0,  &c.  are  those  which  appear  in 
the  equation  of  energy. 

288.  liagrange's  Equations  for  Impulses.  —  If 
immediately  before  and  immediately  after  the  action  of  any 

set  of  impulses,  Xq,  yo,  So ;  x,  y,  2,  be  the  components  of  the 

2  E  2 
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velocity  of  the  point  x,  y,  s,  and  if  X,  Y,  Z,  be  the  compo- 
nents of  the  impulse  at  this  point,  we  have,  Art.  202, 

( , .       .  .dx      ,'       '  ^dy       ..       '  .  dz) 

S.|(.-*)g*(i,-j.)j5-t.(=-s.)j^] 

The  right-hand  side  of  this  equation  may  be  denoted  by 
0;  and  since  (Art.  287)  J-^^  =  i— , 


dT 
dd 


dd  d9 

f '  dx      '  dy    ..  dz^ 


T     ^       .dx      .dy    ..dz\ 
-  =  2m  [x—  +  y  —  -^-^z  —  ). 

i  \  dO        dO^i  dOj 


dx 


Now  32»  ^^'9  ^^^  ^^®  same  immediately  before  and  imme- 
du 

diately  after  the  impulsion ;  hence,  if  To  and  T  be  the  corre- 
sponding kinetic  energies,  we  obtain  the  equations 

dT_dTo^^^ 

dO      dOo 


&c. 


y- 


(9) 


Examples. 

1.  Determine  in  polar  coordinates  the  equations  of  motion^  of  a  particle 
nrhich  moves  freely  in  a  fixed  plane. 

Here     T=im{r'  +  r^  d-),  whence 

d  dT     dT        ..  .       d  dT     dT         'd  ,  ,  • 

dt  dr       dr  dt  dQ        dd  dt 

and  the  equations  of  motion  are  the  same  as  (9)  and  (10),  Art.  28. 

2.  Determine  in  polar  coordinates  the  general  equations  of  motion  of  a  free 
particle.  i;;;^ 

T=  i  w  {r2  +  r2 (02  +  sin2 0 <^2)}, 
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and  the  equations  of  motion  are 

m  {"  -  r  (02  +  sin20  ^2) ]  =  E^ 

id       '  '  \  d 

w  j  — {r20) -r^sindcos  0<^2i  _p^^       w  —  (r2  sin2 0 ^)  =  Qr  sin 0, 

where  R,  P,  and  Q  are  the  components  of  the  force  acting  on  the  particle,  along 
the  radius  vector  from  the  origin,  perpendicular  to  the  radius  vector  in  the 
meridian  of  the  particle,  and  at  right  angles  to  these  two  directions. 

3.  Prove  Euler's  equations  for  a  hody  having  a  fixed  point. 
The  expression  for  T  in  terms  of  0,  (p,  ^,  the  body-axes  being  the  principal 
axes  at  the  fixed  point,  is  given  in  Ex.  5,  p.  405.    Hence 

d       .  .  .       . 

—  {  (7(^  +  Cy^  cos  e}  -  (^  -  ^)  sin  ^  cos  <p  (02  _  f^  sin20) 

+  {A  -  B)  sin  e  (cos2^  -  sin2^)  0  ij  =  *. 

If  we  substitute  »3  for  <^  +  »^  cos  0  ( (9),  Art.  238),  and  then  make  0  =  ^  =  |ir, 
we  have  (Art.  238), 

c'^-p  -  (^  -  ^)  «i  «2  =  *  =  i^.     (Ex.  4,  p.  405). 

^  4.  Generalize  Euler's  equations  for  the  case  in  which  the  body-axes  are  not 
principal  axes. 

In  the  case  of  a  body  having  a  fixed  point,   T  is  a  quadratic  function  of 
«i,  «2,  «3>  with  constant  coefficients  (Art.  252).     Hence  by  Ex.  28,  p.  316, 

dT_dT  da>i      dT  dm      dT_  dwz  _  dT 
d<p       dwi  d(j>       du2  d<p       do>3  d<p       dwt 


dT _  dT  dm      dT  dm      dT_dm  _dT_      _  d_T^ 
d<f>      dcDi  d(p       doiz  dip       d(t>3  d<p      dtai  dwt 


and  we  have 


-  l—\  ^—  ^      -     -  TV 

dt  \dooz/       dui  dw2 


5  Two  particles  m  and  m'  are  connected  by  an  inextensible  string  passing 
through  a  smooth  hole  at  the  edge  of  a  smooth  horizontal  table  on  which  tn  rests  ; 
determine  the  equations  of  motion  of  the  particles,  and  the  tension  of  the  string. 

Let  r  and  0  be  the  polar  coordinates  of  m  with  respect  to  the  hole  as  origin ; 
then 

2T  =  (m  +  m')  r^  +  mr"^  d\ 

and  the  equations  of  motion  are 

...  d  . 

(m  +  m')r  -  mrd^  =  -  m'ff,     —  {mr^  0)  =  0. 
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If  T  be  the  tension  of  the  string,  and  h  the  value  of  mr^  d,  we  hare 
mr  —  mrd^  =  —  t  (Ex.  1), 


whence 

mm 


T  = 


m  +  m 

6.  A  smooth  particle  descends  the  upper  edge  of  a  thin  vertical  lamina, 
which  is  capable  of  sliding  freely  down  a  smooth  inclined  plane  with  which 
its  whole  lower  edge  is  in  contact.  If  the  plane  of  the  lamina  be  perpendicular 
to  the  intersection  of  the  inclined  plane  with  the  horizon,  and  the  particle  and 
lamina  start  from  rest,  determine  their  position  at  any  time. 

Let  X  be  the  distance  at  any  time  of  a  point  in  the  base  of  the  lamina  from 
its  initial  position,  |  the  distance  which  the  particle  has  moved  along  the  edge  of 
the  lamina,  a  the  angle  which  this  edge  makes  with  the  inclined  plane,  /8  the 
inclination  of  the  latter,  m  the  mass  of  the  particle,  and  M  that  of  the  lamina. 

The  kinetic  energy  of  the  lamina  at  any  time  is  \Mx^y  and  that  of  the  par- 
ticle is 


Hence 


^m{(i  +  i  cos  a)2  +  i-  sin-  o} . 
2T={M+  »n)i2  +  mi^  +  2m x^  cos  a. 


Again,  -  V=  Mgx  sin  fi  +  mg  [x  sin  )8  +  |  sin  (o  +  iS) } , 

and  therefore  the  equations  of  motion  are 

{M  +  m)'x  +  m^  cos  a  =  {M  +  m)  ^  sin  ;8,     w  {|  +  a;  cos  a)  =  mg  sin  (a  f  )3), 
whence 

{M-k-  m)  sin  a  cos  /8 


-      „  f  ,  m  sm  a  cos  o  cos $)      ^     ,     „ 

{  M  +  m  sm-  o      ) 


M  +  m  sin-  a 


7.  A  particle  descends  from  rest  along  one  face  of  a  smooth  triangular  prism 
which  is  supported  by  a  smooth  horizontal  plane.  The  initial  position  of  the 
particle  lies  in  the  vertical  plane  containing  the  centre  of  inertia  of  the  prism 
and  perpendicular  to  its  edge ;  determine  the  motion. 

Let  X  be  the  horizontal  coordinate,  in  the  vertical  plane  in  which  theparticle 
moves,  of  the  centre  of  inertia  of  the  prism,  M  its  mass,  m  that  of  the  particle, 
I  the  distance  it  has  moved  at  any  time  along  the  face  of  the  prism,  and  a  the 
angle  which  this  face  makes  with  the  horizontal  plane  ;  then 

2T=  {M  +  m)  x^  +  m'^^  +  2mx^  cos  o,     V=  —  nig^  sin  a ; 
and  the  equations  of  motion  are 

(Jf  +  m)x  +  w'l  cos  o  =  0,       m|  +  nix  cos  a  =  mg  sin  a. 
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Hence,  as  the  particle  starts  from  rest, 

{M  +  m)x  =  —  m\  cos  o,     {M  +  m  sin-o)  |  =  {M  +  m)  g  sin  o. 

The  student  will  observe  that  if  T  were  expressed  by  means  of  the  first  of 

these  equations  as  a  function  of  \  alone,  and  treated  as  such,  the  second  equa- 
tion would  be  obtained  directly  as  Lagrange's  equation.  The  importance  of  this 
remark  will  appear  from  Examples  9,  10,  11,  12. 

8.  In  the  preceding  example,  if  the  face  of  the  prism  down  which  the  par- 
ticle descends  be  rough,  determine  tlie  equations  of  motion. 

The  force  of  friction  tends  merely  to  stop  the  relative  motion  of  the  particle 
and  prism  ;  hence,  F  being  this  force, 

FSf=  —  fimg  cos  a5|. 
The  equations  of  motion  are  therefore 

{M  +  m)'x  +  m|  cos  a  =  0,     m^  +  mx  cos a  —  mg  {sin  a  -  /*  cos  o). 

9.  If  there  be  no  force  tending  to  alter  one  or  more  of  the  independent 
variables  by  which  the  position  of  a  system  is  defined  ;  if  the  expression  for  the 
kinetic  energy  of  the  system  does  not  contain  these  variables,  but  only  their  dif- 
ferential coefficients ;  and  if  the  system  start  from  rest ;  then  T  may  be  expressed 
as  a  function  of  the  other  independent  variables  and  their  differential  coefficients, 
and  be  treated  as  if  these  latter  variables  completely  defined  the  position  of  the 
system. 

Let  ^  be  one  of  the  independent  variables  satisfying  the  conditions  supposed ; 
then,  as  there  is  no  force  tending  to  alter  |, 

d    dT     dT    ^    ^      dT    ^         ^   ^       ^       dT 

— 7-  =  0 ;  but  — -  =  0,   and  thereiore  —  =  constant; 

^^  d^       ^^  ^^  d^ 

but,  as  the  system  starts  from  rest  and  jT  is  a  homogeneous  quadratic  function 

•    •     •    •  dT 

of  0,  <p,  ^,  \,  &c.,  this  constant  must  be  zero ;  hence  — ^  =  0.    In  like  manner,  if 

di 

dT 
■q  be  another  variable  satisfying  the  same  conditions,  we  have  — r  =  0,  and  so  on. 

dr] 

dT  dT  •     ' 

From  the  linear  equations  -7-=  0,    — ^  =  0,   «S:c.,  i,  rj,  &c.,  can  be  determined 

c?|  dr] 

in  terms  of  the  remaining  differential  coefficients  9,  <p,  <//,  &c.  Thus  T  becomes 
a  function  of  0,  ^,  y\i,  &c.,  and  of  their  differential  coefficients,  or 

T=F{e,<p,y\>,&c.,  e,  ^,  rp,  &c.). 
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If  now  we  regard  d,  <p,  y\>,  &c.,  as  completely  defining  the  position  of  the 
system,  Lagrange's  equations  are 

d   dF      dF 

: =  e,  &c. ; 

dt  dd       de 

but  these  equations  are  true,  for 


dF      dT     dT  di      dT  dn      „ 

-r=-r  +  —    -^  +  —    —  +  &c., 
de       dd       d^    dd      drt    dd 


dF      dT     dT  f/f      dT  d-n      „ 
—  —  ^  —     _2_  .j L  ^  ^(.^  • 

de     de     di  de     d^  de 

,  dT    ^         dT     ^    „  ^  dF     dT     dF      dT     ^ 

whence,  as    — r  =  0,        — r  =  0,  &c.,     we  have     —;-=—-,     —  =  — ,   &c. 

d^  dn  de     dd     de     de 


10.  A  system  is  moving  in  any  way  ;  determine  the  set  of  impulses  which 
would  give  to  each  part  of  the  system,  it  at  rest,  its  actual  velocity. 

Let  0,  *,  &c.,  be  the  required  impulses  corresponding  to  the  independent 

variables  e,  <p,  &c.,  and  let  T  be  the  actual  kinetic  energy  of  the  system ;  then 

dT  dT 

e  =  — ,     ♦  =  — ,  &c.  (Art.  288). 

de        '      dip 

11.  A  sphere,  having  no  motion  of  rotation,  and  under  the  action  of  a  force 
passing  through  its  centre  of  inertia,  moves  through  a  liquid  extending  indefi- 
nitely in  all  directions  on  one  side  of  an  infinite  plane  :  the  liquid  being 
originally  at  rest,  and  not  acted  on  by  any  tbrce,  determine  the  form  of  the 
equations  of  motion  of  the  sphere. 

Ijet  the  origin  be  anywhere  in  the  fixed  plane,  the  axis  of  x  being  at  right 

angles  to  that  plane ;  and  let  z,  y,  z  be  the  coordinates  of  the  centre  of  the 

sphere  at  any  time,  and  |  a  coordiuate  of  any  particle  of  the  liquid,  which  may 

be  defined  as  matter  which  is  incompressible  and  devoid  of  resistance  to  change 

of  shape. 

dT 
If  T  be  the  kinetic  energy  of  the  whole  system,  we  have  —  =  (7,  since 

^^ 
there  is  no  force  acting  on  the  liquid  ;   but  as  the  liquid  was  originally  at 

rest,  and  no  impulse  was  imparted  to  it,  C  =  0.     Hence  T  is  a  function  of 

x,  y,  z,  X,  y,  z  (Ex.  9).  Again,  the  motion  of  the  system  at  any  instant  could 
be  produced  from  rest  by  placing  the  sphere  in  its  actual  position,  and  giving  it 
an  impulse  sufficient  to  impart  to  it  its  actual  velocity,  since  the  impulses  which 
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should  be  given  to  the  liquid  particles  are  zero  (Ex.  10).  Hence,  as  the  initial  cir- 
cumstances are  unaltered  by  changing  the  values  of  «/and  z,  Tis  a  function  of  ar, 

X,  y,  z.     Again,  a  change  in  the  sign  of  «/  or  z  can  make  no  change  in  the  value 
of  T,  which  must  therefore  be  of  the  form  \  {Fx"^  +  Q(w^  +  z^)},  since  the  co- 
efficients of  xi/,  yz,  zx  must  be  zero.  , 
The  equations  of  motion  are  then 

dx  dx 


^^+*|f'^-f(^^+^^)j  = 


12.  Prove  that  a  sphere  projected  through  a  liquid  parallel  to  an  infinite 
plane  boundary  is  attracted  towards  the  boimdary.  Show  also  that  if  projected 
perpendicularly  from  the  boundary  it  is  at  first  accelerated,  and  then  tends 
towards  a  constant  velocity. 

Initial  circumstances  in  Ex.  11  are  altered  in  the  same  manner,  whether  we 
suppose  introduced  into  the  liquid  a  second  bounding  plane  parallel  to  the 
first,  and  between  it  and  the  sphere,  or  suppose  the  sphere  placed  initially 
nearer  the  original  bounding  plane.  Hence  a  diminution  of  the  initial  value 
of  X  is  equivalent  to  the  introduction  of  additional  geometrical  constraints 
into  the  system.     From  this  it  follows,  by  Ex.  10,  p.  407,  that,  if  a/  <  a;,  and 

F'  x'  =  Tx,  the  value  oi  Px^  must  exceed  that  of  P' x'"^,  and  therefore  x  <  x, 
and  P'  >  P,  or  P  decreases  as  x  increases.  Similar  reasoning  can  be  applied  to 
Q.  If  X  be  infinite,  or  the  liquid  unboimded  in  every  direction,  P  and  Q 
are  constants. 

The  statements  made  in  the  enunciation  of  this  example  follow  then  imme- 
diately from  the  equations  of  Ex.  11,  by  making  X  and  Fzero. 

Examples  9,  10,  11,  12,  are  taken,  with  some  slight  modifications,  from 
Thomson  and  Tait  {Natural  Philosophy),  and  illustrate  what  these  authors  have 
termed  Iff  nor  a  Hon  of  Coordinates. 
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CHAPTER  XIII. 

APPLICATION     OF    THE    THEORY    OF     ENERGY   TO 
THERMODYNAMICS. 

289.  mechanical  Squivalent  of  Heat. — The  expe- 
riments of  Joule  and  others  have  shown  that  whenever 
sensible  kinetic  energy  disappears  without  a  corresponding 
increase  of  potential  energy,  an  amount  of  heat  is  produced 
proportional  to  the  quantity  of  sensible  kinetic  energy  which 
has  disappeared. 

A  similar  result  takes  place  in  all  cases  in  which  work  is 
expended  without  producing  a  corresponding  increase  of 
energy ;  and,  conversely,  a  definite  amount  of  heat  can  be 
transformed  into  a  definite  amount  of  work. 

The  number  of  units  of  work  which  the  unit  of  heat  can 
perform  is  called  the  mechanical  equivalent  of  heat  ^  and  maybe 
designated  by  the  letter  J.  If  the  quantity  of  heat  required 
to  raise  the  temperature  of  the  unit  mass  of  water  from 
0°  to  1°  Centigrade  be  taken  as  the  unit  of  heat,  and  the 
amount  of  work  expended  in  lifting  the  unit  mass  through 
a  height  of  one  metre  as  the  unit  of  work,  tlie  value  of  J  is 
424.  In  English  units,  i.e.  if  a  foot  be  taken  as  the  unit 
of  length,  and  temperature  be  estimated  by  Fahrenheit's 
thermometric  scale,  the  value  of  J  is  772. 

If  Q  be  the  quantity  of  heat  which  has  been  imparted  to 
a  body ;  TJ  its  total  energy,  kinetic  and  potential ;  W  the  work 
done  by  the  body  against  external  forces ;  and  A  Q,  &c.,  the 
increments  of  these  quantities  at  any  time  reckoned  from  the 
same  instant,  the  experiments  of  Joule,  already  mentioned, 
conduct  to  the  equation 

J^AQ=  A?7+ ATF.  (1) 

If  we  desire  to  give  this  equation  a  purely  theoretical 
basis,  we  have  only  to  assume  that  heat  is  energy  resulting 
from  molecular  motions,  and  that  the  principle  of  the  con- 
servation of  energy  holds  good. 
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If  we  seek  to  determine  J  from  Equation  (1)  by  measur- 
ing the  amount  of  ^  Q,  &c.  in  any  particular  case,  we  are  met 
by  the  difficulty  that  the  value  of  A  Z7is  in  general  unknown. 
This  difficulty  can  be  got  over  by  bringing  back  the  body 
which  is  being  experimented  on  to  its  initial  condition  :  A  U 
is  then  zero,  and  we  have     J  A  Q  =  AW. 

When  J  is  known,  quantities  of  heat  can  be  expressed  in 
work  units ;  and  if  this  mode  of  expressing  Q  be  adopted,  (1) 
takes  the  simpler  form 

AQ  =  AU+  AW.  (2) 

290.  Equation  of  Energy. — The  equation  of  the  pre- 
ceding Article  is  one  of  the  two  fundamental  equations  of 
Thermodynamics,  and  may  be  called  the  Equation  of 
Energy. 

In  order  to  arrive  at  the  results  which  may  be  deduced 
from  this  equation,  the  body  under  consideration  is  supposed 
to  pass  continuously  from  one  state  to  another,  in  consequence 
of  changes  in  its  temperature  and  in  the  pressure  which  the 
unit  area  of  its  surface  exerts  against  the  surrounding  me- 
dium, this  pressure  being  supposed  the  same  at  all  points 
of  the  surface. 

In  Thermodynamics  we  are  not,  in  general,  concerned  with 
the  kinetic  energy  of  sensible  motion.  In  fact,  the  apparent 
effect  of  heat  on  a  body  is  to  raise  its  temperature,  or  to  change 
its  condition,  or  to  cause  it  to  do  external  work.  Hence  tlje 
body  is,  in  general,  supposed  to  be  at  rest  in  the  ordinary 
sense,  and  its  kinetic  energy  is  exhibited  in  the  form  not  of 
sensible  motion,  but  of  those  molecular  motions  on  which 
temperature  depends.  This  being  understood,  we  see  that 
the  total  energy  of  the  body  at  any  time  is  a  function  of  two 
independent  variables — the  temperature  t,  and  the  pressure  jt?. 

As  the  volume  v  of  the  unit  of  mass  depends  on  ;;  and  t, 
we  may  take  as  independent  variables  any  two  of  the  three 
quantities  t,  p,  and  v. 

If  the  work  done  by  the  body  against  external  forces  be, 
as  is  usually  the  case,  the  work  which  it  does  in  consequence 
of  its  expansion  against  the  pressure  on  its  surface,  and  if  we 
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consider  merely  the  unit  of  mass,  it  is  easily  seen  that  dW 
=  pdv,  and  hence  we  have  from  (1)  the  equation 

JdQ  =  -—dt  +  —r  dv  +  pdv,  (3) 

dt  dv 

291.  K^peeific  Heat. — The  quantity  of  heat  which  must 
be  imparted  to  the  unit  of  mass  of  a  homogeneous  substance  to 
raise  its  temperature  1°,  is  called  its  specific  heat,  and  is  equal 

to  the  limit  of . 

The  specific  heat  in  general  depends  on  the  external  work 
accomplished  by  the  body,  and  is  indeterminate,  except  the 
relation  between  the  variations  of  the  independent  variables 
be  assigned.  If,  however,  the  temperature  of  the  body  be 
raised  under  the  condition  that  its  volume  remains  constant, 
or  under  the  condition  that  the  pressure  on  its  surface  re- 
mains constant,  the  specific  heat  is  a  definite  function  of  the 
variables  on  whi(;li  the  state  of  the  body  depends. 

The  specific  heat  at  constant  volume  may  be  designated 
by  Cp,  and  that  at  constant  pressure  by  Cp.  We  have  then, 
from  (3), 


-•=(f;V    -<''  =  (fl-'T 


\dt  )v 


where  (  — r  )    indicates  the  differential  coefficient  of  U  with 


respect  to  t  under  the  hypothesis  that  v  is  constant,  and 
(  —  1  has  a  similar  signification  in  reference  to  p,  and  where 

in  the  equation  for  Cp  we  regard  «?  as  a  function  oi  p  and  t. 

For  practical  purposes,  when  great  accuracy  is  not  re- 
quired, no  distinction  is  made  in  the  case  of  solid  and  liquid 
bodies  between  the  two  specific  heats,  and  the  specific  heat 
for  each  body  is  assumed  to  be  an  absolute  constant. 

292.  Perfect  Cras. — In  the  case  of  a  perfect  gas  the 
volume  V  of  the  unit  of  mass  is  connected  with  the  pressure^, 
and  the  temperature  t  by  an  equation  of  the  form 

ip  =  VoPq  (1  +  at), 


I 
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where  t'o  is  the  volume  corresponding  to  the  pressure  po  and 
the  temperature  zero,  and  a  is  a  constant  which  is  the  same 
for  all  gases,  its  value  being  -^^^  when  temperatures  are 
counted  on  the  Centigrade  thermometer.  If  the  zero  of 
temperature  be  taken  at  -  273°  C,  and  temperature  reckoned 
from  this  origin  be  denoted  by  T,  we  have,  putting  R  for 

vp  =  RT.  (4) 

The  experiments  of  Joule  and  Thomson  have  shown  that 
if  the  volume  of  a  gas  vary  without  any  heat  being  imparted 
or  abstracted,  the  temperature  remains  constant,  provided  no 
external  work  is  done.  If  now  in  (2)  we  make  ^1 Q  =  0,  and 
A  TF  =  0,  we  have  A  ?7  =  0  ;  hence  it  appears,  that  if  the 
temperature  of  a  gas  remains  invariable,  so  likewise  does  the 
internal  energy,  which  is  therefore  a  function  of  the  tempe- 
rature alone. 

The  experiments  of  Regnault  have  shown  that  the  specific 
heat  of  a  gas  at  constant  pressure  is  independent  of  the  pres- 
sure, being  a  constant  for  each  gas.  From  this  it  follows 
(see  Ex.  3)  that  the  specific  heat  at  constant  volume  is  like- 
wise a  constant.  In  the  case  of  a  perfect  gas,  equation  (3) 
accordingly  becomes 

JdQ  =  JCvdt  -v pdv. 

Examples. 

1.  A  raindrop  falls  to  the  ground  from  a  height  of  1272  metres  ;  determine 
by  how  much  its  temperature  is  raised,  assuming  that  it  imparts  no  heat  to  the 
air  or  to  the  ground.  Am.  3°  C. 

2.  Find  how  much  heat  is  disengaged  if  a  bullet  weighing  50  grammes  and 
having  a  velocity  of  50  metres  per  second  strikes  a  target,  assuming  g  to  be 
9*8  metres  per  second. 

Ans.  An  amount  of  heat  sufficient  to  raise  one  gramme  of  water  through 
16°  C. 

R 

3.  In  a  perfect  gas  show  that  Op=  C«  +  — . 

4.  Calculate  the  difference  between  the  two  specific  heats  of  air,  being  given, 
that  a  cubic  metre  of  air,  at  a  temperature  of  0°  C,  and  under  a  pressure  of 
760  mm.  of  mercury,  whose  density  is  13*6,  weighs  1-2932  kilogrummes. 

Ans.  0-069. 
6.  For  any  gas  whose  density  referred  to  air  is  d,  show  that 

0-069 
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6.  Determine  the  quantity  of  heat  which  must  be  imparted  to  a  gas  to  enable 
it  to  expand  at  a  constant  pressure  pi  from  the  volume  v\  to  the  volume  vg. 

Cp 
^ns.  Q  =  ~pi{v2-  vx). 

7.  The  volume  and  pressure  of  a  gas  whose  mass  is  unity  change  from  vi  and 
pi,  to  V2  and  pz ;  determine  the  amount  of  heat  which  must  be  imparted  to  the 
gas  in  order  that  its  temperature  should  remain  constant. 

If  Ti  be  the  constant  temperature,  JQ  =  UTi  log  — .    The  transformation  of 

the  gas  in  this  case  is  said  to  be  isothermal. 

8.  If  a  gas  expand  or  contract  without  gain  or  loss  of  heat,  show  that  the 
initial  temperature  and  volume,  Ty  and  v\,  are  connected  with  the  final  tempera- 

ture  and  volume,  T2  and  V2,  by  the  equation  -^   =  (  —  )      ,  where  k  is  the  ratio 


^(^)'■' 


of  the  specific  heat  at  constant  pressure  to  the  specific  heat  at  constant  volume. 
The  transformation  of  the  gas  in  this  case  is  said  to  be  adiabatic. 

9.  In  the  preceding  example  determine  the  equation  connecting  the  initial 
«nd  final  pressures  with  the  initial  and  final  volumes. 


Ans. 


Pi  \V2/ 


10.  Determine  the  external  work  done  by  a  gas  in  an  isothermal  transfor- 
mation. 

In  this  case  W=  JQ  =  ETi  log  —  =  pivi  log  — . 

Vi  Vi 


1 1 .  Prove  that  the  external  work  done  by  a  gas  in  an  adiabatic  transforma- 
tion is  JCv  {Ti  —  T2),  where  Ti  and  T2  are  the  initial  and  final  temperatures. 

12.  If  the  decrease  in  the  temperature  of  the  air  as  its  height  above  the 
surface  of  the  earth  increases  were  due  merely  to  the  fall  of  temperature  result- 
ing from  the  expansion  caused  by  diminution  of  pressure,  show  that  AT,  the 
excess  of  the  temperature  at  the  earth's  surface  above  the  temperature  at  any 
height  z,  would  be  given  by  the  equation 


at  = 


k  -  1   2732 
k        ho 


where  ho  is  the  height  of  a  homogeneous  atmosphere  at  0°  C. 

If  p  be  the  pressure,  and  p  the  density  of  the  air  at  the  height  z,  we  have, 

1       p 
from  the  fundamental  equation  of  hydrostatics,  dp  =  —  ffp  dz  ;  but  p  =  -  =  — - , 

V      HT 

.     dT     k  -  \   dp 
and  since  the  expansion  is  adiabatic,  — -  =  — - —    — .      Eliminating   dp,    we 

1  K  p 

k  —  \    a 
have  dT= dz,  from  which,  since  gho  =  poVq,  we  obtain  the  equation 

given  above. 
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13.  If  T  be  the  absolute  temperature  of  a  gas,  and  %'  the  portion  of  the 
energy  of  its  unit  mass  which  is  due  to  the  velocities  of  translation  of  its  mole- 
cules, show  that  %'  =  ?,RT. 

Since  ji?v  =tgj;'  (Ex.  25,  p.  413),  this  result  follows  from  (t)  Art.  292. 

14.  Determine  the  mean  velocity  of  translation  of  a  molecule  of  air  which 
is  at  a  temperature  of  0°  C. 

Here  T  is  273,  and  the  mean  velocity  required  is  485  metres  per  second, 
nearly. 

15.  Show  that  the  mean  velocities  of  translation  of  the  molecules  of  dif- 
ferent gases  when  at  the  same  temperature  are  inversely  proportional  to  the 
square  roots  of  the  densities  of  the  gases. 

16.  Determine  the  relation  between  the  total  kinetic  energy  ^  of  a  gas  and 
that  portion  %'  of  the  kinetic  energy  which  is  due  to  the  velocities  of  translation 
of  the  molecules. 

The  total  energy  U  of  the  unit  mass  of  a  gas  is  composed  of  the  kinetic 
energy  %,  and  of  the  potential  energy  F",  which  again  is  the  sum  of  two  jjarts, 
/  'i  resulting  from  the  mutual  action  of  the  molecules,  and  V2  depending  on  the 
constitution  of  the  individual  molecules.  F2  may  be  considered  constant  so  long 
as  the  chemical  constitution  of  the  gas  remains  unchanged,  and  Vi  may  be 
assumed  to  be  zero,  since  f7i.s  a  function  of  the  temperature  alone,  and  Fi,  if  it 
existed,  would  depend  on  the  mutual  distances  of  the  molecules,  and  therefore 
on  the  volume.     Hence  U=%-\-  V^' 

/ITT 

^"■ain,  j=  =  JC„  =  constant,  whence  U=JGv^+  C\  or  ^  +  V^^JCvT^-  C. 

Let  ©  =  fi%',  then  %  =  f;3i2T,  and  f)8«r+  Fa  =  JC^T  +  C.    Hence,  as 

V'i  is  constant,  )8  must  be  of  the  form  7  +  „,  where  7  and  7  are  constants  ;  and 

%  must  be  the  sum  of  two  parts — one  proportional  to  the  temperature,  the  other 
constant.  The  existence  of  the  latter  part  seeips  in  the  highest  degree  improb- 
able ;  we  may,  therefore,  conclude  that  ^3  is  constant.      To  determine  its  value 

1  C 

we  have  ^^R  =  JCv,  whence  (Ex.  3)  j8  =f  _ — -,  where  k  =  -~.    Now  k  is  found 

k  —  1  Op 

to  be  almost  the  same  for  all  gases,  and  to  be  equal  to  1-408 ;  hence  ^8  is  ap- 
proximately the  same  for  all  gases  and  is  equal  to  1-634. 

17.  Two  masses  of  different  gases  have  equal  volumes  at  the  same  pressure 
and  temperature ;  show  that  for  all  equal  temperatures  they  have  equal  kinetic 
■energies. 

293.  Reversibility  and  Cyclical  Processes. — When  a 
body  experiences  transformations  such  that  the  inverse  changes 
can  take  place  in  precisely  the  same  circumstances,  the  trans- 
formation is  said  to  be  reversible.  In  order  that  this  should 
be  the  case,  any  source  from  which  the  body  derives  heat,  or 
to  which  the  body  imparts  heat,  must,  at  the  time  at  which 
the  heat  is  transferred,  be  of  the  same  temperature  as  the 
body  ;  and  also  the  external  pressure  on  the  body  at  any  time 
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must  be  equal  to  the  pressure  corresponding  to  the  state  of 
the  body  at  the  time. 

A  cyclical  process  is  a  transformation  at  the  end  of  which 
the  body  returns  to  the  same  state  as  that  in  which  it  was  at 
the  beginning. 

294.  Indicator  Diagram. — The  state  of  a  body  is,  as 
we  have  seen,  a  function  of  two  independent  variables.  If 
those  selected  be  the  volume  of  the  unit  of  mass  and  the 
pressure  on  the  unit  of  area,  the  state  of  the  body "  at  any 
time  is  indicated  by  the  position  of  a  point  whose  coordi- 
nates referred  to  two  rectangular  axes  are  proportional  to 
the  volume  and  pressure. 

In  the  case  of  a  body  imdergoing  a  transformation  ac- 
cording to  a  fixed  law,  the  set  of  points  indicating  its  succes- 
sive states  form  a  curve.  In  a  reversible  transformation,  if 
no  heat  be  lost  or  gained  by  the  body  during  the  transforma- 
tion, this  curve  is  called  an  adiahatic  or  isentropic  curve.  If 
the  temperature  remain  constant,  the  curve  is  called  isothermal. 
The  area  comprised  between  the  curve,  its  extreme  ordinates, 
and  the  axis  of  abscissas,  represents  the  work  done  by  the  body 
during  the  transformation. 

295.  Fundauiental  Principles  of  Thermodyna- 
mics. — The  science  of  Thermodynamics  is  founded  on  two 
fundamental  Principles.  *0f  these,  the  first  finds  its  mathe- 
matical expression  in  Equation  (1),  and  involves  two  state- 
ments, viz.,  that  In  every  natural  process  the  total  energy  is 
invariable ;  and  that  Meat  is  a  form  of  energy^  a  definite  amount 
of  heat  being  equivalent  to  a  definite  amount  of  work. 

The  second  fundamental  Principle  was  first  stated  by 
Clausius,  as  follows: — It  is  impossible  for  a  self-acting  machine  y 
unaided  by  external  agency,  to  convey  heat  from  one  body  to 
another  at  a  higher  temperature. 

By  Thomson  the  same  Principle  is  stated  somewhat  diffe- 
rently in  the  following  manner : — It  is  impossible  by  means  of 
inanimate  material  agency  to  derive  mechanical  effect  from  any 
portion  of  matter  by  cooling  it  below  the  temperature  of  the  coldest 
of  the  surrounding  objects  ;  and  by  Clerk  Maxwell  in  another 
form,  thus : — It  is  impossible,  by  the  unaided  action  of  natural 
processes,  to  transform  any  part  of  the  heat  of  a  body  into  me- 
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chanical  work,  except  by  allowing  heat  to  pass  from  that  body  into 
another  at  a  lower  tetnperature. 

Tiiis  Principle  merely  expresses  the  teaching  of  expe- 
rience in  reference  to  the  connexion  between  temperature 
and  the  transference  of  heat. 

296.  Carnot's  Cycle. — Let  us  suppose  a  body  subject 
to  a  reversible  cyclical  process  indicated  by  an  isothermal 
AiBi,  an  adiabatic  BiBo,  another  isothermal  ^2^2,  at  a  lower 
temperature  than  the  former,  and 
another  adiabatic  AoAi.  Whilst 
expanding  from  the  volume  repre- 
sented by  OCi  to  that  represented 
by  ODi  the  body  is  kept  at  a  con- 
stant temperature  ^1,  receiving  from 
a  source  Ki  of  heat  at  that  tempera- 
ture a  quantity  of  heat  Qi.  Whilst 
expanding  from  ODi  to  OA,  the  tem- 
perature falls  from  ti  to  tz,  no  heat 
being  lost  or  gained.  The  body  is  now  compressed  from  OD2 
to  OC2,  and  the  heat  Qo  thereby  developed  is  imparted  to  a 
reservoir  K^,  at  the  temperature  to.  Finally,  the  body  is  com- 
pressed from  OCo  to  OCi,  and  the  temperature  thereby  rises 
from  4  to  ^1,  no  heat  being  lost  or  gained.  In  this  process 
the  volume  at  which  the  adiabatic  compression  commences 
is  selected  in  such  a  way  that  when  the  volume  returns  to 
its  initial  value  the  temperature  returns  likewise  to  its  initial 
value.  In  the  whole  process  Qi  units  of  heat  are  imparted  to 
the  body,  and  Q2  units  of  heat  are  taken  from  it ;  and  as  the 
body  returns  to  its  original  state,  Qi  -  Q2  units  of  heat  have 
been  transformed  into  the  work  which  is  indicated  by  the 
area  A1B1B2A2.  In  referring  to  this  process  Ki  and  ^2  are 
frequently  termed  the  source  and  the  condenser. 

We  can  now  show  that,  if  Qi,  ^1,  and  t2  be  supposed  inva- 
riable, Qi  -  Q2  must  be  the  same  for  all  bodies. 

Suppose  Qi  -  Q2  for  one  body  L  were  greater  than  for 
another  body  if,  its  value  for  L  being  denoted  by  Q,  and  for 
M  by  Q\  Employ  the  cyclical  process  for  the  body  L  to  work 
that  for  the  body  M  in  reverse  order.  Then  the  source  of 
heat  at  ti  remains  as  before,  whilst  the  source  of  heat  at  to 
has  received  Q2  and  given  out  Q/  units  of  heat.     Moreover, 

2  F 
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an  amount  of  work  represented  by  Q  -  Q'  or  Q-!  -  Q^  has 
been  accomplished.  The  result  of  the  whole  process  is  that 
work  has  been  done  by  means  of  heat  obtained  from  the 
coldest  body  in  the  system.  As  this  result  is  opposed  to  the 
second  fundamental  Principle  (Art.  295),  we  conclude  that 
Q\  -  Qz  is  the  same  for  all  bodies,  and  is  therefore  simply  a 
function  of  Qi,  ^i,  and  tz. 

From  what  has  been  now  proved  it  follows  that  if  we  sup- 
pose the  curve  A^Bi  divided  into  n  parts,  for  each  of  which  Q, 
is  the  same,  and  adiabatics  drawn  through  the  points  of 
section,  the  corresponding  values  of  Q  are  equal.  Hence  it  is 
easy  to  see  that  Q  becomes  nQii  Qi  become  nQx,  and  therefore 

Q 

that  jr  must  be  independent  of  Qi :  accordingly,  we  have 


I  -M, '.). 


(5) 


297.    Determination    of    Carnol's    Function, — In 

order  to  determine  the  function  /,  we  have  merely  to  select  a 
body   for  which   the   isothermal   and   adiabatic  curves   are 
known.     Let  us  then  select  a  perfect  gas. 
In  this  case 

JQ,  =  ET,  log  --,      JQ,  =  ET^  log  '^  (Ex.  7,  p.  430). 

Again,  as  the  points  Ai  and  A2  lie  on  the  same  adiabatic,  we 
liave 


therefore 


'J.  =  '^^^  aad  ^=^' 


Q2      T,' 


Hence,  whatever  be  the  body  employed,  we  obtain  the 
equation 


'A    t; 


(6) 


.1' 
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298.  Extension  of  Carnot's  Cycle. — If  heat  imparted 
to  a  body  be  regarded  as  positive,  and  heat  given  out  by  the 
body  as  negative,  (6)  may  be  written 


(7) 


If  we  now  suppose  a  reversible  cyclical  process  represented 
by  any  number  of  isothermal  s  and  adiabatics,  each  isothermal 
being  followed  by  an  adiabatic,  and  if  Q  be  the  whole  quan- 
tity of  heat  imparted  to  the  body  at  the  temperature  T,  we 

Q 

have  the  equation  S  ^  =  0. 

In  order  to  prove  this,  let  us  first 
suppose  a  cycle  in  which  there  are  three 
isothermals,  A^Bi,  B2C2,  and  A^Csy  cor- 
•  responding  to  the  temperatures  Ti,  T2, 
and  T3.  Produce  the  adiabatic  Bi  B2  to 
^3,  then  Qs  =  ^3  +  qs,  where  q^  corre- 
sponds to  BjAiy  and  qi  to  CtBs. 

Now  by  (7), 


from  which,  by  addition,  we  have 


^%r' 


Qi     Qz     Q,    „ 

This  result  may  be  extended  in  a  similar  manner  to  a  cycle 
containing  four  isothermals,  and  so  on.     Hence,  in  general, 


4  =  0. 


(8) 


Again  (8)  holds  good  for  every  reversible  cyclical  process, 
whatever  be  the  nature  of  the  curves  by  which  it  is  repre- 
sented. 

This  appears  from  the  consideration  that  two  infinitely 
near  points  A  and  B  on  any  curve  can  be  connected  by  the 
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element  of  an  isothermal  followed  by  that  of  an  adiabatic,  and 
that  the  area  bounded  by  these  elements,  the  ordinates  of  A 
and  j5,  and  the  axis  of  abscissas,  differs  only  by  an  infinitely 
small  quantity  of  the  second  order  from  the  area  of  which  the 
arc  AB  is  the  boundary. 

For  every  reversible  cyclical  process,  however  effected,  we 
have,  then,  the  equation 


T 


(9) 


299.  Entropy. — If  a  body  pass  from  any  one  state  to 

any  other,  we  may  suppose  the  change  of  state  effected  by 

means  of  a  reversible  transformation  ;  and  whatever  this  pro- 

[dQ 
cess  be,  -„  between  the  limits  corresponding  to  the  two  states 

must  have  the  same  value,  since  the  cycle  may  be  completed 

by  a  definite  invariable  transformation.     Hence    —  depends 

only  on  the  state  of  the  body,  and  is  independent  of  the  mode 

(supposed  reversible)  by  which  the  body  is  brought  into  this 

state. 

"dQ 
If  we  put    -;=•  =  0,  the  quantity  0  is  called  by  Clausius 

the  Entropy  of  the  body. 

The  second  fundamental  Principle  of  Thermodynamics 
leads  therefore  to  the  result,  that  the  entropy  0  is  a  function 
of  the  two  independent  variables  on  which  the  state  of  the 
body  depends,  and  therefore  that  in  all  reversible  transfor- 
mations —  is  a  perfect  differential  d(p,  or  that 


dQ  =  Td<p, 


(10) 


In  theoretical  applications  of  the  equation  of  entropy, 
Q  and  ^  are  supposed  to  be  expressed  in  mechanical  units. 

300.  Absolute  l§cale  of  Temperatare. — The  result 
obtained  in  Art.  297  may  be  arrived  at  by  a  different  method 
independent  of  the  properties  of  any  particular  substance. 
We  have  seen.  Art.  296,  that  if  H  be  the  heat  drawn  from 
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the  source,  and  W  the  heat  converted  into  work  in  Carnot's 

W . 
cycle,  ^  is  a  function  of  the  extreme  temperatures  only,  and 

is  independent  of  the  substance  employed.  In  order,  then,  to 
construct  a  scale  of  temperature  independent  of  any  parti- 
cular body  we  may  proceed  as  follows : — 

Draw  the  isothermal  AB  oi  a,  body 
chosen  at  random,  corresponding  to  any 
arbitrary  temperature  which  may  be 
indicated  by  T,  and  draw  the  adiabatics 
AA^  and  JBB'  corresponding  to  the  con- 
dition of  the  body  before  and  after  a 
certain  arbitrary  amount  of  heat  JT  has 
been  imparted  to  it. 

Draw  another  isothermal  at  a  tem- 
perature T^  less  than  T,  so  that  the  area 
ABB' A'  may  be  of  given  magnitude  or 
correspond  to  a  given  amount  of  heat  w.     Now  draw  a  series 
of  isothermals  T'',  T"\  &c.,  at  intervals  such  that 

ABB'A'=  A'B'B^'A'  =  A"B"B'''A'''  =  &c. ; 

then  if  r  -  T'  be  the  unit  of  temperature,  T  -  T'  is  two  units, 
T  -  T"  three  units,  &c. 

Since  T,  H^  and  lo  are  fixed  quantities,  and  ^correspond- 
ing to  T^")  is  nw^  Equation  (5)  shows  that  two  bodies  are  at 
the  same  temperature  if  each  indicates  in  the  manner  described 
n  degrees  of  temperature  below  T.  This  method  of  estimat- 
ing temperature  is,  therefore,  independent  of  the  body  em- 
ployed. 

If  T'  be  any  temperature  lower  than  T  estimated  in  this 
manner,  and  W'  the  heat  converted  into  work  in  the  corre- 
sponding cyclical  process,  since 

'^=  F{T),  and  W  =  {T -  r)io, 

we  have  W  =  H[T  -  T)  F[T).  If  F{T)  be  denoted  by 
O,  this  equation  may  be  written  W'=  HC{T-  T).  In  like 
manner,  \V  =  HC{T  -  T').  If  we  now  suppose  a  cyclical 
process  between  the  temperatures  T  and  T'\  indicated  by 
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the  points  A',  B\  B'\  A",  the  heat  converted  into  work  is 
W"  -  W;  also  H',  the  heat  drawn  from  the  source  at  T\ 
is  equal  to  that  given  to  the  condenser  in  the  process  in 
which  T  and  T'  are  the  extreme  temperatures,  hence 

H-H'  =  W'=  HG[T-  T). 

301.  Efficiency  of  a  Heat  ICngine. — A  system  work- 
ing in  the  manner  required  by  Carnot's  cycle  may  be  termed 
a  reversible  heat  engine,  and  the  ratio  of  the  heat  converted 
into  work  to  the  heat  drawn  from  the  source  is  called  the 
efficiency  of  the  engine. 

It  appears  by  the  reasoning  of  Art.  296  that  the  extreme 
temperatures  being  given,  the  efficiency  of  a  non-reversihie  engine 
cannot  exceed  that  of  a  reversible,  and  that  the  efficiency  of  all 
r$versible  engines  is  the  same. 

302.  Absolute  Zero.— It  follows  from  Art.  300  that 
the  efficiency  of  a  reversible  engine  working  between  the 
temperatures  T  and  T"  is 


H-HC[T-  T) 


rpf         rp/f 


or 


r-  T- 


c 


As  T"  decreases,  the  efficiency  increases,  but  the  limit 
which  it  can  never  exceed  is  unity,  since  the  mechanical  work 
done  by  an  engine  can  never  exceed  the  equivalent  of  the 
heat  drawn  from  the  source.  Hence,  if  we  make  the  effi- 
ciency unity,  we  obtain  for  jT'' the  smallest  possible  value,  which 
1 


IS  r- 


c 


This  temperature  T'\  since  it  is  the  lowest  which 


can  be  attained  by  any  body,  must  be  the  absolute  zero. 
Hence 

r-^=0,  and  C  =  ^. 

The  expression  for  the  efficiency  of  a  reversible  engine 
working  between  any  two  temperatures  T'  and  T"  becomes 
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rpf  _     rpff 

then  — — —  .     Carnot's  function  C  has  thus  been  determined 

independently  of  the  properties  of  any  particular  substance. 

Again,  this  mode  of  determining  Carnot's  function  shows 
that  the  existence  of  an  absolute  zero  of  temperature,  sug- 
gested and  rendered  probable  by  the  known  properties  of 
what  are  called  permanent  gases,  follows  necessarily  from  the 
two  fundamental  Principles  of  Thermodynamics. 

The  experiments  of  Joule  and  Thomson  have  shown  that 
the  absolute  zero  is  273*7  below  zero  on  the  Centigrade 
scale,  or  460*66  below  zero  on  the  Falirenheit.  This  is  very 
nearly  the  same  result  as  that  of  Article  292. 

303.  Energy  and  Entropy. — For  every  reversible 
transformation  in  which  the  external  work  done  by  the  body 
is  due  to  its  own  expansion  we  have,  if  Q  be  expressed  in 
work  units,  the  two  equations 

dQ  =  dU  +  pdv     ) 

(11) 

U  and  <^  are  functions  of  the  independent  variables  on 
which  the  state  of  the  body  depends,  and  dU  and  6?^  are 
therefore  perfect  differentials ;  Q  depends  not  merely  on  tho 
state  of  the  body,  but  also  on  the  mode  in  which  it  has  been 
brought  into  that  Btate  ;  hence  dQ  is  not  a  perfect  differ- 
ential. The  limits  of  the  quantities  — , ,  &c.,  are  expres- 
sible in  terms  of  the  independent  variables  and  the  differ- 
ential coefficients  of  ZJand  t*.  They  are  therefore  functions  of 
the  two  independent  variables  which  determine  the  state  of 
the  body,  but  are  not  differential  coefficients.     They  may  be 

written  -^^,  &c. 
cv 

If  we  eliminate  dQ  between  the  two  equations  (11),  we 
have 

dU  ^  Td<i>  - pdv,  (12) 

From  this  equation  numerous  results  can  be  deduced,  tlie 
most  important  of  which  will  be  found  among  the  examples. 
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304.  ]¥oii -reversible  Transformations. — In  the  case 
of  a  non-reversible  transformation  we  cannot  assume  the 
truth  of  equations  (11).  In  fact,  for  such  a  transformation, 
even  though  the  external  work  done  by  the  body  be  due  to 
its  expansion  against  external  pressure,  this  pressure  need  not 
be  equal  in  magnitude  to  that  belonging  to  the  state  of  the 
body,  nor  is  dQ  in  such  a  transformation  necessarily  equal  to 
Tdxp. 

In  this  case  we  must  proceed  as  follows  : — Let  H  be  the 
whole  amount  of  heat  actually  imparted  to  the  body  in  the 
non-reversible  process,  TFthe  external  work  done,  and  Uo  and 
U  the  initial  and  final  energies  of  the  body  ;  then 

H=U-Uo+W,  (13) 

Let  us  now  imagine  a  reversible  transformation  capable  of 
bringing  the  body  from  its  initial  to  its  final  state,  but  other- 
"\\  ise  perfectly  arbitrary.  Since  this  hypothetical  transforma- 
tion  is  reversible,  we  can  make  use  of  equations  (11)  and  (12), 
and  any  results  therefrom  deducible  to  assist  in  determining 
U  -  Uo.  The  expression  thus  obtained  may  be  substituted 
in  (13). 

305.  Change  of  State. — There  are  three  states  or  con- 
ditions in  one  of  which  matter  is  usually  found ;  and  which 
are  termed  the  solid,  the  liquid,  and  the  gaseous. 

A  solid  body  is  one  which  strongly  resists  any  forces  tend- 
ing to  alter  the  relative  positions  of  its  adjacent  molecules, 
and,  so  long  as  its  structure  is  unbroken,  admits  of  only  slight 
changes  in  these  positions. 

A  liquid  offers  scarcely  any  resistance  to  a  change  in  the 
mutual  position  of  its  molecules,  provided  this  change  does 
not  diminish  the  distance  between  those  which  are  adjacent. 
In  other  words,  it  is  indifferent  to  change  of  shape  or  sepa- 
ration of  its  molecules  from  each  other,  but  strongly  resists 
compression. 

A  gas,  like  a  liquid,  is  indifferent  to  change  of  shape,  but 
yields  to  compression  with  comparative  facility,  and  tends  to 
increase  its  volume  without  limit.  To  prevent  its  escape,  it 
must  therefore  be  restrained  by  an  external  envelope. 
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It  is  almost  certain  that  every  substance  in  nature  is 
capable  of  existing  in  any  one  of  the  three  states,  and  passes 
at  a  certain  pressure  and  temperature  from  one  of  these  states 
into  another. 

Thus,  in  general,  there  is  a  certain  pressure  and  tempe- 
rature at  which,  if  heat  be  imparted  to  a  solid  body  and  the 
pressure  be  maintained  constant,  the  temperature  does  not 
rise,  but  the  body  gradually  passes  into  the  liquid  state.  The 
amount  of  heat  required  to  bring  about  this  change  for  the 
unit  of  mass  is  called  the  latent  heat  of  liquidity.  If  the 
volume  of  the  liquid  exceed  that  of  the  solid,  the  latent  heat 
of  liquidity  is  spent  partly  in  altering  the  internal  energy  and 
partly  in  doing  external  work.  If  (as  is  the  case  with  water) 
the  volume  of  the  liquid  be  less  than  that  of  the  solid,  the 
internal  energy  of  the  liquid  exceeds  that  of  the  solid  by  an 
amount  greater  than  the  equivalent  of  the  latent  heat  of 
liquidity. 

The  vapour  of  a  liquid  may  be  considered  a  gas.  If  the 
temperature  be  sufficiently  high,  and  the  pressure  sufficiently 
low,  a  vapour  obeys  the  same  laws  as  the  gases  which  are 
called  permanent,  and  approaches  closely  to  the  condition  of 
a  perfect  gas  (Art.  292). 

For  each  vapour  there  is,  corresponding  to  any  given 
temperature  Ti,  a  certain  pressure  pi,  such  that  at  higher 
pressures  the  vapour  begins  to  liquify ;  and,  conversely, 
corresponding  to  any  given  pressure  jt?i  there  is  a  temperature 
Ti,  such  that  at  lower  temperatures  the  same  result  takes 
place.  The  pressure  px  is  called  the  maximum  pressure  of  the 
vapour  for  the  temperature  jTi,  and  T^  is  called  the  boiling 
point  of  the  liquid  for  the  pressure  p^. 

In  fact,  if  heat  be  imparted  to  the  liquid  under  the  con- 
stant pressure  ;;i,  the  temperature  of  the  liquid  will  rise  until 
it  reaches  Tx :  after  this  the  temperature  will  remain  stationary, 
but  the  liquid  will  be  transformed  into  vapour,  and  the  heat 
required  by  the  unit  mass  for  this  transformation  is  called 
the  latoit  heat  of  vaporization.  When  a  vapour  is  at^  its 
maximum  pressure,  and  therefore  beginning  to  liquify,  it  is 
said  to  be  mtarated. 

A  liquid  exposed  to  the  air  evaporates  more  or  less  at  all 
temperatures.     It  is  known  that  if  two  gases  be  enclosed  in 
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the  same  envelope,  each,  after  some  time,  is  diffused  through 
the  whole  volume  of  the  envelope  as  if  the  other  were  absent. 
Hence  we  might  anticipate  the  behaviour  of  a  liquid  exposed 
to  the  atmosphere,  and  expect  that  the  air  would  not  act  like 
an  impervious  envelope  exercising  a  constant  pressure,  but 
would  merely  retard  the  formation  of  vapour  by  diminishing 
its  rate  of  diffusion. 

The  statements  of  Article  290  require  some  modification 
when  applied  to  a  body  while  charging  its  state.  So 
long  as  the  state  remains  unaltered,  U^  0,  and  v  are  func- 
tions of  p  and  T ;  but  when  the  body  begins  to  change  its 
state,  U,  </),  and  v  vary,  even  though  p  and  T  remain  con- 
stant. Whilst  the  body  is  changing  its  state,  if  jj  and  T  be 
constant,  U^  0,  and  v  are  functions  of  a  single  variable.  If 
the  change  of  state  go  on  continuously,  and  p  at  the  same 
time  vary,  then  T  must  also  vary,  and  be  at  each  instant  a 
function  of  p.  In  this  case,  U  and  ^  are  functions  of  two 
independent  variables,  which  may  be  v  and  p,  or  v  and  T,  but 
cannot  be  p  and  T. 

The  experiments  of  Andrews,  and  the  investigations  of 
Thomson,  have  thrown  much  light  on  the  phenomena  of 
change  of  state,  and  enable  us  to  explain  their  seeming 
anomalies.  An  account  of  these  researches  would,  however, 
be  outside  the  limits  of  the  present  work. 

306.  Elasticity  and  Expansion. — The  elasticity  of  a| 
substance  may  be  defined  as  the  limit  of  the  ratio  of  an  in- 
crease of  pressure  to  the  compression  which  it  produces,  the 
compression  being  the  ratio  of  the  diminution  of  volume  to 
the  original  volume. 

The  state  of  a  substance  being  determined  by  two  inde- 
pendent variables,  except  some  connexion  between  their  va- 
riations be  assigned,  the  elasticity  is  indeterminate.  The  two 
elasticities  usually  considered  are  the  elasticity  at  constant 
temperature  Et^  and  the  elasticity  at  constant  entropy  E^. 
The  former  obviously  belongs  to  an  isothermal,  and  the  latter 
to  an  adiabatic,  transformation. 

From  the  definitions  of  Ef  and  E^  we  have 


\dv  It      '^'^         '  \dvj^ 
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When  a  body  is  heated  it  usually  expands.  The  expan- 
sion is  the  ratio  of  the  increase  of  volume  to  the  original 
volume,  and  the  expansibility  is  the  limit  of  the  ratio  of  the 
expansion  to  the  increase  of  temperature,  the  pressure  re- 
maining constant.     If  e  denote  the  expansibility,  we  have 

^  ~  V  \dT 

If  the  expansion  of  a  body  take  place  without  change  of 
temperature,  the  limit  of  the  ratio  of  the  heat  required  for 
the  expansion  to  the  increase  of  volume  is  called  the  latent 
heat  of  expansion,  and  may  be  denoted  by  I ;  hence 
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1.  Determine  the  form  of  the  isothermal  curves  for  a  perfect  gas. 

Ans.  Eqixilateral  hyperbolas. 

2.  In  the  same  case  determine  the  equation  of  an  adiabatic. 

Ans,  pv*  =  constant. 

3.  The  volume  and  pressure  of  a  gas  being  given,  determine  its  entropy. 

Ans.  <p  -  <bo  =  J  \  Cv  log  — f-  Cp  log  —   . 

(  Po  Vo) 

4.  Prove  that  the  following  equations  hold  good  in  any  reversible  transfor- 
mation in  which  the  external  work  done  by  a  body  is  due  to  its  expansion 
against  the  pressure  on  its  surface  : 

/dT\     _       fdp\         /dT\    _  (dv\  /d<p\    __(dv\ 

\d^)4,~^  \d^j  ^'      \d^]^~  W    p'      \d^l  T~~  \dTlp' 

l^\     =  (^]  l^I\     l^±\    -l'^\     l'^'^\    =1 

\dv  I  T       \dT/  V       [dp  I  V  \dv  I  p      \dv  I  p\dpl  „ 

These  equations  follow  from  (12),  Art.  303,  by  choosing  successively  for  in- 
dependent variables  <p,v;  (p,p;  T,p;  T,  v;  and  v,  p ;  and  expressing  in  each  case 
the  condition  that  c^t/"  should  be  a  perfect  differential.  Briot  remarks  that  from 
the  first  of  these  equations  the  three  succeeding  can  be  obtained  by  interchanging 
p  and  V  or  J" and  (p,  the  sign  of  the  right-hand  member  of  the  equation  being, 
altered  after  each  interchange. 
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6.  Show  that 
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m 


\dvl 

The  first  two  of  these  equations  follow  at  once  from  (12),  p.  439.     To  prove 
the  last,  we  have  from  the  two  former, 

/^\  ^  /^\     tdr\    (dv\ . 

XdTJp      [dTj,      \dvjT\dT); 

Again,  dp  =  [  —zA    dT+  {■—]   dv,  from  which,  by  making  dp  =  0,  we  get 
\dT/ V  \av  /  T 

\7t)  '  ^^^  substituting  in  the  expression  for  J{Cp  -  Cv)  already  given,  we 

obtain  the  result  requii'ed. 


but 

and  by  Ex.  4, 


6.  Prove  that 


Cp      E(^ 


ld<p\         ld^\     /dv\ 
[dT/p  _  \dvjp\dT)p 
ld±\         (d^\     (dp\     ' 
\dT),       [dpJAdT/, 

/^\ 
\dv)p 


but      dd>  =  (  —  ]    dv  + 
\dvjp 


m 


\dp/v 


and  therefore    — — -^=  -  (-r-|    •       In  like  manner  „   "  =  —  ( -r- )    ; 

/d<{>\  \dv/4,  (dTx  \dpjT' 


(M) 


IdT 
\dv 


). 


hence 


Cv 


(I) 
(I) 


^=^(Art.306). 


7.  If  A  be  the  latent  heat  of  change  of  state  expressed  in  work  units,  and  v 
the  increase  in  the  volume  of  the  unit  mass  of  the  substance  after  passing  from 
one  state  to  the  other,  prove  that 
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Let  s  and  o"  be  the  volumes  of  the  unit  mass  of  the  substance  before  and 
after  the  change  of  state,  and  jx  the  fraction  of  the  unit  mass  which  has  undergone 
the  change  at  any  instant  during  the  transformation,  then  v  =  <t  —  s,  and 
V  =  /to-  +  (1  — /u)  s  =  s  +  u/x.  Again,  if  Q  be  the  quantity  of  heat  required  to 
transform  fx  times  the  unit  mass  from  one  state  to  the  other,  the  pressure  and 
temperature  remaining  constant,  Q  =  K/j.,  and  therefore 

^  -  Q  r  -(I)  .= "^  (ir)  .= -fr  *^-  -^-  -^  -■  ^■' 

The  student  will  observe  that  p  is  here  a  function  of  T  alone,  and  that  if  L 
be  the  latent  heat  expressed  in  heat  units,  X  =  JL. 

8.  The  density  of  ice  being  0*92,  and  the  latent  heat  of  water  79"25,  find  the 
lowering  of  the  temperature  of  freezing  caused  by  an  additional  pressure  of  one 
atmosphere.  Ans.  0-0073°  C. 

9.  If  d  and  Cw  be  the  specific  heats  expressed  in  work  units  of  saturated 
steam  and  of  boiling  water  at  the  same  pressure,  show  that 

_dK       \ 
''''""- dT'l:' 

It  is  here  supposed  that  the  variations  of  Tand  p  are  so  related  (Art.  291) 
that  as  T  changes  the  steam  remains  saturated,  and  the  water  remains  boiling 
(Art.  305).     Hence,  if  we  suppose  /*  to  remain  constant  (Ex.  7),  we  have 


and  therefore 


--"O-")^©.-!!).^ 


dTdii.        dT 

hence,  substituting  and  performing  the  differentiation,  we  have  the  result  required. 
It  may  be  observed  that  Cio  does  not  sensibly  differ  from  the  specific  heat  of  water 
at  constant  pressure. 

10.  Investigate  a  numerical  formula  for  the  specific  heat  of  saturated  steam 
at  any  given  temperature. 

According  to  Eegnault,  the  whole  quantity  of  heat  required  to  raise  the  tem- 
perature of  the  unit  mass  of  water  from  0°  to  ^°  C.  and  evaporate  it  at  that 
temperature  is  606-5  +  0-305  t.     Hence  we  have  the  empirical  formula 


(  Cu>dt=^ 
Jo 


606-5  +  0-305^, 


where  Cw  is  the  specific  heat  of  boiling  water  expressed  in  heat  units.     Diffe- 

j  7" 

rentiating,  we  have  - — \-  Cw  =  0*305.     For  high  temperatures  Regnault's 
dt 
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empirical  formula  may  be  replaced  by  the  simpler  formula  of  Clausius,  viz., 
L  =  607  -  0-708  t.     If  we  express  -by  means  of  the  latter  we  have  (Ex.  9), 

C.  =  0-305 -^"-"-^"^^^  1-013-1?^. 

273 +  ?f  273 +i 

For  temperatures  near  0°  C.  -vre  may  take  Cm,  =  1 ;  we  thus  get 


273  +  t 


From  the  expressions  obtained  for  (7«  we  may  conclude  that,  except  the  tem- 
perature be  enormously  high,  the  specific  heat  of  saturated  steam  is  negative. 
Hence  it  follows,  that  if  saturated  steam  be  compressed,  the  temperature  after 
compression  will  be  higher  than  that  corresponding  to  saturatiim  at  the  new 
pressure;  or,  in  other  words,  saturated  steam  suffers  no  condensation,  but  becomes 
super-heated  by  adiabatic  compression.  Conversely,  if  saturated  steam  be  con- 
tained in  a  vessel  impervious  to  heat,  a  diminution  of  pressure  will  cause  partial 
condensation.  These  results  were  first  obtained  theoretically  by  Clausius  and 
Rankine,  who,  independently,  arrived  at  them  almost  simultaneously.  They 
liave  since  been  confirmed  experimentally  by  Him.  It  seems  not  unlikely  that 
ihe  connexion  between  rain  and  a  change  of  atmospheric  pressure  depends  partly 
on  the  property  of  steam  mentioned  above. 

11.  If  I7i  be  the  energy  of  the  unit  mass  of  saturated  steam  at  T\,  and  Ua 
that  of  the  unit  mass  of  boiling  water  at  To,  prove  that 

JT     f  ds\ 

'  V"'~ ^df)  ^^^"^^  -Pi^i- 

Let  us  suppose  that  the  unit  mass  is  brought  from  the  state  of  boiling  water 
at  To  and  pq  to  that  of  saturated  steam  at  T\  and  joi,  and  that  this  transformation 
is  effected  by  first  bringing  the  water  without  evaporation,  but  continually 
boiling,  from  po,  Tq,  to  p\,  T\, ;  and  then  evaporating  at  Ti,  pi. 

Take  as  variables  jTand  ^  (Ex.  7) ;  then,  since  dU  =  dQ  —pdv,  we  have         j 

-=i(:4)-(?.)j-M©.-(gj^''- 

Again,  on  the  above  hypothesis,  when  T  varies  ^uis  zero,  and  when  fi  varies 
T  is  constant.     In  general  (Ex.  9), 

{  SI')    ~  ^^*  ~  ^"'^  '^  +  ^«" 

and  therefore  when  M  =  0,  (  r-r )     =  <?». 
Again, 
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Hence,  substituting,  we  have 


Ui=Uo  +  T'  Uc  -p  ~j\  dT+  (Ai  -pivx)  (  (Ifi. 


12.  Assuming  that  the  square  of  the  velocity  of  the  propagation  of  sound  is 
proportional  to  the  elasticity  of  the  medium  divided  by  its  density,  show  that  in 
a  gas  the  velocity  of  sound  varies  as  \/}cRT. 

Since  the  compression  of  the  air  during  the  passage  of  a  wave  of  sound  is 
very  sudden,  the  compression  may  be  regarded  as  adiabatic.     Hence  the  velocity 

of  sound  varies  as  V^'<^v,  but  E(^  =  kEr  (Ex.  6),  and  Et  —  p,  therefore,  &c. 

By  means  of  the  results  obtained  in  this  example  and  in  Ex.  3,  p.  429,  if 
the  velocity  of  sound  be  determined  by  experiment,  Cp  and  Cv  can  be  calculated. 
Conversely,  if  Gp  be  known  by  experiment,  Cv  can  be  found  from  the  velocity 
of  sound,  and  hence  the  value  of  J  can  be  determined. 

13.  Show  that  bodies  which  expand  by  heating  are  heated  by  compression ; 
those  which  contract  by  heating  are  cooled  by  compression ;  and,  if  the  tempera- 
ture be  maintained  constant,  determine  the  rate  at  which  heat  is  given  out  or 
absorbed  according  as  the  pressure  is  increased. 

If  Q,  be  the  heat  required  to  keep  the  temperature  constant,  the  rate  of  ab- 
sorption is  (  — -  )    ;  but 

\lpjT 

Hence  SQ  is  negative  if  e  be  positive,  and  conversely. 

14.  Prove  that  in  water  not  far  from  its  maximum  density  the  rise  of  tem- 
perature produced  by  an  increase  of  pressure  is  given  by  the  formula 

(,  +  273)  (^-4) 
2950000  ^' 

where  t  is  expressed  in  degrees  centigrade,  and  p  in  atmospheres. 

If  vq  be  the  volume  of  the  unit  mass  of  water  at  4°,  when  the  density  is  a 

((t  —  4)2\ 
1  +  J    represents,    according 

to  Kopp  and  Tait,  the  results  of  numerous  experiments.     From  this  formula 

we  have  approximately   e  =  ^. 

H'nce,  assuming  the  pressure  of  the  atmosphere  to  be  1033  grammes  on  the 
square  centimetre,  we  obtain  the  required  result. 

15.  A  gas  at  pi  and  vi  is  allowed  to  expand  into  a  perfectly  empty  vessel, 
whereby  its  pressure  and  volume  become  p2,  and  v^.  No  heat  being  imparted  to 
the  gas  or  taken  from  it,  determine  its  change  of  temperature. 

Since  no  external  work  is  done,  and  no  heat  lost  or  gained,  the  energy  must 
remain  constant,  and  therefore  the  temperature  (Art.  292).  The  assumption 
that  the  energy  of  a  gas  is  a  function  of  the  temperature  alone,  is  indeed  a  result 
from  the  fact  ascertained  by  experiment,  that  the  temperature  is  constant  under 
the  circumstances  here  supposed. 


maximum. 
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16.  In  the  preceding  example  determine  tlie  change  of  entropy. 

Wo  have  (Ex.  3), 

<^o  _  c^i  =  /  (c.  log  ^  +  C^  log-")  =J{Cp-  Cv)  log  -  =  i?  log  -. 

\  Pi  V\J  V\  Vi 

Since  v^  >  vi,  the  entropy  is  increased  by  the  supposed  transformation,  which, 
it  should  be  observed,  is  non -reversible,  and  therefore  not  adiabatic,  though  no 
heat  is  lost  or  gained. 

17.  Gas  is  made  to  pass  uniformly  through  a  tube  in  which  a  porous  plug 
such  as  cotton-wool  is  placed.  No  heat  is  permitted  to  leave  the  gas  or  enter  it 
from  any  external  source ;  determine  the  connexion  between  the  variations  of 
pressure  and  temperature  caused  by  the  plug. 

Since  the  density  of  the  gas  at  any  particular  cross  section  of  the  tube  does 
not  vary  during  the  experiment,  equal  masses  of  gas  pass  through  each  section 
in  the  same  time,  or  the  velocity  of  the  unit  of  mass  is  constant.  Again,  any 
energy  which  is  lost  by  friction  is  restored  as  heat.  We  ate  therefore  entitled 
to  assume  that  any  change  in  the  energy  of  the  gas  as  it  passes  through  diffe- 
rent parts  of  the  tube  is  due  to  the  work  done  on  it  or  to  the  work  which  it 
does. 

Suppose  two  cross  sections  A  and  JB  of  the  tube,  one  on  each  side  of  the 
plug,  the  pressures  at  which  are  pi  and  po.  As  a  small  quantity  dm  of  gas 
passes  A  the  pressure  driving  it  forward  docs  work  on  it  whose  amoimt  is 
pi  vi  dm.  At  the  same  time  dm  does  work  on  the  next  layer  of  gas  which  is 
equal  to  the  work  done  on  dm  when  passing  the  section  consecutive  to  A.  Thus, 
in  going  from  A  to  B  the  work  done  by  dm  and  the  work  done  on  dm  compen- 
sate each  other,  with  the  exception  of  pi  Vi  dm  done  on  dm,  and  jt?2  ^'2  dm  done  by 
dm.  In  other  words,  in  the  passage  from  Aio  B  the  whole  external  work  done 
by  dm  is  (/?2  ^'2  —  pi  v\)  dm,  and  therefore,  since  no  heat  is  lost  or  gained,  we  have 

Uz  -  Vi  +  Pt.  V2  —  P\  *'!  =  0. 
Now     17"  =  J  Td<^  -  \pdv  =  J  Td<f>  -pv  +  jvdp,  or  U+pv  =  j  Td(p  +  ^vdp. 
Hence  the  hypothetical  reversible  transformation  (Art.  304)  must  be  such  that 

Substituting    .;,forr(^)    (Ex.  5),  aud-(^)      for    (g\     (Ex.  4), 

we  have  j}.,rfr+ (.  -  T  (^)  J  *  j  =  0. 

Hence,  if  we  can  integrate  the  expression  under  the  integral  sign  in  this 
equation,   the    relation  between  T2  —  Ti  and  p2  —  p\  is  determined.     If  tho 

gas  were  theoretically  perfect  (Art.  292),  we  should  have  T  I  -— J  =  v,  and  T^ 

\dl  /  p 

would  be  equal  to  T\.     This  is  found  not  to  be  the  case.     We  may  therefore 

conclude  that  no  gas  is  theoretically  perfect,  and  we  cannot  assume  either  that 

o  is  constant  or  that  T=t-\-  -. 

a 
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From  the  equation  vp  =  vq  po  (1  +  at),   if  we  consider  a  as  variable,  we 
have 

We  may  assume  that  T-t  differs  from  a  constant  by  a  very  small  quantity, 

da 

and  likewise  that  —  is  very  small,  and  may  integrate  between  Ti  and  T^  neglect- 

ing  these  quantities,  since  Ti  —  T2  is  observed  to  be  smaU.     For  similar  reasons 
we  may  assume  that  (  7^ )    =  ( ^7:  )  >  and  that  Cp  is  constant.     Hence,  inte- 

\(il  /  p  \Ctt  /  p 

grating,  we  have 

-  Cp {T2  -  Ti)  =  povo  {l+at-  aT)  (log ^2  -  log  pi), 
and  therefore 

1  Cp{Ti-T2) 


a      apo  Vo  (log  pi  -  log  P2)  * 

From  this  equation  the  exact  position  on  the  centigrade  scale  of  the  absolute 
zero  can  be  determined  (Art.  302). 

18.  Saturated  steam  in  a  vessel  containing  no  water  is  allowed  to  escape  into 
the  air  ;  determine  the  quantity  of  heat  which  must  be  imparted  to  the  unit  of 
mass  in  order  that  it  should  remain  saturated. 

Lot  JFhe  the  external  work  done  by  the  unit  mass  of  the  steam  in  escaping, 
Ti  and  T2  its  initial  and  final  temperatures ;  then  H  being  the  heat  required, 
we  have 

JE=  U2-  Ui+  W. 

:N"oW  W  =  Pi{<T2  -  <T\)  =P2{V2  -  Vi)  +  J92('52  -  Si),       (Ex.   7), 

where  o-  and  s  are  the  volumes  of  the  unit  mass  of  steam  and  of  water, 

and  U2-Ui  =  \  "  lcu,-p  —J  dT+\2-  Ai  -  p2V2  +  pi  ui,  (Ex.  11). 

Hence  JH  =     '^  Icw-p  t^)  dT ^-  \2-  M  +  wi  {pi  - P2)  +  P2  (^2 - «i) . 

ds 
Since  («2  -  si)  and  -7^  are  small,  we  may  neglect  them,  and  thus  obtain 

2  G  * 
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Now                       -  Y^  +  jf)  =  0"305,     (Ex.  10)  ; 
hence  H=-  0-305(^1  -  To)  +  [pi  - po)  — ~ ,  (Ex.  7). 

(— —  )  is  the  limit  of  the  ratio  of  the  change  of  the  maximum  pressure  of  the 

vapour  to  the  corresponding  change  of  temperature,  and  is  hence  easily  found 
from  a  tahle  of  the  temperatures  of  the  boiHng  point  at  different  pressures. 
H  is  in  general  positive  ;  i.e.,  if  no  heat  be  imparted  to  the  expanding  steam, 
some  of  it  will  condense. 

19.  In  the  preceding  example,  if  the  vessel  from  which  the  steam  is  escaping 
contain  boiling  water,  determine  the  quantity  of  heat  which  must  be  imparted 
to  the  unit  mass  of  steam  in  order  that  it  should  remain  saturated. 

In  this  case,  as  in  Ex.  17,  the  external  work  W  done  by  the  unit  mass  of  the 
steam  is 

P2ff2  -PKTI,   or  P2V2  -piVi  +  P2S2  —pisi. 

Hence,  as  U2—.  U\  is  the  same  as  in  the  last  example,  if  we  neglect  the  compa- 
ratively small  terms  involving  «i  and  $2,  we  have  approximately 


^^=C(-+?r>^' 


and  therefore  IT  =  -  0-305  {Tx  -  T2). 

In  this  case,  if  no  heat  be  abstracted,  or  imparted,  the  steam  after  it  escapes 
is  super-heated.  If  T\  —  T2  be  large,  or  the  steam  originally  at  high  pressure, 
the  super-heating  is  considerable  and  more  than  sufficient  to  vaporize  any  par- 
ticles of  water  which  the  steam  carries  with  it  mechanically.  Hence  we  can 
explain  the  known  phenomenon  that  high  pressure  steam  after  escaping  into  the 
air  is  diy  and  does  not  scald,  whereas  by  low  pressui'e  steam  severe  scalds  may 
be  inflicted. 

307.  Available  £nergy. — The  work  which  can  be 
accomplished  by  a  quantity  of  heat  Qi  depends  on  the  tem- 
perature of  the  source  from  which  it  is  derived.  If  this 
temperature  be  Ti,  and  the  lowest  temperature  which  can  be 
obtained  To,  the  work  which  can  be  accomplished  by  means 

Q, 
of  Qi  cannot  exceed  [Tx  -  To)  w  (Art.  302),  where  Qi  is  ex- 

pressed  in  work  units. 

If  Qx  pass  from  a  source  at  Tx  to  a  source  at  To,  the  avail- 

/To      To\ 
able  energy  is  diminished  by  the  quantity  ( -^  -  —  j  Qi. 

If  Qx  leave  a  source  at  Tx,  and  Qo  in  consequence  enter  a 
source  at  To,  the  loss  of  available  energy  is 

(7',  -  y.)  ^  -  {T.  -  T.)  ^,  or    Q.  -  Q.  -  r„  (^  -  ^'' 
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308.  Dissipation  of  Energy. — If  the  transference  of 
heat  from  a  source  at  Ti  to  a  source  at  T^  take  place  through 
the   medium  of  a  reversible   engine   undergoing  a  cyclical 

process,  —  -  y=  is  zero,  and  the  loss  of  available  energy  is 

Q>\  -  Q2,  which  is  the  same  as  the  work  done.     Thus  the  un- 
compensated loss  of  available  energy  is  zero. 

In  the  case  of  an  engine  undergoing  a  non -reversible 
cyclical  process,  Qi  -  Qi  cannot  be  greater,  and  is  usually  less, 

than  {Ti  -  T2)  7^,  (Art.  301),  or  — ^  -  -^^  has  a  negative  value 

jtl  jti  Jt2 

which  may  be  denoted  by  -  iV".  In  this  case  the  uncompen- 
sated loss  of  available  energy  is  TqJ^. 

By  a  method  sim;lar  to  that  employed  in  Art.  298  this 
result  can  be  extended  to  every  non-reversible  cyclical  pro- 
cess.     In  this   case,   if   Q  be   the  heat   which  enters  the 

Q 

engine  at  the  temperature  T,  the  quantity  S  ™  is  negative, 

^  .  Q 

and  the  uncompensated  loss  of  available  energy  is  -  To  S  ^. 

To  prove  this,  we  have  only  to  substitute  for  the  actual 
process  A  a  process  B,  in  which  the  cycles  corresponding  to 
each  pair  of  temperatures  are  completed  by  reversible  trans- 
formations, each  of  which  is  accomplished  first  in  one  direc- 
tion, then  in  the  opposite.    As  these  transformations  are  passed 

Q 

through  in  both  directions,  the  value  of  S  ^  and  of  the  un- 
compensated loss  of  available  energy  is  the  same  for  A  as 

Q  .  Q 

for  B ;  but  2  ^  for  ^  is  the  sum  of  the  values  of  S  -^corre- 
sponding to  the  small  cycles,  since  the  remaining  part  of  B 
forms  one  reversible  cycle.  Hence  we  obtain  the  required 
results. 

The  uncompensated  loss  of  available  energy  is  called  the 
Dissipation  of  Energy. 

From  the  present  and  preceding  Articles  it  appears  that 
this  dissipation  takes  place  whenever  heat  passes  without  the 
performance  of  work  from  a  body  at  a  higher  to  a  body  at  a 
lower  temperature,  and  also,  in   general,  in  non-reversible 
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cyclical  processes.  A  strictly  reversible  process  cannot  be 
realized  in  nature,  since  the  absence  of  friction  and  the  perfect 
equality  of  internal  and  external  pressures  and  temperatures 
cannot  be  attained.  Hence  we  may  conclude,  that  in  all 
natural  processes  there  is  an  incessant  dissipation  of  energy. 
It  is  to  be  observed  that  the  theory  of  dissipation  depends  on 
the  assumption  of  a  certain  temperature  as  the  lowest  which 
is  available.  If  the  lowest  available  temperature  were  abso- 
lute zero  there  would  be  no  dissipation  of  energy. 

309.  Increase  of  £ntropy. — If  an  element  of  heat  dQ 
pass  from  a  body  Ay  whose  temperature  is  jTi,  to  another 
body  j5  at  a  lower  temperature  T^,  and  if  we  suppose  the 
volumes  of  A  and  B  to  remain  constant,  the  entropy  of  A  is 

diminished  by  -=,  and  that  of  B  increased  by  -=r,  and  as 

Ti  >  To,  the  whole  entropy  of  A  and  B  is  increased. 

Again,  in  a  cyclical  process,  if  we  suppose  the  source  A 
and  the  condenser  B  to  remain  at  constant  volume,  in  which 

case  their  temperatures  will  of  course  vary,  2  -^  is  the  loss 

of  entropy  by  A,  and  2  ~  the  gain  of  entropy  by  B. 
Hence  the  entropy  of  the  whole  system  is  increased  by 
the  quantity  S  (  =^  -  =^  j.  In  a  reversible  process  this  quan- 
tity is  zero,  but  in  a  non-reversible  process  it  has  in  general 
a  positive  value  N. 

We  have  supposed  A  and  B  to  remain  at  constant  volume ; 
but  if  this  be  not  the  case,  the  results  obtained  still  hold  good, 
provided  the  transformation  appHed  to  each  of  these  bodies  is 
reversible  when  each  body  is  considered  alone.  Under  these 
circumstances  the  uncompensated  loss  of  available  energy  in 
a  non-reversible  cyclical  process  is  equal  to  the  product  of 
the  limiting  temperature  and  the  increase  of  the  entropy  of 
the  system. 

We  may  conclude  from  what  has  been  said,  that  natural 
processes  have  a  tendency  to  increase  entropy,  or,  as  stated 
by  Clausius,  the  entropy  of  the  universe  tends  to  become  a 
maximum. 
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310.  Path  of  lieast  Heat. — Let  us  suppose  that  a 
body,  whose  entropy  is  ^i,  passes  from  the  state  A  to  the 
state  B  in  which  its  entropy  is  0o,  less  than  0i.  If  Q  be 
the  heat  given  out  by  the  body  when  at  the  temperature 

Q 
7",  and    if    S  denote    the    value   of    S  —  for    the    whole 

process,  S  cannot  be  less  than  ^i  -  0o-  To  prove  this,  first 
suppose  the  transformation  reversible,  then  S  =  0i  -  0o. 
Next  suppose  the  transformation  non-reversible,  and  let 
the  cycle  be  completed  by  a  reversible  process  which  brings 

the  body  from  ^  to  -4.     The  value  of  S  —  for  the  cycle  is  then 

S  -  {^i  -  0o),  and  this  must  be  positive  (Art.  308) ;  hence 

S  >  ^1  -  (po. 

Let  us  now  consider  by  what  path  a  body,  whose  tempe- 
rature can  never  be  less  than  21,,  should  pass  from  the  state 
A  to  the  state  B  at  To,  ^o,  so  that  the  heat  given  out  in  the 
passage  should  be  a  minimum,  no  heat  being  supplied  to  the 
body  from  any  external  source. 

Let  H  be  the  heat  given  out ;  then  for  a  non -reversible 
transformation,  since  T  >  To,  and  since  any  element  of  heat 
which  enters  the  body  at  T  must  have  previously  passed  out 
of  it  at  a  temperature  higher  than  T,  we  must  have 
H  >  TqS  >  To  (01  -  (po)'      For  a  reversible   transformation 

-Er=       Tdd),  which  is  least  when  T  =  To.     The  least  value  of 


J3"  is  therefore  To  {(pi  -  0o).  Hence  the  path  consists  of  an 
adiabatic  at  the  entropy  0i  from  Ti  to  To,  and  an  isothermal 
at  To  from  0i  to  ^o-  Since  Ui  -  Uo=  W  +  H,  where  Wis  the 
work  done  by  the  body  during  the  transformation,  when  H 
is  least  W  is  greatest,  and  the  maximimi  work  which  a  body 
can  perform  under  the  circumstances  supposed  is 

U,-Uo-  To(0i-0o). 

Examples. 
1 .  Prove  that  the  available  energy  of  any  system  of  bodies  is 

2wi         ei       rp     »-^> 

where  T\  is  the  initial  temperature  of  mi,  and  ci  its  specific  heat  at  conitant 
volume. 


454  Thermodynamics, 

2.  If  the  system  in  Ex.  1  be  enclosed  in  an  envelope  impermeable  by  heat, 
show  that  Tq  is  determined  by  the  equation 

2mi       ci  —  =  0. 

■*  o 

The  actual  work  performed  by  the  system  during  the  transformation  in 
which  all  its  parts  are  brought  to  the  temperature  To  is 


5^1 


cidT; 


but,  if  the  transformation  be  that  in  which  the  greatest  possible  work  is  done, 
this  work  must  be  equal  to  the  available  energy,  and  therefore 


^      f^i      dT     , 


When  the  limiting  temperature  To  is  determined  from  within,  as  in  this  ex- 
ample, or,  in  other  words,  when  one  part  of  the  system  acts  as  condenser  to 
another  part,  the  available  energy  is  called  by  Thomson  the  Internal  Thermo- 
dynamic Motiviti/.  "When  Tq  is  independent  of  the  system,  i.e.  when  heat  can 
pass  out  of  the  system  to  an  external  condenser,  the  available  energy  may  be 
termed  the  External  Thcrmodi/namic  Motivity.  In  this  case  To  must  be  as- 
signed. 

3.  If  a  system  consist  of  two  equal  masses  of  the  same  substance  whose 
specific  heat  is  constant,  show  that  the  limiting  temperature  of  .the  internal 

thermodynamic  motivity  is  VTi  Tg,  where  T\  and  T%  are  the  initial  temperatures 
of  the  two  masses. 

4.  In  the  preceding  example  prove  that  the  thermodynamic  motivity  of  the 
system  is  mc  (Vri  -  Vy^)^. 

5.  If  the  entropy  of  a  substance  be  increased,  its  energy  remaining  constant, 
prove  that  the  work  which  can  be  obtained  by  a  transformation  to  a  given  state 
is  diminished. 

6.  A  gas,  whose  volume  is  I'l,  is  allowed  to  expand  into  a  perfectly  empty 
vessel,  whereby  its  volume  becomes  v^ ;  show  that  its  capability  of  doing  work  is 

diminished  by  the  quantity  To^  log  — . 

Vi 
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Absolute,  units,  52,  124. 

force  in  central  orbit,  172. 

force  suddenly  changed,  176. 

zero  of  temperature,  437. 
Acceleration,  uniform,  12. 

variable,  16. 

total,  17. 

tangential  and  normal,  18. 

angular,  19,  251. 

areal,  20. 
Acceleration-centre,  234,  310. 
Accelerations  of  rotations,  294. 
Action  and  reaction,  56. 
Adiabatic  curve,  432. 
Airy,  on  Earth's  density,  105. 
Ampere's  Cinematique,  5. 
Angular  velocity,  19,  92. 

of  a  body,  92,  261. 
Apsides,  187. 
Apsidal  angle,  191,  211. 
Areas,  uniform  description  of,  162. 

accelerations  of,  244. 

for  principal  plane,  329. 
Attraction,  law  of,  90,  127,  145.  _ 
Atwood's  machine,  57,  63,  135,  258. 
Axes,  relation  betw^een  rotations  round 
space  and  body,  299,  313,  316. 

Ball,  R.  S.,  referred  to,  57,  301,  304, 

387. 
Ballistic  pendulum,  258. 
Bertrand,  ou  closed  orbits,  199. 
Billiards,  problem  in,  354. 
Body  axes,  297. 

motion  referred  to,  327. 
Breaking  weight  of  elastic  string,  156. 
Bresse,  on  acceleration,  235. 
Bonnet's  theorem,  204. 
Bordoni,  80. 

Camot,  on  vis  viva,  409. 


Camot,  S.,  cycle  of,  433. 

extended,  434.  [439. 

determination  of  function  of,  434, 
Central  forces,  88,  145,  162. 

potential  of,  127. 
Centres  of  oscillation  and  percussion, 

256. 
Centre  of  inertia,  72. 

motion  of,  241,  389. 

motion  relative  to,  242,  327. 
Centrifugal  and  centripetal  force,  85. 

acceleration,  86. 

force  at  Earth's  equator,  89. 
Centrifugal  force,  resultant  for  rotat- 
ing body,  94. 

in  pendulum,  116. 
Centrifugal  couple,  321,  341. 

axis  of,  322,  340. 
Centrodes,  229. 

Change  of  state  of  a  body,  440. 
Circle  of  inflexions,  234. 
Circular,  motion,  82. 

orbits,  89. 

orbits  approximately,  190. 
Clausius,  on  energy  of  a  gas,  412. 

on  second  fundamental  principle 
in  thermodynamics,  432. 

on  entropy,  436. 

on  saturated  steam,  446. 
Coaxal  circles,  property  of,  118. 
Coefficient  of  restitution,  65,  143. 
Collision,  of  spheres,  direct,  64. 

effect  on  enei-gy,  247. 

oblique,  68. 

of  smooth  bodies,  332. 

of  rough  bodies,  334. 
Compound  pendulum,  138. 
Compression,  force  of,  65. 
Composition  of  velocities,  7,  226. 

of  rotations,  225,  285. 

of  twists,  301,  304. 


456 


Index. 


Cone,  employed  graphically  in  rota- 
tion, 297,  312. 

Conical  pendulum,  113,  219. 

Conservative  system  of  forces,    127, 
398. 

Constrained  motion,  202. 

Coulomb,  on  dynamical  friction,  61. 

Couple,  of  rolling  friction,  264,   278, 
280,  283,  354. 
o£  twisting  friction,  264. 
tending  to  break  moving  rod,  272. 

Curtis,  219. 

Cycle,  Camot's,  433. 

Cycloid,  tautocbronism  of,  113. 

Cylindroid,  304,  306. 

D'Alembert's  principle,  57,  238. 

applied  to  small  oscillations,  365. 
Darwin,  on  friction  of  tidal   action, 

411. 
Degrees  of  freedom,  222,  249,  301. 
Disturbing  forces  in  focal  orbit,  185. 
Dyne,  63,  124. 

Earth,  attraction  of,  149. 
EflBciency  of  agents,  124. 

of  a  heat  engine,  438. 
Elasticity,  65,  270. 

in  collision,  248,  360. 
Elastic  strings,  153. 
Elasticity  and  expansion  of  a"  sub- 
stance, 442. 
Ellipsoid  momenta!,  322. 

graphical  use  of,  337,  338. 
Ellipsoid,  of  gyration,  338. 

of  equal  energy,  387. 

potential,  387. 
Energy,  57,  130,  395.  ^ 

potential  and  kinetic,  defined,  1 30. 

measure  of  kinetic,  131. 

equation  of,  133,  246,  396,  401, 
416. 

in  thermodynamics,  427. 

conservation  of,  396. 
Entropy,  436. 
Erg,  124. 

Euler,  equations  of  rotation,  319,  324, 
332,  338,  421. 

for  impulses,  321. 

Focal  orbit,  171. 
velocity  in,  174. 
constructed,  176. 


Force,  function,  365,  419. 

measure  of,  51. 

absolute  unit  of,  52. 

gravitation  unit  of,  53. 
Forces  of  inertia,  238. 
Flywheel,  energy  of,  134. 
Free  motion  of  a  body,  288,  325. 
Freedom,  degrees  of,  222,  249,  301. 
Friction,  laws  of  dynamical,  48,  61. 

work  expended  on,  in  pivot,  129. 

rolling,  263. 

twisting,  264. 

impulsive,  265,  334. 


Gauss,  absolute  unit  of  force,  52. 
Generalized  coordinates,  417. 
Geometrical  representation  of  rotation, 

288. 
Goodeve,  236. 
Gravitation,  units,  53,  123. 

law  of,  173. 

verified,  91. 
Gravity,  acceleration  due  to,  27. 

variation  of,  28. 

affected  by  Earth's  rotation,  90. 

determined    by  pendulum,    100, 
140. 
GreenhiU,  81. 
Gyration,  radius  of,  138. 

ellipsoid  of,  340. 

Harmonic  motion,  simple,  83. 

elliptic,  84. 
Harmonic  determinant,  368. 

real  factors  of,  370. 

case  of  equal  factors,  375. 
Haughton,  on  Earth's  density,  106. 
Heat,  mechanical  equivalent  of,  426. 

specific,  428. 

latent,  of  liquidity,  441. 

of  vaporization,  441. 

of  expansion,  443. 
Height,  due  to  velocity,  28,  38. 
Herpolhode,  350. 

Herschel,  on  disturbing  forces,  185. 
Hirn,  445. 
Hodgkinson,  on  laws  of  restitution, 

66. 
Hodograph,  19. 

application  to  focal  orbit,  179. 
Hooke'slaw,  134,  153. 
Huygens,  on  pendulum,  102. 


Index. 


457 


Ignoration  of  coordinates,  425. 
Impact  and   collision  of  spheres,  64, 

335. 

of  bodies  generally,  332. 
Impulse,  measure  of,  54. 

in  D'Alembert's  principle,  239. 

exerted  on  a  fixed  point,  in  rota- 
tion, 325. 
Indicator  diagram,  432. 
Inertia,  law  of,  23,  74. 

forces  of,  56,  238. 
Initial  tensions,  276,  277. 
Instantaneous  centre,  230. 

screw,  301. 
Isen tropic  curve,  432. 
Isochronism  of  pendulum,  100. 
Isothermal  curve,  432. 

Jacobi,  on  motion  in  vertical  circle, 

119. 
JeUett,  48,  352,  357. 
Joule,   on  mechanical  equivalent  of 

heat,  426. 

Kater,  on  determination  of  force  of 

gravity,  141. 
Kepler's  laws,  89,  173. 

modification  of  third  law,  182. 
Kilogrammetre,  124. 
Kinematics,  5,  222,  285. 
Kinetics,  5,  25,  238,  317. 
Kinetic  energy,  130,  412. 

Lagrange,  206,  239,  246. 

on  spherical  penduliim,  212. 

on  small  oscillations,  369,  375. 

generalized  coordinates,  370,417. 

generalized    equations    for    im- 
pulses, 419. 
Lambert's  theorem,  180. 
Laplace,  referred  to,  375. 
Latent  heat,  of  liquidity,  441. 

of  vaporization,  441. 

of  expansion,  443. 
Laws  of  motion,  see  Newton. 
Line  of  quickest  or  slowest  descent,  34. 

Mass,  30. 

of  Sun,  182. 
Mean  value  employed,  84,  412. 
Mean  energy  in  vibration,  405. 
Mechanical  equivalent  of  heat,  426. 
Metric  units,  22. 


Minchin,   referred  to,  48,    105,    149, 

161,  231,  236,  258. 
Modulus  of  elasticity,  143. 
Moment  of  inertia,  134. 
Momental  ellipsoid,  322. 
Momentum,  51. 

estimated  in  any  direction,  72. 

conservation  of,  73. 

moments  of,  243,  262,  328,  391. 

axis,  329,  391. 
Motion,  first  law,  23. 

second  law,  24. 

third  law,  56. 

on  an  inclined  plane,  32,  44,  49. 

parabolic,  37. 

of  a  particle,  general  equations  of, 
55. 

in  a  vertical  circle,  96. 

on  a  fixed  curve,  202. 

on  a  fixed  surface,  207. 

of  body  round  fired  axis,  251 . 
Morin's  apparatus,  44. 
M'Cullagh,  on  rotation,  348. 

Newton,  fluxion  notation,  4,  9,  16. 
referred  to,  74,  151,  173. 
laws  of  motion,  23,  24,  56. 
movable  orbits,  192. 
central  orbits,  164,  168. 
on  coefficient  of  restitution,  66. 
on  resistance  of  medium,  215. 

Orbits,  central,  158. 
Oscillation    of    a    simple    pendulum, 
small,   99. 
in  general,  107. 

period  unafiected  by  resistance  of 
air,  121. 
Oscillation,  centre  of,  139,  256. 

Parabolic  motion,  37,  71,  78. 
Peaucellier's  cell,  236. 
Pendulum,  simple,  98. 

compound,  100,  138. 

conical,  113. 

spherical,  208. 

ballistic,  258. 
Percussion,  centre  of,  255. 
Perfect  gas,  428. 
Periodic  time  in  central   orbit,    160, 

172. 
Planetary  pertiirbations,  184. 
Poinsot,  *349. 
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Pole  of  rotation,  285. 
Polhode,  338. 
Poncelet,  referred  to,  157. 
Potential,  127. 

energy,  130,  419. 
Poundal,  52,  124. 

Principal  axis,  property  of,  in  uniform 
rotation,  95. 

rotation  round,  254. 
Principal  moments,  couple  of,  321. 
Principal  plane,  329,  391. 
Projectile,  parabolic  path  of,  37. 
Pure  rolling,  friction  in,  247. 

Quickest  descent,  line  of,  34. 


Range  of  a  projectile,  38. 
Eankine,  on  steam,  446. 
Rebound  from  a  plane,  67. 
Rectilinear  motion,  23,  145. 

in  resisting  medium,  215. 
Relative  motion,  6,  10. 
Resistance,  of  air,  46. 

does  not  affect  pendulum  period, 
121. 

see  Friction. 
Resisting  medium,  motion  in,  215. 
Restitution,  forces  of,  64. 

coefficient  of,  65,  143. 
Reversible  transformations   in    heat, 

431. 
Richer,  observed  retardation  of  pen- 
dulum, 102. 
Rigid  body,  222. 

equations  of  motion  of,  241. 

complete  motion  of,  296. 
Rodrigues,  on  screw  motion,  303. 

coordinates  of,  314,  316. 
Rolling,  pure,  230. 
Rolling  friction,  see  Couple  of, 
Rotation,  velocity  in,  293. 

acceleration  in,  294. 

of  a  rigid  body,  92. 

of  a  plane  lamina,  93. 

energy  of,  134. 

motion  of,  223. 

instantaneous  centre  of,  230. 
Rotations,  composition  of,  225,  285. 
Routh,  referred  to,  141,  258,  266,  275, 
352,  356. 

on    equal    factors    of    harmonic 
determinant,  376,  378. 


Salmon,  refen-ed  to,  349,  378. 
Schell,  referred  to,  258,  310. 
Screw,  axis  and  pitch  of,  300. 

of  resultant  twist,  304. 
Seconds  pendulum,  100. 

length  of,  120. 
Similar  mechanical  systems,  416. 
Small  oscillation  of  simple  pendulum, 

99. 
Small  oscillations  in  general,  364. 
Source    and    condensor    in    Camot's 

cycle,  433. 
Space-axes,  297. 
Sphere  used  graphically  in  rotation, 

285. 
Stability  of  motion  of  small  oscilla- 
tions, 372. 
Statical  measure  of  force,  30. 
Stress,  56,  270. 

on  fixed  axis  in  uniform  rotation, 
94. 

in  variable  rotation,  252. 

work  done  by,  128. 

in  initial  uniplanar  motion,  263. 

on  a  fixed  point,  324. 
Strings,  elastic,  153. 
Sun,  mass  of,  183. 

density  of,  183. 
Suspension,  centre  of,  139. 

Tautochronism  of  cycloid,  113. 
Temperature,  absolute,  436. 
Tendency  of  rod  to  break,  270. 
Terminal  velocity,  215,  221. 
Thermodynamics,  426. 
Thomson  and  Tait,  referred  to,    57^ 

235,  314,  371,  378,  425. 
Thomson,  on  second  fundamental  prin- 
ciple in  thermodynamics,  432. 
Time  of  oscillation  of  pendulum,  99. 

affected  by  change  of  length,  101. 

by  change  of  place,  102. 

for  any  amplitude,  107. 
Townsend,    referred    to,    134,    219, 
275. 

on  small  oscillations,  364. 
Trajectory  of  projectile,  38. 
Translation,  motion  of,  2,  222. 
Twist,  defined,  300. 

composition  of,  304. 
Twisting  friction,  264. 

Uniplanar  motion,  224. 
kinetics  of,  260. 
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Units,  adopted,  2,  22,  52,  124,    162, 
426. 

Velocity,  in  focal  orbit,  174. 

terminal,  215. 

components  of,  in  rotation,  293. 

linear,  3. 

mean,  4. 

angular,  19,  92. 

relative,  9. 

Newton's  notation  for,  9. 

areal,  21. 

due  to  height,  28,  38,  97. 

due  to  infinite  distance,  166,  188. 
Velocities,  composition  of,  7,  226. 

of  rotation  compounded,  287. 
Vertical  circle,  motion  in,  97,  115. 

cycloid,  motion  in,  109. 
Vibrations,  85. 

directions  of  harmonic,  378. 
Virial,  413. 
Virtual  velocities,  125,  239,  402. 


Vis  viva,  defined,  71. 

affected  by  coUision,  72,  77,  143. 
Vis  viva,  compared  -with  kinetic 
energy,  131. 

of  any  system,  136. 

equation  of,  245,  261. 


Walton,  80. 

"Watt's  governor,  114. 

horse-power,  124. 
"Weight,  loss  of,  due  to  Earth's  rota- 
tion, 90. 
Whit  worth,  on  action  of  catapult,  134. 
Wolstenholme,  81. 
Work,  57. 

principle  of,  97. 

measure  of,  123. 

done  by  a  stress,  128. 

done  by  a  couple,  129. 

done  by  an  impulse,  137, 
Wrenches,  404. 


THE  END. 
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